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A wave function previously used to represent an excitation (phonon or roton) in liquid helium, inserted 
into a variational principle for the energy, gave an energy-momentum curve having the qualitative shape 
suggested by Landau; but the value computed for the minimum energy A of a roton was 19.1°K, while 
thermodynamic data require A=9.6°K. A new wave function is proposed here. The new value computed for 
A is 11.5°K. Qualitatively, the wave function suggests that the roton is a kind of quantum-mechanical 
analog of a microscopic vortex ring, of diameter about equal to the atomic spacing. A forward motion of 
single atoms through the center of the ring is accompanied by a dipole distribution of returning flow far 


from the ring. 


In the computation both the two-atom and three-atom correlation functions appear. The former is known 
from x-rays, while for the latter the Kirkwood approximation of a product of three two-atom correlation 
functions is used. A method is developed to estimate and correct for most of the error caused by this 
approximation, so that the residual uncertainty due to this source is negligible. 





1. INTRODUCTION 


IQUID helium undergoes a thermodynamic transi- 

tion at 2.19°K. Below this temperature, many of 
the properties of the liquid are explained by Tisza’s 
phenomonological two-fluid model. Landau realized 
that the macroscopic properties of the liquid would 
resemble those of a mixture of two fluids, provided that 
a certain form is assumed for the energy-momentum 
curve of the elementary excitations in the liquid. 
Starting from first principles, one of the authors has 
recently computed an energy-momentum curve which 
is based on certain ideas about the nature of the wave 
functions representing the excitations.'! The shape of 
the curve is in qualitative agreement with Landau’s, 
but some serious quantitative discrepancies exist. The 
ideas of III are pursued further here, and a more com- 
plicated wave function is constructed to represent an 
excitation. The energy-momentum curve computed 
with this wave function will prove to be in better 
agreement with Landau’s. In addition to the actual] 


*This paper is based on a Ph.D. dissertation submitted to 
California Institute of Technology in November, 1955. A pre- 
liminary report of this work has appeared [R. P. Feynman and 
Michael Cohen, Progr. Theoret. Phys. Japan 14, 261 (1955)]. 

1R. P. Feynman, Phys. Rev. 94, 262 (1954), henceforth referred 
to as III. 


computations, we discuss some approximate methods 
which may be useful in other work of this sort. 


2. LANDAU’S SPECTRUM 


The energy momentum curve proposed by Landau? 
rises linearly for small p, passes through a maximum, 
falls to a minimum, and rises steeply for large p. (See 
Fig. 6.) The excitations in the linear region are quantized 
sound waves (phonons) ; their energy, measured relative 
to the ground-state energy, is 


E(p)=cp, (1) 


where c is the velocity of sound (240 m/sec). Near its 
minimum, the spectrum can be approximated by a 
parabola, 


E(p)= + (p— po)*/2u. (2) 


Landau believed that excitations in this region represent 
some kind of rotation of the fluid, and called them 
“rotons.” In the present paper we are led to the picture 
of a roton as the closest quantum-mechanical analog 
of a smoke ring. The remaining portions of the spectrum 
are not excited at low temperatures. For T<2°K the 
phonons and rotons are present in sufficiently small 


?L. Landau, J. Phys. (U.S.S.R.) 5, 71 (1941). 
*L. Landau, J. Phys. (U.S.S.R.) 11, 91 (1947). 
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Fic. 1. The liquid structure factor S(k), based on the x-ray 
scattering data of Reekie and Hutchison. The principal maximum 
corresponds to a wavelength equal to the nearest neighbor 
distance in helium. Appendix A describes modifications we have 
made in the data. 


numbers to allow them to be treated for thermodynamic 
purposes as noninteracting. The thermodynamic func- 
tions can then be computed ; Landau fitted the available 
(1947) data on specific heat and second-sound velocity 
with the values 


A/x=9.6°K, po/h=1.95 A“, p=0.77 mu. (3) 


More recent measurements‘ of the velocity of second 
sound down to T=0.015°K suggest the values 


A/k=9.6°K, po/h=2.30 A+, w=0.40 mu, (4) 


although the values (3) also fit the data quite well. 
The value of A/x is quite well determined® by the ther- 
modynamic data, since it enters formulas in the form 
exp(—A/xT). The differences between (3) and (4) are 
probably a fair measure of the uncertainty in our 
knowledge of po and uy. 

The reasoning which led Landau to the general form 
of the spectrum, and his method of deducing the two- 
fluid picture from the spectrum, will not be reviewed 
here. He did not attempt to compute the values of A, 
po, and yu from first principles. 


3. A SIMPLE WAVE FUNCTION FOR THE 
EXCITATIONS 


In III a wave function of the form y= ¢ }> f(r,) is 
proposed to represent an excitation. The physical 
reasons for this wave function will not be reviewed here. 
The sum runs over all the atoms in the liquid, and ¢ is 
the wave function for the liquid in its ground state. 
The requirement that y be an eigenfunction of the total 
momentum operator® P= —ih >> V; corresponding to 


‘ deKlerk, Hudson, and Pellam, Phys. Rev. 93, 28 (1954). 

5Dr. J. R. Pellam (private communication) estimates the 
uncertainty in A/x to be less than 0.2°. 

6 If the liquid were confined to a box of side L, with fixed walls, 
then the walls could absorb momentum and the energy eigenstates 
would not be momentum eigenstates. Instead, we control the 
density by requiring the wave function to be periodic in all 
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the eigenvalue #k implies that /(r)=e**t, and thus 
v= ¢ D exp(ik-r,). (5) 
Substitution of (5) into the variational principle 


E=6&/%, (6) 
where 


$= f V*Hyd*r (7) 


é= f vve"r, (8) 


gives an upper limit’ for the energy of the lowest excita- 
tion of momentum #k. The result is 


E(k) =k? /2mS(k), (9) 


where S(k) is the Fourier transform of the zero-tem- 
perature two-atom correlation function p(r), 


S(k)= f ek-19(p) dr. 


(10) 


The data which we have used for S(%) are given in Fig. 1 
and are essentially those obtained from x-ray diffraction 
by Reekie and Hutchison.** Figure 2 is the corre- 
sponding curve for p(r). S(&) exhibits a sharp maximum 
near k=2 A~', which corresponds to a wavelength equal 
to the nearest neighbor distance in the liquid. Accord- 
ingly, the spectrum (9) exhibits a minimum at approx- 
mately the correct wave number (see curve B of Fig. 6). 
It is shown in III that the wave function (5) is exact 
for phonons (small k) and that the limiting form of (9) 
is E(k) =hck. The occurrence of a minimum at k=2 A“ 
is in qualitative agreement with Landaw’s predictions, 
but the value of A/x computed from (9) is 19.1°K, 
which is twice the value given by experiment. 


4. ARGUMENTS FOR A NEW WAVE FUNCTION 


The excitation (5) can be localized in a definite 
region by the formation of a wave packet. If h(r) is a 
function, like a Gaussian, which is peaked about some 


variables with period ZL. With this boundary condition, P 
commutes with H and the energy eigenstates can also be taken 
as momentum eigenstates. 

7 Eigenfunctions of P belonging to different eigenvalues *#k 
are orthogonal. Hence, for different k, the trial functions (5) are 
orthogonal to each other and also to the true wave functions which 
minimize (6). The entire spectrum E() therefore lies above the 
true spectrum. In footnote 3 of III it is mentioned that the wave 
function gexp(iN—“k- 2 r;), which represents translational 
motion of the whole liquid, has momentum #k and energy 
?k*/2mN, which is certainly lower than any energy we shall 
compute from (5). The periodic boundary condition, however, 
rules out such states unless k is as large as V1. 

8 J. Reekie and T. S. Hutchison, Phys. Rev. 92, 827 (1953). 
Their paper contains a curve for r°p(r), but does not include their 
data on S(k). We are indebted to Dr. Reekie for sending us the 
data, which are now generally available in reference 9. Appendix 
: —— a discussion of some changes which we have made in 
the data. 

*L. Goldstein and J. Reekie, Phys. Rev. 98, 857 (1955). 





EXCITATIONS 


location in the liquid and falls off smoothly in a distance 
large compared with 27/k but small compared with the 
size of the box, then the wave function 


¥=> h(t.) exp(ik- ri) ¢ (11) 


represents a localized excitation. The packet will spread 
in time, and will drift with velocity #'V, E(k). The 
current and density associated with (11) were computed 
in III. The number density is very close to the aver- 
age density po, even in the region of the packet, and 
the current at a point a is j(a)=fm-\|h(a)|*. The 
wave function (11) therefore leads to the picture of a 
total current #km (assume / | h(a) |*da=1) distribu- 
ted over a small region and having everywhere the 
same direction, with no appreciable change in the 
number density anywhere. Such a picture clearly can- 
not represent anything like a stationary state, since 
in a stationary state the current is divergence-free and 
there would necessarily be a return flow directed oppo- 
sitely to k. 

One way to incorporate such a backflow into (11) 
is to multiply the wave function by exp[i > g(r;) ], 
obtaining 


v= explt D g(r) ] L h(rs) exp(tk- 1). 


Application of the velocity operator —iim—V,; shows 
that, in addition to whatever velocity it had in (11), 
the ith atom now has an extra velocity #m='Vg(r,). 
Substitution of (12) into (6) shows that the energy is 
minimized if g(r) satisfies 


V: (j-+ApumVg) =0, 


(12) 


(13) 


where j is the current computed from the old wave 
function (11). Furthermore, the current arising from 
(12) is J=j+h’pomVg, so that (13) states that the 
best backflow g is that which conserves current. Equa- 
tion (13), with the physically reasonable boundary 
condition that g—0 as r—«, completely determines g. 
At large distances g has the form of the velocity poten- 
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Fic. 2, The radial distribution function (r), based on the data of 
Reekie and Hutchison. 
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tial for dipole flow, namely y- r/r*; the dipole moment is 


y=m(4rhpo) f aC V-j(a)Jda 


= —m(4ahos) f j(a)da=—(4mpsyk. (14) 


The negative sign of yw indicates that the direction of 
the backflow is opposite to that of k, as expected. We 
shall refer to the value of w given by (14) as the 
“classical value,” since it is derivable from the equation 
of conservation of current plus the assumption that the 
momentum density is equal to the current density 
times the mass. The energy of (12) is only slightly 
lower than that of (11), the difference being of the 
order of the reciprocal of the volume of the packet. The 
important point to be learned from this calculation is 
that the energy is lowered if the wave function con- 
serves current. 

The solution of a somewhat different problem tends 
to support the same idea. Suppose we want to find the 
energy of a state in which a foreign atom moves through 
the liquid with momentum #k. The foreign atom is 
assumed to have the same mass as He atoms, and also 
to experience the same forces, but it is not subject to 
Bose statistics. The energy of this situation was com- 
puted in III. The simplest trial wave function is 

v= ¢ exp(ik- ra) ; (15) 
r4 is the coordinate of the foreign atom, and ¢ is the 
wave function for the ground state of the entire system 
(which is the same as if all the atoms obeyed Bose 
statistics). With this wave function, Eq. (6) gives 
E=?'?k/2m. A possible way of lowering the energy 
would be to let the neighbors of the moving atom 
execute some pattern of flow around it, leaving space 
in front of it and filling in the hole behind it. Some such 
pattern is already contained in (15), since the ground- 
state wave function ¢ prohibits atoms from overlapping. 
But in the ground state, readjustments are made by 
pushing a few immediate neighbors of the foreign atom 
out of the way; these neighbors are crowded into less 
than their usual volumes, causing (15) to have a high 
kinetic energy. If, instead, room could be made for the 
moving atom by the simultaneous motion of many 
atoms, each being crowded only slightly, the kinetic 
energy of the state would be lower. In fact, there is no 
reason why the crowding cannot be eliminated entirely, 
since the amount of matter in the system remains 
constant. Roughly speaking, the requirement of no 
crowding means that the current is divergence-free, 
and the no-crowding argument shows physically why it 
is energetically advantageous to conserve current. The 
argument is vague, however, and the exact form of the 
backflow will be determined by more accurate methods. 

A wave function of momentum 7k which includes a 
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pattern of backflow around the foreign atom is 


v= ¢ exp(ik-r,4) exp[i zy g(ri— ra) ]. (16) 


When (16) is substituted into the expression (6) for 
the energy, minimization of E leads to a differential 
equation which determines g(r). The solution at large 
r is proportional to k-r/r*. Accurate numerical solution 
is simple, but uncertain because of uncertainty in the 
values of p(r); since (6) is a variational principle, we 
may take g(r)=Ak-r/r*. Substitution of (16) into (6) 
gives 

E= (2m) R(1+-1:A + (Ie+Is<)A*], (17) 


where J; and J, are integrals defined by Eq. (25) and 
Isa is an integral defined by (57). The integrals are 
evaluated further on; only the answer interests us here. 
Equation (17) becomes 


E= (2m)“#’k?(1+-0.186A +0.0246A), (18) 


with A measured in A*. The energy is minimum when 
A=-—3.8 A®; the “classical” value predicted by (14) 
is A=— (4rpo)*=—3.6 A*. The close agreement of 
the two values seems to indicate that the reduction in 
energy is due to the physical effects we have mentioned, 
and is not simply the result of allowing an extra degree 
of freedom in the wave function. The improved value 
for the energy is” 


E=0.648h?k?/2m. 


Since the wave function (5) for a phonon or roton is 
just what would result for symmetrizing (15), one 
might hope to lower the energy of (5) by adding terms 
to represent a backflow around each moving atom. The 
resulting wave function would be the symmetrization 
of (16), ie., 


¥=¢ L exp(ik-r,) exp[i x g(r4) J. 


(19) 


(20) 


For large k, when this wave function is substituted into 
the energy and normalization integrals, there is little 
interference between terms with different i; the energy 
is therefore given by (19) and is a definite improvement 
over (9). For small , (20) cannot lead to a lower energy 
than (5), because (5) is exact for phonons. At inter- 
mediate k, one might thus expect to lower the energy 
by a factor between 1.00 and 0.65. In fact, we do 
better than this. 

The attempt to find the function g(r) which gives 
the lowest energy when (20) is substituted into (6) 


%” This is somewhat higher than the value obtained in III, 
where a rather inaccurate approximation was used for J,. With 
the new value for J, we find that the effective mass of a He* atom 
moving through He‘ is 5.0 atomic mass units, instead of 5.8. In 
the calculation it is assumed that the distribution of atoms around 
the He’ atom is the same as that around an He‘ atom. The higher 
zero-point motion of the lighter atom actually pushes its neighbors 
further away. This effect will increase the mass, but probably by 
only a small fraction of a mass unit. 
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leads to an intractable equation. We therefore take 
g(r)=Ak-r/r’, where A will be chosen to minimize the 
energy. The difficulty of handling integrals which 
involve e” leads one to consider the possibility of 
replacing exp(i >> g) by 1+i > g. The average value of 
Dimi 8(ty) is for p(r)g(r)dr, which is zero because 
g(r) is an odd function. The mean square value of 
>: g(tji) is kA*Z;, where the integral J; is defined 
and evaluated further on. With the classical value for 
A (which is close to the optimal value throughout the 
interesting range of k) the root-mean-square value of 
> g(r;s) turns out to be 0.25%, where & is measured in 
inverse angstroms. Even with k=2 A-, replacement of 
exp(i >> g) by 1+7> g is not unreasonable," and we 
shall work with the wave function 


(21) 


v= 9 DL exp(ik-r,)[1+i > g(r3:) J, 


where g(r)=Ak-r/r*. This wave function is still an 
eigenfunction of the total momentum operator P, with 
eigenvalue wk. 

The roton state represented by the function (21) can 
be described roughly classically as a vortex ring of such 
small radius that only one atom can pass through the 
center. Outside the ring there is a slow drift of atoms 
returning for another passage through the ring. There 
are at least three ways that the classical picture is 
modified. (1) The momentum of atoms passing through 
the center cannot be made smaller because the wave 
function must return to its original value when, after 
one moves through, another stands in its old place. 
The wavelength must be the atomic spacing. (2) The 
ring does not drift forward as a large smoke ring, 
because as it is as small as possible there is no force 
tending to shrink it; such a force in a classical ring is 
balanced as a consequence of the forward drift. (3) The 
location of the ring is not definable. In typical quanture. , 
mechanical fashion the lowest energy state corresponds 
to superposition of amplitude to find the ring anywhere 
in the liquid. The energy is Jess than the kinetic energy 
t?k?/2m of one atom with momentum #ky because 
there is a correlated motion of many atoms moving 
together so the effective inertia is higher (the energy 
A/« corresponds to 2.5 atoms moving together at total 
momentum fk»). 


1 Of course, since a trial function is a free choice, it would be 
mathematically legitimate to insert 1+i 2 g into the variational 
rinciple (6) even if 2g were not small, but there would be 
little physical reason to expect a good answer. If exp[i 2 g(r:—ra)] 
is replaced by 1+i2 g(r;—ra) in the foreign atom problem, the 
resulting integrals are among the ones defined and evaluated 
further on. The energy is given by 


WR? 1+-0.186A + (0.0217 +0.0049%*) A? 


2m 1+-0.0049%2.4? 


When k=2 A“, the fraction has the minimum value 0.689, which 
is 6% higher than the value given by (19). The associated 
value of A is —3.4 A*. When k=2.5 A“, the fraction is 0.716, cor- 
responding to A = —3.1 A*. We conclude that for k<2 A~, replace- 
ment of exp(i Z g) by 1+ g does not seriously raise the energy. 
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5. COMPUTATIONS WITH THE NEW WAVE 
FUNCTION 
(a) Definitions 


If the wave function for an excited state is y=F¢, 
it is easily shown (see III) that 


é= f Hyd r= (#?/2m)> f ViF-V EF *e'd%r. (22) 


The only memory of the potentials is in the ground- 
state wave function ¢; the information which we need 
about ¢ will be taken from experiment, since our main 
interest here is to test some ideas about the nature of 
excited states and not to develop a detailed theory of 
the ground state.” Substitution of (21) into (22) and 
(8) gives E= &/9 where 


2m&/Nh?=k*L1+A (11 +]2) 
FART: +1 +I s+kl 6+ 17) |, 


§/N=Igt+AkIy+A*k*l 0, 


and 


h= —2k(pok)— ‘i J Pes(endor(t,2)den, 


(23) 
(24) 


I= 2¢ook)-*f exp (ik . T12) k- Vgi(ri2)p2(1,2)dre, 
T= oe f g(tags(ta)or(1,2,3)drudrn, 
Le=o6-* f Veu(ta)-Ves(tn)os(t,2,3)dradta, 


Ie= oof exp (ik - res) Vgi (ris) 
-Vg1(t13)p3(1,2,3)dredrsi, 
T= 2ilook)* exp (ik- r13)gi(re1)k 
; -Vgi(t1s)p3(1,2,3)drodrai, 
I;= —2oef exp (ik: ri3) Vgi(re1) 
-Vgi(¥13)p3(1,2,3)dredrs1, 
= fe*po)dr=SW) [See Eq. (10) ], 


(25) 


Ty =— iow f exp(ik $ T12)£1 (rs2)p3(1 ,2,3)dro:dr31, 


Io=o f exp(tk- T12)81 (131) g1 (Tae) 


X p4(1,2,3,4)droidrsidrq). (25) 

#2R,. M. Mazo and J. G. Kirkwood [Proc. Natl. Acad. Sci. 
41, 204 (1955)] have computed p(r) theoretically by solving an 
approximate integral equation. 
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We have written g(r)=Akg,(r). The mean density of 
atoms is p>= N/V. The probability in the ground state 
that atoms are located at r; and fe is p2(r1,%e)dridro. 
Except in the negligible region near the surface of the 
liquid, we have p2(r1,f2)=pop(ri2). In writing (25) we 
have made use of the fact that certain integrals like 
JS g(t12)p2(11,r2)dridr, vanish because g is odd. A term 
po5(T12) is contained in p2(r1,r2), and hence p(r) contains 
a 6-function at the origin. We define p; and 2 by 


p(r)=8(r) +pilr), 
prlr) = pol 1+ p2(r) J; 


these functions have no singularities and p2(r)-0 as 
r— . Strictly speaking, in the definition of J; we 
should replace p2(t1,r2) by p2(11,%2)—pod(riz) since g is 
always a function of the relative coordinates of two 
distinct atoms. To avoid unnecessary confusion, how- 
ever, it is easier to think of g(r) as becoming zero for 
sufficiently small r. Similar remarks apply to p3 and ps 
when they occur in J», ---, 10. If one does not wish to 
think of g(r) as being modified near the origin, then the 
p’s should be understood as containing delta functions 
of all coordinate differences except those which appear 
as arguments of g in the same integral. The probability 
in the ground state that atoms are at rm, re, and fF; is 
p3(1,¥2,¥3)dridredr3. The nonsingular part of p3, which 
we call p;’, is defined by 


(26) 
(27) 


p3(¥1,82,%3) = ps (11,%2,83) + popr(r12)5 (es) 
+ pop1(113)5 (112) + pops (23) 5 (113) +005 (112) (res). 


No experimental data for p;’ are available. If any of the 
mutual distances, say 112, is large, then 


(28) 


ps (11,8 2,83) = pop (113) Pi (723). 


If any of the interatomic distances becomes less than 
2.4 A, then p;’=0. The approximation” 

ps (¥1,82,03)—~P1 (112) Pi (113) Pi (123) (29) 
has these correct limiting features. Much has been 
written about the validity of this approximation; for 
some, but not all purposes (29) is quite sufficient. We 
shall see that our answer is only slightly sensitive to the 
difference between the right and left sides of (29). 
Furthermore, we shall be able to estimate the magnitude 
and sign of the errors due to (29). 

I;, Is, and I, are independent of &. In the other 
integrals it will prove possible to extract most of the 
k-dependence rather simply in the roton region, the 
remaining complicated terms being very small. This 
means that the computation of the entire roton 
spectrum will not be much more difficult than the 
computation of one point on it. We now discuss the 
evaluation of the various integrals. 


13 This is sometimes called the Kirkwood approximation or the 
superposition approximation. 
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(b) Evaluation of i, J., and J, 


I, can be done exactly. We integrate by parts over 
a volume bounded by two concentric surfaces, one 
lying inside the radius where p(r) =0 and the other very 
far from the origin. The inner surface contributes 
nothing, but the integrand g;(r)p:(r) falls off only as 
r~*, with the result that the outer surface makes a 
finite contribution, which is easily computed to be 
— (8rpo/3). We eliminate this contribution by rede- 
fining g(r) to have a decay factor, say ¢~*, with very 
small ¢, which makes surface terms vanish at infinity. 
This procedure is mathematically legitimate, since we 
are free to use any wave function we want in the 
variational principle, and is in accord with the physical 
idea that all the momentum of the backflow should be 
contained in a finite volume. It will generally not be 
necessary to represent «¢ explicitly; the convergence 
factor will be used only to justify certain operations. 
After the integration by parts, there remains 


= (2k/k) ° fe (r) Voil(r)dr 
= (8/3) f Capi(r)/drJar=8mpo/3. (30) 


In the last integral, the integrand should really be 
e—*(dp,/dr), but if € is small enough: the convergence 
factor will be unity out to radii where dp:/dr becomes 
negligible. 
After performing the angular integrations in J2, we 
find 
I= 16rp0 f r~jo(kr)[1+ po(r) jdr 
r0 
= 16mpol (kro) ji (kro) + F (k) J=16mpole, (31) 


where ro is any radius inside the region where :(r) =0 
[we take ro>= 2.4 A, the radius where #;(r) first becomes 
positive ] and 


(32) 


r@=f r1jo(kr) po(r)dr. 
ro 


In order to do integrals like 7, and J, we need to know 
the value of J2,(%) for all &. Using tabulated values for 
the spherical Bessel function j2, F(k) was evaluated 
by numerical integration for 23 values of & between 0 
and 7 A-!. Figure 3 gives the results for J2,(k). For 
k<1.5 A, F(R) is negligible compared with (kro) 
X jilhro). 

One might expect from (25) that I,——J; as 
k— 0. As k approaches zero, F(k) approaches zero and 
ji(kro)/kro approaches 4. Comparison of (30) and (31) 
thus shows that J, approaches 2/, instead of —J,. The 
reason for the discrepancy is that (31) is wrong when 
k is very small, of the same order of magnitude as e; 
in this case we must take account of the term e~* in g, 
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and there will be a correction term which will cause J» 
to change from 16po/3 to —8po/3 as k decreases from 
eto 0. 

I, can also be evaluated in momentum space, using 
data for S(k) rather than p(r). In momentum space the 
integrals converge best for small & rather than large k. 
The results are not very important because (31) is 
useful down to k=0; but they do provide a check of 
our numerical work and also of the consistency of the 
data for p(r) with that for S(k). S(k) was defined by 
(10) as the Fourier transform of f(r), where p(r) 
includes a delta function at the origin and a constant 
term po at infinity. Therefore S(k) +1 as k—> © and 
S(k) includes a term (27)*po5(k). We define 


S1(k) = S(k)—1— (2r)*p0d (2). 
It follows that 


(33) 


popa(r)= (2m)? f eik-"$,(k)dk. (34) 


Taking the Fourier transform of Vg.i(r), we obtain 
after the angular integrations 


I2= 16mp0/3+ (2/m) f Si(ki)hi*b(ki/k)dki, (35) 
0 


where 


Ra 1 \l—x 
b(x)=- — — — —(1—2*)* log'——. 
Lee cee 1+ 


The numerical integral in (35) was evaluated for 
k=0.5, 1.0, 1.5, 2.0 A. Convergence is good, and the 
values are accurate to within a few percent. Never- 
theless, (35) does not give accurate values of J; when 
k>1.5 A“, because for large & the cancellation between 
the two terms of (35) is almost complete (as it must be 
because J,-+0 as k—> ©), and hence a 3% error 
in the numerical integral may cause a 30% error 
in 2. We take the volume per atom of liquid helium 


Fatt vo, EN 


~~ 69 2°) 
K(A*) 


Fic. 3. Jea(k) is the Fourier transform of p(r) times the velocity 
distribution in the pattern of backflow around a moving atom. In 
the most important region (k <1.5 A~*), J2a() would be unchanged 
if we took p(r)=0 for r<2.4 A and p(r)=pp for r>24 A. 
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as 45 A®" The following table compares the values of 
I,(k) obtained from (31) with those obtained from (35). 
k(A~) 0 0.5 1.0 1.5 2.0 «© 


I2(k) (A*) from (31) 0.372 0.322 0.194 0.054 —0.036 0 
from (35) 0.372 0.326 0.200 0.050 —0.060 0 





The discrepancy at k=2 A is not serious, for the 
reasons just mentioned, and the agreement elsewhere 
is sufficiently close for our purposes. The values derived 
from (31) are used throughout our work. 

I, presents no problem if J2.(R) is known for all k. 
Using (28) and the approximation (29) for p;’, and 
Fourier analyzing p2(r23) with (34) we obtain 


re f scotve(erar+| f pevesedae} 
+ (2m)*(p0)* f aksS(k)| f exp (iki-r) 


x p)exe)ar| . (36) 


The integral in square brackets is a generalization of 
I, to the case where the k in the exponential has a dif- 
ferent direction from the k in g,. The angular integra- 
tions are easily performed, yielding 


Faves f [1+ pa(r)y-*dr-+ (4arp0/3)? 
rd 


+160 f b2S4(hs) ET 20s) Pky 
0 


=0.01190+-0.00867—0.00790=0.01267A-®. (37) 
The value obtained for 74 may be in error because of 
uncertainties in the values of p(r) and S(k), and also 
because the approximation (29) is not exact. Discussion 
of the error due to (29) is postponed until the evaluation 
of J;. The uncertainty in p2(r) is unimportant because 
the magnitude of 1” po(r)r~‘dr is only 1/10 that of 
Sv” r-dr. Similarly, 90% of the contribution to 
Sv” k:?S1(k1)[Tea(ki) Pdki comes from the region k; 
<1.2 A“. In this region J2,(A1) is the same as would 
result if we took ~:(r)=0 for r<2.4A and p,(r)=po 
for r>2.4A, and 5i(k;) is largely determined by its 
value and slope at the origin, both of which are known 
theoretically. The important point to be learned from 
this discussion is that the values of J4, and of the other 
integrals which contribute significantly to the coef- 
ficient of A? in (23), depend mainly on the gross 


4 The atomic volume of liquid He under its own saturated vapor 
pressure at 0°K is 46 A®, but 45 A? is closer to the value at 2.06°K, 
where the structure factor data was taken. Internal inconsistencies 
would develop if po and S(k) were taken at different temperatures. 
One might ask where the theory takes account of the external 
pressure. The pressure determines the values of po and, more 
important, S(&). An increase in pressure is expected to sharpen 
the maxima and minima of p(r) and S(&). 
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features of p(r) (i.e., its delta function at the origin, 
vanishing for r<2.4 A, and its quick approach to the 
asymptotic value po) and not on the details of its 
behavior. The coefficients of A are more sensitive to the 
detailed behavior of p(r); it is the detailed behavior 
which determines the location of the minimum in the 
energy spectrum. The insensitivity of the quadratic 
coefficients to the exact form of p(r) can be similarly 
verified in the computations which follow, and will not 
be pointed out explicitly. 


(c) Approximate Methods 


The value of J,and the size of the various terms which 
contribute to it can be understood fairly well in terms 
of some simple approximations for integrals involving 
the coordinates of three atoms. With the help of these 


' approximations we can understand the sizes of all the 


remaining integrals; if we know that an integral is 
small, it will not be necessary to waste time in evalu- 
ating it very accurately. 

Suppose we want to do an integral of the form 


f sew feradon(t ,2,3)dredr; 


(in this integral we shall understand p; to include a 
delta function on coordinates 2 and 3, but not on any 
other pairs). If the positions of 1 and 2 are fixed and 3 
is not too close to 2, then p3(1,2,3) can be approximated 
very closely by pop:(re1)p1(731). We write 


p3(1,2,3)—~pop1 (121) p1(r31). (38) 


When 3 approaches 2, this is wrong because p;3 goes to 
zero but f1(re1)p1(rs1) keeps a finite value (assuming, 
of course, that r2:>2.4A; otherwise both expressions 
are zero). When 2 and 3 coincide, however, p3 exhibits 
a delta function and far exceeds popi(ro1)p1(rs1). The 
strength of the delta function is such that if we integrate 
the difference between the two sides of (38) over the 
positions of 3, the result is exactly zero, i.e., 


J (s04,2,3)popu(rador(ra) Hora=0. (39) 


We believe this equation not to be a relation among 
distribution functions in general, but to hold for the 
distribution functions for the liquid at absolute zero. We 
do not have a rigorous proof, but shall discuss our 
reasons for believing it in Appendix B. 

If f(r) is a slow-varying function, i.e., f(r) does not 
change much when r changes by 2.4 A, then for a fixed 
value of riz the value of f(rs:) is almost constant over 
the region where the two sides of (38) differ appreciably. 
Using (39), we see that the integral 


f sent. ,2,3) — pop1 (21) P1 (731) Jars 
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is very close to zero. We therefore find 


f F(t 81)p3(1,2,3)drs~pop.(r21) f F(ts1)pi(rs1)drs, 


and finally, 


f fen) f(tadea(12,3dradee~o f fle)px(ar (40) 
Similarly, if f or g is slowly varying, 


J fevdeCenon(t,2,3)dratr, 


xo froocar)( fecooear). an 


Actually, our criterion for a slowly varying function is 
too stringent. The behavior of f(r) for r<2.4A is of 
no importance, since p:(r) is zero in that range; hence 
f may be singular at the origin. The important question 
is, how much does f(r+ 12) differ from f(r:) when mr; 
and r2 are any two vectors of length 2.4 A? And even if 
the difference is large compared with f(r,), (40) is 
still good if f(r) is such that the major contribution to 
JS f(t)pi(r)dr comes from r>3 or 4 A. 
Another type of integral which interests us is 


J seeade(eadh(ra)oa(1,2,3)drairs, 


where f and g are smooth and h(r) oscillates so rapidly 
that it produces almost complete cancellation when 
integrated against p,(r). ps is still understood to contain 
a delta function on 2 and 3, and on no other pair. In 
this case, if 1 and 2 are held fixed and 3 is allowed to 
vary, the oscillation in 4(r23) make the contribution to 
the integral small. The major contribution comes when 
3 and 2 are tied together by the delta function and we 
find 


J seeade(eadh(endoa(1,2,3)deede 
~poh(0) f f(dg(r)pilrdr. (42) 


If Vg.i(r) is sufficiently smooth, (40) can be used to 
estimate J,. The answer thus obtained is (49/3)? 
=0.00867 A~*, which is the middle term of (37); if 
Vgi were very smooth, the first and third terms would 
cancel completely. The first term (0.01190 A~*) is larger 
than the third term (—0.00790 A-*) because Vgi(r) is 
proportional to r~* and therefore quite strongly peaked 
for small r; hence the delta function more than com- 
pensates for the “hole” in p3. The answer given by (40) 
is } the correct answer. 

With the aid of (40)—(42) we can discuss the remain- 
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ing integrals more intelligently. If Landau’s energy 
spectrum is even qualitatively correct, then the most 
important points to compute are those in the neighbor- 
hood of the roton minimum. The phonon spectrum is 
guaranteed to be correct; and when the temperature is 
high enought to excite the portion of the spectrum 
lying appreciably above the roton minimum, then the 
picture of the liquid as a gas of independent excitations 
has broken down. Thus, even if we knew the exact 
form of the high part of the spectrum, we would not 
know how to do the thermodynamics. Furthermore, the 
high-momentum end of the spectrum computed with 
(20) or (21) is certainly wrong, since the slope dE/dp 
exceeds the velocity of sound when k>2.2 A; when- 
ever |dE(p)/dp|>c, there obviously exist states with 
two excitations, one of which is a phonon, which have 
total momentum # but energy less than E(p). We shall 
therefore compute the energy at several points in the 
region 1.6 A? <k<2.4 A, and also at k=1.2 A™ in 
order to estimate the height of the hump between the 
phonon and roton regions. 


(d) Evaluation of J; and Correction to the 
Kirkwood Approximation 


Since g; is smoother than Vg:, J; is a good candidate 
for the approximation (40), which predicts J;=0 
because /p:(r)gi(r)dr=0. We infer that J; is small; 
but it is important to know how small, because the 
factor k? which multiplies J; in (23) is fairly large. The 
exact value of J; [i.e., no approximations beyond (29) ] 
can be computed by the method used for J4. The result 
is 


I3=Iszatls5 


= f Ce Pouirvdet f ex(ender(eadoa(rn) 
X fi(rs1) Po(res)dradrs: 


= ool (4/3) f “Lit pa) ar 


+ (8/3) f Si(k)[Toa(k) Pak 


= (1/45) (1.707 — 1.470) =0.0053A—. 


The integral J,,(k) is defined by Eq. (49). The approxi- 
mation (40) is based on the idea that J3, and Jz, should 
cancel each other. Since I3.—J is only 14% of 
Isa, the idea behond (40) is good, but (40) tells us 
nothing about the size of J; because /g:(r)pi(r)dr=0. 

If J3;=0.0053 A~, then in the roton region the term 
RI; contributes about half of the total coefficient of A? 
in (23). Any possibility of serious error in J; ought 
therefore to be investigated carefuily. The idea that J; 
is almost zero is based on the approximation (40), 
which in turn is based on the identity (39). Actually, 
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the approximate form which we have used for p3 does 
not satisfy (39) exactly. Slight departures from (39) 
ordinarily would not affect the validity of (40), were it 
not for the fact that /:(r)g:(r)dr=0. In this case 
the question arises; how much of the failure of J; to 
vanish is real, and how much is due to the fact that the 
approximate p; does not satisfy (39)? An exact ex- 
pression for J; is 


T4=0.0053—pi-* fgu(ragu(tu)LPs(ra) Para) Palr) 


at ps'(1,2,3) |dredrs 


=0.0053 —Ts.. (43) 
If any one the mutual distances is less than 2.4A or 
more than about 4A, then p1(r21) p1(1'31) p1(?23) — ps’(1,2,3) 
is very close to zero. Consequently, the integrand of J;, 
is appreciable only if the three atoms are at the corners 
of a triangle, each of whose legs may vary in length 
from 2.4 to 4A. Therefore, if the spatial variation of 
gi(r) were slow, the replacement of gi(re1)gi(ts1) by 
[g:(1s1) would not greatly alter the value of Js. The 
resulting integral is then easily evaluated. We can, 
however, find an even better approximation to I; by 
taking the angular variation of gi(r) into account. 
Since J;, is independent of the direction of k, we can 
average the integrand over the directions of k. The 
average of (k-riz)(K-rs1) ‘is 3/’rei-rs, and in the 
important configurations the three atoms almost form 
an equilateral triangle; therefore, the average over 
these configurations of the cosine of the angle between 
fo; and fs; is very close to 3. Most of the angular 
dependence of the integrand is therefore correctly 
accounted for if we replace rei-rs: by 3721731; at this 
stage we note that the radii ro: and rs; are almost 
equal in the important region, and we take 72; and r3; 
to be the same in the integrand. This approximation 
differs from the preceding one through the presence of 
the factor $. We obtain 


I3~T 3a, 


Ise (ri3)* 24 7pe* fate po (te) Pp (tgs) 


Tse(r) (A) 





‘ i, Oe 
Fic. 4. J3,(r) measures the error in the Kirkwood approxima- 
tion, and would vanish for all r>2.4 A if the approximation were 


exact. The rapid decrease of J;.(r) accounts for the high accuracy 
of the Kirkwood approximation in this computation. 


rla) 
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where 


I3a= (600) f rax“Lps(ra)alrnoa(rn) 
—ps'(1,2,3) ]dreidrs. 
The identities (39) and (70) imply that 


f eesCps(radpulrndoa(re) —ps'(1,2,3)1 


= po’pi(ris) [bulrwdpalrudars 
We find 
(44) 


Isa= (Sno) f rp, (1r) I se(r)dr, 
2.4 


where 


T xe(r13) = antpd f drspalr)ts (123) (45a) 


= f (kry3)— sin(kris)[S1() PR2dk. — (45b) 


I3-(r) was computed from (45b) for 19 values of r 
between 2.4A and 5.6A. The numerical integrals 
converge well, and the results are shown in Fig. 4. 
Performing the final numerical integration in (44), we 
find J3gz=0.00040 A~ and finally 


T;=0.0049 A. (46) 


The smallness of the correction to J; shows that the 
slight failure of (39) does not cause a significant error 
in J;. This fact was not intuitively obvious, however, 
and needed verification. It should be emphasized that 
we have gone beyond the Kirkwood approximation. We 
have written an exact expression J;, for the error due 
to the Kirkwood approximation, and we have estimated 
Is, quite accurately by an integral J3q which is easily 
evaluated. We believe the inaccuracy in the approxi- 
mation I3,~IJ3q to be about 25%, and therefore our 
lack of knowledge of ps causes a residual uncertainty 
of 0.0001 A~ in the value of J;. 

By exactly the same method, one can estimate the 
error in J, caused by the Kirkwood approximation. The 
answer is 0.0001 A~®, which is negligible compared with 
the value given by (37). 


(e) Evaluation of Remaining Integrals 


Ts occurs in (24) as a coefficient of A, rather than A?, 
and ought therefore to be treated as accurately as is 
possible. In J», p3 includes delta functions on riz and 
t13. Using (29), and noting that several terms are zero 
because g; is odd, we obtain 


h=—2 f exp (ik - 12) gi (132) P2(r13)P1(r12) 


X pi(res)droidrs:— 2i f exp (ik ¢ T12)g1 (Tie) 


X piltis)dra. (47) 
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Fic. 5. Iga(k) is the Fourier transform of p(r) times the velocity 
potential for the backflow pattern. Like J2_(&) it is determined in 
in the most important region by the gross features of p(r). 


First we consider the second integral, since we must 
know its value for all k in order to do the first integral. 
The integral, like 72, can be performed in coordinate or 
momentum space; after the angular integrations are 
done, the result in coordinate space is 


f exp(iky- r)gi(r) pi(r)dr= (ki -k/k,*k) 4mpoil oa(k:), 


(48) 
where!® 


Toa(k) = (2.48) sin(2.4k) +k f , po(r)ji(kr)dr. (49) 


As before, the coordinate space formula proves suf- 
ficient over the entire range of k. For small k, when the 
numerical integral cannot be done accurately, its value 
is so small as to be unimportant compared with 
(2.4k)+ sin(2.4k). Figure 5 gives the values of J94(k). 
As in the case of J;(k), some points were also computed 
in momentum space, using data for S(k) rather than 
p(r). The results were in good agreement with the 
coordinate space computations. 

Since p1(r12) = pol 1+ p2(r12) J, the first integral in (47) 
becomes 


pof exp (ik- riz) gi(ts2)P1(732)[1+po(r12) |po(r13)drodrai 
=o f exp (ik: ri2)g1(¥s2)P1 (732) P2(r1s)dradts: 


+o f exp (ik: rie) g1(1s2)P1(732) 
X po(ris)pe(ris)dtadrs. (50) 


1 Since fg:(r)p:(r)dr=0, one might expect the right side of 
(48) to approach zero as k, becomes small. But Js.(#1) approaches 
unity for small &:, and consequently the right side of (48) 
approaches + ©, depending on the angle between k and k;. The 
trouble, as before, is resolved by noting that (48) and (49) are 
wrong for ki<e (g: should really gave a factor e~@ in it). In the 
correct version of (49) the term (2.4k)~ sin(2.4k) is replaced by 
zero when ke; hence a(ki) goes as ki* when ki<e, and the 
right side of (49) approaches zero. The “error” in (48) and (49) 
has no effect on our computations, but is worth mentioning lest 
the reader discover it and develop a distrust of the formulas. 


The first integral on the right in (50) can be evaluated 
by writing exp(ék-ri2)=exp(ik- 13) exp(ik-r32) and 
using the new integration variables rs; and rz. The 
result is 


bs exp (ik - ri2)g1 (132) P1(132) Po(713)d reds 


= (44ri/k)Si(h)Toa(k). (51) 


In the second integral on the right in (50) we use the 
integration variables r2; and rs2; Fourier-analyzing 
po(r1s), we obtain 


f exp (ik: 112) g1 (32) P1 (123) Po(712) Po(r13)dradrs: 


= (ino) f f *dkydthyS(bs)Si(|k-+k,) 


XIoa (R:) cos sin@, (52) 


where @ is the angle between k and k;. If we let 
u= |k+k,| = (R+k?2+2kk, cos@)? 
the right side of (52) becomes 


k+k} 


(onpoite) f dkyk roa (Ri) S1 (Ri) 
0 


|k—k1| 


Si(u)(w—R—k2)udu. (53) 


Since 


f * des f(ky 


0 |k—k1| 


k+u 


f(kidki, 


k-u!| 


ke-+ky 


g(u)du= f dug(u) | 


a numerical integral like (53) can be done in several 
different ways. We look for the way which converges 
fastest, is least sensitive to information which we do 
not have [like the value of S,(u) for large «], and does 
not involve small differences of big terms. For example, 
we should avoid dealing with the indefinite integral of 
Si(u)u*, since it oscillates badly for large u; hence (53) 
is not convenient to use as it stands. Probably the best 
form of (53) is 


(pitty f : uS(u) (u2—k)du 


ut+k 
x J dh Toa(hs)Sa(h1)/Rs 
|u—k]| 


cs) utk 
-f uS; (n)du f abshsln(ts)Ss(b) 
0 u—k| 


= (2mpoik”) [1 9,(k) — Ive(R) ]. 


In this form, the inside integral acts as a convergence 
factor for the integrand of the outside integral, and the 
answer is not sensitive to the values of $;(u) for large ss. 


(54) 
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The inside integral can be tabulated once and for all 
as an indefinite integral; thus, the evaluation of (54) 
involves only a single numerical integration for each 
value of k. 

If (41) were used to estimate J,(k), the result would 
be 


Ta(i)~—2 fe *pr(riar f gu(t)pu(ae=0. 


As in the case of J;, the question arises: how much of 
the failure of J)(k) to vanish is real, and how much is 
due to the failure of our approximate p; to satisfy (39)? 
The analysis proceeds exactly as with J;, and we find 
that the quantity 


Teak) = (2/xp0) f prlr)julke\Iee(r)dr (55) 


should be subtracted from (47). Combining Eqs. 
(47)—(55), we obtain 


Ts(k) = (8po/k)Ioa(k)S (k) 
+ (wk’)'[Toe(k) — Ioo(k) ]—Iva(k). (56) 


Table I gives values of I9(k), Ign(k), Isc(R), and 
Isa(k). In the roton region the correction J is about 
one-tenth as large as J) (except near k= 2.4 A~, where 
I, is negligible anyway). Since we believe that Jog 
estimates, within an accuracy of 25%, the error due to 
the Kirkwood approximation, the residual error in J» 
due to this source is probably only 2 or 3%. 

Using (29), we can write Js as 


r= f pintvecepar+| f c*pcnven(nar| 


+f exp (ik: res) Vgi(te1) - Vga (131) 1 (121) 
X pi(rs1) Po(res)draidrsi 


=Isatl s+ sc. (57) 


The oscillatory factor exp(ik-res) makes J; a likely 
candidate for (42), which says'® J5~J5.. At the cost of 
considerable labor we have computed J5+Js5. when 
k=2A™ and when k=1.2 A, and verified that it 
could indeed have been neglected. 

Isa has been evaluated in connection with 74. From 
(31) and (25) we obtain 


Ts5(k) =[8mpol 2a(k) F. 


Ise(k) can be evaluated by the same methods used for J». 
The resulting expression is similar in form to (54), and 
will not be exhibited here. Laborious computations give 


Iso(2 A)+J5-(2 A~!) = —0.0010 A~® 
and 
Ip(1.2 A)+J5-(1.2 A) =0.0010 A~®, 


16 Compare (42) with the definition of J, in (25). 
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TABLE I. Values of numerical integrals involved in J9(k). 








I (k)(A~4) T9e(k) (A~4) 
[See (54)] [See (54)] 


Tsa(k) (A?) 
[See (55)] 


Ip(k) (A~?) 
[See (56) ] 


k(A~) 





—0.019 
— 0.387 
— 0.406 
— 0.364 
— 0.086 

0.155 


0.172 
0.089 
0.031 
—0.017 
— 0,048 
— 0.054 


0.0076 
— 0.0002 
— 0.0035 
— 0.0047 
— 0.0039 
— 0.0020 


0.0444 
— 0.0054 
— 0.0386 
—0.0518 
— 0.0307 
— 0.0044 








Since J52=0.0119 A~*, the complete omission of 75, and 
Is, would not cause a serious error in the roton spectrum. 
We shall omit these terms while locating the minimum 
of the spectrum, and shall reinstate them in the final 
computation of A. 

I, is estimated by (41) as zero. As in the case of /;, 
it is important to find out whether J¢ is really small 
enough to be neglected. To obtain a more accurate 
estimate, we write 


Ie=Icatl oo, 


where 


Tea= (2i/k) f e-t*-tg,(r)k- Vgi(8)pa()dr, 


T= (2i/A) f exp(ik- r13)g1(rei)k 
- Vegi (13) P1731) pi (721) Po(res)drsidrar. 


According to the discussion preceding (41), Zea, and Je 
will cancel each other almost completely, so J is some 
fraction (probably about one-fourth) of J¢.. Performing 
the angular integrations in J¢., we obtain 


Ita= arf drr~*p,(r)[—2(kr)— cos(kr) 


+8 (kr) sin (ar) +18 (kr)-* cos(kr) 
— 18(kr)~* sin (kr) ]. 
A rough numerical integration gives 
T¢a(2 A!)-~—0.003 A-*. 


Hence J,(2 A)-~~—0.001 A-®, and kIg~—0.002 A-6 

when k=2A™. Since FJ3+J4+Js~0.040 A-* near 

k=2 A", we can neglect kJ, without much error. 
Estimation of J; by (41) gives 


I7~—2(—4po/3)8mpol ak) =4(8mpo)*Z2a(k). (58) 


Considerations similar to those used in estimating J, 
show that (58) is accurate to better than 0.001 A-®. 
When £ is in the roton region, the major portion of J 
comes from the term 6(f12)p3(2,3,4), which is contained 
in pa(1,2,3,4). When 1120, the oscillations of e**:™ 
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make the contribution to the integral very small.!” If 
we neglect all of ps except 5(r12)p3(2,3,4), we are making 
essentially the approximation which was used in J; and 
was shown to be very accurate there. We then obtain 


ITs (59) 


and our evaluation of the integrals in (25) is completed. 
The oscillation argument which leads to (59) fails 
when & is very small. For any value of k& the require- 
ment that the normalization integral g have no roots 
when considered as a polynomial in A leads to the 

inequality 
Tyo>I9?/4Is. (60) 


The failure of (59) for small & is most easily seen by 
noting that J; becomes much smaller than the right 
side of (60) as k—> 0. 

For k>1.2 A, the coefficient of A? in (23) is 





E(k) 1+A[Wi+-J2]+A°(R73+144+I sat} (82 p0)"J 20 | 
< atk 
E(k) 1+A[Rlo/Ts ]+ALKI3/Ts] 
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estimated well by 
BA st+-LtTsat+4 (8mp0)*I20(h). 


We have omitted Js, Is, and k/s, and have approxi- 
mated J; by (58). Zs. and kJ, have both been shown to 
be very small, and are both difficult to compute; 
omission of these terms simplies the computation of the 
energy spectrum, and does not significantly change the 
location of the minimum. Js, has been omitted for the 
sake of consistency, since it is even smaller than I. 
After locating the minimum, we shal) reinstate the 
omitted terms in our final computation of A. We esti- 
mate Jy by (59). 


6. THE IMPROVED ENERGY SPECTRUM 


With the omissions and approximations mentioned 
in the preceding paragraph, we obtain 


1+A[0.186+1.1177:2.(%) ]+-A*[0.0246+0.0049%?+-0.108724(k) ] 





E(k) is the true lowest energy of a state having 


momentum #k; £;(k) is the energy computed with the 
wave function (5), i.e., Hi(k) = #°k?/2mS(k) ; E2(k) is the 
spectrum we have computed, subject to the omissions 
and approximations noted above. 

For k= 2 A-, (61) becomes 


E(k) 1+0.1494+0.0406 A? 


= (62) 
E,(k) 1—0.0822A+0.0156 A? 





The first attractive feature of (62) is that the coef- 
ficients of A in the numerator and denominator have 
opposite signs, so that the denominator increases while 
the numerator decreases. The optimal value of A is 
—3.5, which is very close to the classical value A .:= 
—3.6. The minimum value of E,(2)/E,(2) is 0.659, 
corresponding to E,(2 A“)/x=12.6°K. 

Computation of the coefficients in (61) and minimi- 
zation of the resulting expressions yield the results 
given in Table II. We estimate the minimum value of 
E,(k)/x as 12.0°K, corresponding to k=1.85 A“. If 


17 Tf the integral 
J (t2)= (0) fp4(1,2,3,4)g:(ra1)eu(tas)dredre, 


were to become large compared with J (0) as riz grows large, then 
the growth of J might offset the oscillations of exp(ik-ri2) and 
(58) would be wrong. It is easy to see, however, that as 1 and 2 
go farther apart, J(ri2) approaches [/:(r)g:(r)dr_?, which is 
zero. Since the factorization of J into a product of two integrals 
becomes more nearly exact as r2 increases, it is very plausible 
that J decreases with increasing 712 and is largest when 1 and 2 
coincide. In the latter case, J is equal to J;. 


1+ A[kIo(k)/S(k)]+A%[0.004982/5(k)] 
= E,(k)/E,(k). 


(61) 


we estimate J;-(1.85A™') and J,(1.85A-) by the 
values of the corresponding integrals at k=2 A-', we 
find that the coefficient of A? in the numerator of (61) 
should be diminished by 0.003 A~* when k=1.85 AW. 
This change lowers the energy by 0.5°K and we obtain 
the following as the final result of this computation'*: 


po/h=1.85 A“, A/x=11.5°K. (63) 


It is evident from Table II that E2(k)/Ei(k) passes 
through a minimum near k=1.2 A~. In any correct 
theory E2(k)/E,(%) must approach unity for very small 
k because we cannot lower the energy of a phonon. By 
studying the behavior of the integrals in (25) for very 
small k, we have verified that our spectrum does indeed 


TaBLe II. The energy spectrum E;(k) computed from (61).* 








Aopt (A*) 


—3.6 
—3.7 
—3.6 
—3.5 
—3.0 
—25 


E2(k)/Ex1(k) 


0.569 
0.576 
0.594 
0.659 
0.730 
0.791 


E2(k)/«(°K) 


14.08 
13.44 
12.00 
12.59 
16.86 
24.04 











* E2(k) is essentially the spectrum computed here. Some further small 
corrections lower the minimum energy to 11.5°K. E(k) is the spectrum 
previously computed with a simpler wave function. Aogt is the optimal 
value of the strength of the return flow in the wave function (21), and is 
chosen so as to minimize E2(k). The values of Aop: are close to the “‘classical’’ 
value —3.6 A? computed from a current conservation argument. 


18 A similar result has been obtained from perturbation theory 
by C. G. Kuper, Proc. Roy. Soc. (London) 233, 223 (1955). As 
he points out, the perturbation theory is not reliable because of 
the large size of the energy change. 
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have the correct limiting behavior.’® A more direct way 
of seeing the result is to look at (21) [or (20) ] when & 
is very small. The correlation term g(r,;) is significant 
only when atoms i and j are fairly close. But in this 
case exp(ik-r,) and exp(ik-r;) are almost equal because 
k is small, and hence the correlation terms cancel 
almost completely because g is odd. Thus, (21) is 
almost the same as (5) for small k, and leads to the 
same energy. 

For high k, E2(k)/E,(k) approaches unity because 
the approximation exp[i }> g(rji) be1+7 Dd g(r,:) fails 
badly. We noted earlier that if we could compute with 
the wave function (20), the interference between terms 
with different i would vanish when & is large. If E3(k) 
is the energy arising from (20), we should find that for 
large k, 

E;(k)/ E(k) =0.65, 


as in the foreign atom problem. It is amusing to con- 
jecture on how much £;(k) might lie below £2(k) 
when k=1.8 A“. The accuracy of the approximation 
exp(i >> g)=1+i > g in the foreign atom problem (see 
reference 11) suggests that E; may be 0.5° less. 

The energy spectrum £,(k) is shown in Fig. 6 as 
curve A. We have also plotted B: E,(k) = n?k?/2mS(k) ; 
C: de Klerk, Hudson, and Pellam’s spectrum [Eq. 
(4)]; D: spectrum of the form (2), with A/x=9.6°, 
po/h=1.85 A“ and uw chosen so that up? has the 
same value as in C. (The specific heat depends on yu 
and po only through the product y'.*.) From the 
curvatures of A, C, and D it is clear that our spectrum 
E,(k) predicts too small a value of yu. In a computation 
of this sort, however, it is doubtful that the curvature 
has much significance. 

Curve A brings out the fact that the “hump” between 
the phonon and roton regions is not nearly so high as 
one might expect from (1). Consequently, when com- 
puting the specific heat or normal fluid density at 
temperatures high enough to excite rotons, it is probably 
also necessary to take into account the deviations of the 
phonon. spectrum from linearity (and also the devia- 
tions of the roton spectrum from pure parabolic be- 
havior). Qualitatively, it appears that such corrections 
might improve the agreement between the theoretical 
spectrum and the specific heat and second sound data. 


7. DISCUSSION OF ACCURACY 


Initially, the major potential sources of error in this 
computation were (a) the absence of information about 
the true form of p3(1,2,3); (b) absence of information 
about p4(1,2,3,4) ; (c) uncertainties in the data for S:(k) 
at large k (see Appendix A). 

The uncertainty caused by (a) has, we think, been 
minimized by the introduction of a correction to the 
Kirkwood approximation. The errors remaining in J; 


9 Tf g(r) falls off sharply at large r, the analysis is simple. In 
our case the analysis is complicated by the slowness with which 
k-r/r® falls off, but the ultimate result is the desired one. 
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Fic. 6. The energy 
spectrum of excita- 
tions. Curve A is the 
spectrum E(k) com- 
puted from Eq. (61). 
Curve B is the spec- 
trum £,(k) com- 
puted with the sim- 
pler wave function 
(5). Curve C is the 
Landau-type spec- 
trum used by de- 
Klerk et al.‘ to fit the 
second sound and 
specific heat data. 
Curve Disa Landau- 
type spectrum with 
po taken the same as 
in A, and uw and A 
chosen to fit the 
specific heat data. , ; 
For small &, all 10 2.0 
curves are asymp- WAVE NUMBER k(A~) 
totic to the line 
E=hcek. 
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and J, after the correction are probably less than three 
percent; the resultant error in A/« is less than 0.3°. 

The approximation (59), which gives rise to the 
error (b), ought to be about as accurate as the approxi- 
mation Js~Js5., since both approximations are based 
on the same oscillation argument. The latter approxi- 
mation was found accurate to better than 10% in the 
roton region. A ten percent change in J;9 would alter 
the value of A/x by 0.2°; we regard this number as a 
fair estimate of the error caused by (b). 

Considerable pains were taken to arrange the nu- 
merical work in such a way that the answers are 
insensitive to the behavior of S,(%) for large k. The 
residual error due to (c) is found mainly in the coef- 
ficient of A? in the numerator of (61). This coefficient 
may be in error by 5%, and the resulting error in A/x 
might be as much as 0.4°. 

We consider the value A/x=11.5° to be accurate 
within 0.6°, i.e., the lowest energy computable with the 
wave function (21) is between 10.9° and 12.1°. 

A wave function which gives a good value of the 
energy may, of course, be inaccurate for calculation of 
other properties of the system. On the other hand this 
function was chosen by a physical argument, and 
achieved a very considerable increase in the accuracy 
of the energy, without in fact using any variable 
parameters. It might be argued that some of this 
increase should be associated simply with the fact that 
we have one extra parameter A to vary. But had we 
used the A determined by the physical argument (— 3.6) 
we would have obtained practically the same energy as 
if we let it vary. 

For this reason we believe that the wave function 
(20) Lor for practical calculations (21) ] not only gives 
the energy well but is a reasonably accurate physical 
description of the excitations. On the basis of this 
optimistic hope, (21) is currently being employed in the 
calculation of other properties of helium. 
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APPENDIX A. DATA USED FOR S(k) AND /p(r) 


The curve for S(%) given in Fig. 1 is essentially that 
obtained from x-ray scattering by Reekie and Hut- 
chison.* The proper normalization of the data can, 
in principle, be determined from the fact that S(k) > 1 
as k— . According to Goldstein and Reekie,® “limi- 
tations inherent in the very low scattering cross section 
of liquid helium and the experimental technique have 
prevented effective exploration (of the range k>6 A~').” 
Since S(k) is still oscillating strongly at k=6 A~, the 
normalization of S(k) is uncertain by a few percent. 
For k22.5 A~, the percent error in S(k)—1 is large, 
and our computations would be totally unreliable if the 
integrals had not been set up in such a way as to be 
insensitive to the behavior of S(k)—1 for large k. We 
feel that S(k) ought to oscillate about its asymptotic 
value, and have therefore taken S(k)=1 at a point 
whose ordinate is the average of the values of S(k) at 
the minimum near 3.4A™ and the maximum near 
4.6 A~. With Reekie’s normalization, S() is unity at 
an ordinate much nearer to the minima of the oscil- 
lations. Our normalization maximizes the cancellation 
at large k when we are performing integrals whose 
integrand contains S(k)—1 as a factor. Since S(k) is 
the Fourier transform of p(r), we find [see (34) ] 


(64) 


—2°p9= f RLS(k)—1]dk. 


The relation (64) might serve as a test of the nor- 
malization of S(k), were it not for the fact that the 
numerical integral gives no sign of converging if we 
cut it off at k=6 A. The left side of (64) is equal to 
—0.43 A~*. With our normalization, integration of the 
right side out to k=6A™ gives +0.44A~*, but the 
integrand is still oscillating wildly and there is a chance 
of ultimately converging to a correct answer. With 
Reekie’s normalization, integration of the right side 
out to k=6 A“ gives a positive value much larger than 
+0.44 A-*, and the contribution from k>6A™ will 
also be positive unless the successive minima of S(k) 
cease to be closer and closer to the asymptotic value 
of unity. At any rate, the consistency of the results 
which we have obtained by performing the same 
integral in coordinate and momentum space convinces 
us that our S(k), which is 0.97 times Reekie’s, is suffi- 
ciently accurate for the present computations. 

Most of the curve in Fig. 1 represents data taken at 
2.06°K. According to reference 9, there is very little 
change in the values of S(&) for k>0.9 A~ as the tem- 
perature decreases from 2.5°K to 1.25°K. Therefore, 
in the range k>0.9 A, it is probably safe to represent 
the zero-temperature structure factor S(k) by the data 
taken at 2.06°K. For k<0.9A™, the temperature 
dependence of S() is more important, and it is neces- 
sary to extrapolate S(k) linearly to zero by using (65). 
We have done this, using a slope about 20% higher 
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than the theoretical value in order to join the experi- 
mental data smoothly. The error thus introduced is 
small. 

Reekie and Hutchison* have computed p(r) for 
r<6A by inverting their data for S(&). The curve for 
p(r) which we have given in Fig. 2 is obtained from one 
of their graphs” and, as has been previously mentioned, 
seems consistent with our curve for S(k). The numerical 
inversion of diffraction data is not unambiguous, since 
the integrand of the relevant numerical integral is not 
small at the cut-off value k=6 A~'. Furthermore, an 
arbitrary cutoff procedure must be used to make p(r) 
vanish for r<2.4A. More recently, Goldstein and 
Reekie® have employed an IBM 701 calculator to 
compute p(r) out to 20 A, using the data of Reekie and 
Hutchison. Their article was not published until after 
the completion of the present calculation; the authors 
state that the results out to 6A “fully confirm” the 
results of reference 9. Goldstein and Reekie apply the 
integral test (69) to their curves for p(r) and find satis- 
factory results. Since the integrands do not become 
small until r213 A, we found it impossible to apply 
the test to the curve in Fig. 2. 


APPENDIX B. IDENTITIES SATISFIED 
BY p(r) AND S(k) 

To understand the behavior of S(k) for small k, we 
note that as long as we are concerned with disturbances 
of long wavelength (small k) the liquid can be treated 
as a continuous compressible medium. If p(r,t) is the 
number density in such a medium and we define the 
normal coordinates 


am ff olrsderar, 
then the energy is 
E=} Die mul Gugu* +orx?gngn™ ], 


where wx=ck and m,=m/Nk’. Quantum mechanically, 
p(r) is replaced by the operator >>; 5(r—r,) and gy 
then goes over into the quantum-mechanical normal 
coordinate gx=)>_ exp(tk-r,). S(k) is just 1/N times 
the expectation value of g,”. Since the average values 
of the potential and kinetic energies are equal for a 
harmonic oscillator, it follows that S(k)=(Ex)/me’, 
where (E,) is the average energy of the oscillator repre- 
senting sound of wave number k. When T=0, all the 
oscillators are in their ground states, and hence (Ex) 


= hw,= fhck and 
S(k)=hk/2mc (small k). (65) 


When 7T+0, the oscillator representing phonons of 
wave number k is no longer necessarily in its ground 


* Figure 2 was obtained by dividing the data of reference 8, 
Fig. 1, by r*. There are slight discrepancies between the resultant 
curve for p(r) and the curve given in reference 9, Fig. 3. Errors of 
ee in p(r) would have a negligible effect on our 
results. 
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state, but may be in its mth excited state with prob- 

ability proportional to exp(—£,/xT). It follows that 
(8=1/kT) 

S(k) = (hk/2mc) coth}Bhck (66) 

= (Bmc?)!+- (Bh?/12m)k’—---. (66a) 

From (66) there follows immediately the famous formula 


limS(k) = poxT xr, (67) 
0 


where po is the number density and xr the isothermal 
compressibility of the liquid. When f’ck becomes 
greater than «7, (66) becomes essentially linear in k. 
Strictly speaking, however, S(k) starts quadratically 
from a nonzero value except when J7=0. The possi- 
bility of a linear behavior of S(%) for small k, as pre- 
dicted by (65) when T=0, has been sometimes 
questioned on the basis of (10). From (10) it follows 
that 


S(k)—1= inf Lo) —po](kr)— sin(kr)r’dr. (68) 


Since p(r)—o approaches zero for large 1, it is argued 
that it is legitimate to expand (kr) sinkr as 1— (kr)*/6 
+--+. Integrating term by term, one finds 


S(k)-1=Ci+C2k*+ ---, (68a) 


where 


Cynte f [p(r)—poptar, 


C= -if [p(r) — po jr'dr. 
o* 


Hence it appears that S(%) always starts quadratically 
in k. The fallacy in the argument lies in the fact that 
p(r) may not approach its asymptotic value fast 
enough, and the expansion may be meaningless. For 
example, if p(r)—o decreases as r~* for large r, (68) 
converges perfectly well but C; and C, are infinite. 
When T=0, p(r)—po falls off slowly enough to invali- 
date the expansion, and (65) is correct; at any finite 
temperature (r)—o ultimately falls off exponentially 
and the expansion (68a) is legitimate. One might think 
that all the coefficients of (68a) can be determined by 
comparison with (66a); this is incorrect because (66) 
is wrong for large k. Using (67) and (68), however, we 
do obtain the important result 


1+4n f [p(r) — po 2dr =poxT xr, (69) 
and when T=0 


1+4r 4 [p(r) — po }r*dr=0, 


o* 
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The result (69) can also be obtained by rather simple 
classical arguments. It follows directly from the defi- 
nition of p(r) that the left side of (69) is ((N—N)*),/N, 
where N is the number of atoms in a large subvolume 
of the liquid, and the bar denotes “‘average,”’ but statis- 
tical mechanics shows that ((N—N)*)x/N=poaTxr, 
whence (69) follows. 

One might think that (70) is a simple consequence 
of the definition of p(r). For if an atom is known to be 
at 1m, the probability that there is an atom at rz is 
p2(T1,%2)/pi(r:). If mr, is not near the surface of the 
liquid, then pi(r1)= 0; if r: and re are both far from 
the surface, then p2(t1,t2)=pop(ri2). If we integrate 
p2(T1,¥2)/pi(t1) over all locations re, excluding the point 
r1, the answer must be exactly N—1. But if we integrate 
pi(r) over all positions of r, the answer is exactly NV. 
Consequently 


[o2(11,82)/p1(t1)—p1(r2) Jdra=—1. (71) 


ror} 


If we take r; far from the surface, p;(r:) can be replaced 
by po. Furthermore, the integrand is appreciable only 
when fe is near 1, in which case po(11,1%2)/p1(11) — pi (82) 
= p(ri2)—po (there are no complications at the surface 
of the liquid since the surface corrections to both terms 
of the integrand are identical). Then (71) reduces 
exactly to (70). 

Something must be wrong with the preceding argu- 
ment at finite temperatures, since (70) is false if T0. 
The difficulty lies in the fact that, at finite 7, the limit- 
ing value of p2(r1,r2)/po for large riz is not po, but is 
slightly lower by an amount of order 1/N. Since rz runs 
over a volume proportional to N, there is a finite 
negative contribution to (71) from the region of very 
large rio (i.e., the region where p2(r1,r2)/po has reached 
its asymptotic value, which is not exactly equal to pp). 
Since (71) is rigorously true, the integral 


tn f " (e)— psa, 


which represents the contribution to the left side of 
(71) from the region where 12 is not very large, must 
be greater than —1; thus we arrive at (69) instead of 
(70). 

The slight lowering of the density at infinity when an 
atom is known to be at the origin is not hard to under- 
stand, since the localization of one atom decreases by 
one the number of atoms eligible to occupy the site at 
infinity. In the classical perfect gas poxTxr= 1; since the 
atoms are independent, the localization of one atom 
simply lowers the mean density by 1/V throughout the 
rest of the volume. In a real liquid, however, poxT 7-0 
as T-— 0. Finally, when T=0, (70) implies that no 
influence propagates to infinity, even in order 1/N, 
when an atom is localized at the origin. In this case, a 





1204 R. 


density excess at the origin is surrounded by a rare- 
faction slightly further away, so that no change occurs 
in the density at infinity. 

Thus, the simple counting argument used to prove 
(70) is actually correct when T=0, because there is no 
change in the density far away when we localize an 
atom at the origin. For the same reason, we believe 
that any identity based on a counting argument 
becomes correct when T=0. We therefore believe in 
the truth of the identity 


p3(T1,T2,8s) 
ae 
312,71 pop (112) 


although we cannot give a rigorous proof of it. Equa- 
tions (70) and (72) are easily combined to give Eq. (39), 
which we have used in our work (one must remember 
that, in (39), ps is defined to include a delta function 
on T23). 

Equation (39) is easily understood for small or large 


(72) 
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values of ri. If r12<2.4A, both sides of (39) are 
identically zero for all rs. If 1 and 2 are far apart, then 
p3 can be written as 


pops (¥31) Pi (1732) +076 (32) 


and the right side becomes p¢*f1(r31). If 3 is far from 2, 
then both sides are equal. Hence the only contribution 
to the integral comes when 3 is near 2; but then we can 
set p:(rs1)=o and we are left with 


f Arsop0"[ P1 (732) +5(Fs2)— po], 


which vanishes as a result of (70). 

Even if (39) is not rigorously true for intermediate 
values of 732, it cannot fail badly ; for when 112 is greater 
than 2.4A, but not very large, then for any fixed 
radius r32 the solid angle in which 3 interferes with 1 
is small (less than one-quarter of the total solid angle 
available to 123). 
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The entropy and heat capacity of spin disorder in liquid He*, obtained previously, define the partial 
thermodynamic potentials of the spin system. These in turn lead to the spin equation of state. The energy 
of spin excitation, quadratic in the liquid temperature at low temperatures, tends toward the limiting value 
of 3k o, per spin, at high temperatures, 7’) being the empirical characteristic temperature of the spin system. 
The partial volume expansion coefficient of liquid He’, arising from the spin excitations, is a linear function 
of the temperature at low temperatures and of considerable magnitude, which might make it accessible 
experimentally. The effect of the spin excitations on the vapor pressure of liquid He® might also be separable 
through a careful analysis of the data over a wide temperature interval. 





I. INTRODUCTION 


HE explanation! of the behavior of the entropy of 
liquid He® at temperatures T20.25°K, in terms 
of an entropy of spin disorder and nonspin entropy 
arising from the thermal excitations of the ordinary 
degrees of freedom of the liquid atoms, appears to be 
well substantiated through the recent analysis?* of the 
pertinent data in liquid He’. Particularly, at low tem- 
peratures, where the more conventional degrees of 
freedom are essentially frozen, the spin disorder is the 
dominant part of the total thermal disorder. These 
results suggest that a more complete discussion of the 
statistical thermodynamics of the spin system should 
be of interest for a derivation of some of the partial spin 
properties of liquid He’ arising from it. It will thus be 
shown, with the use of a relatively mild assumption, 
that at low enough temperatures the expansion coeffi- 
cient of liquid He’ is determined essentially by its spin 
system. An additional partial physical property, ac- 
cessible experimentally, has thus been added to the 
nuclear magnetic susceptibility, viz. the entropy and 
heat capacity of nuclear spin disorder, which tend to 
determine alone the thermal behavior of liquid He’ at 
low temperatures. Furthermore, the effect of the nuclear 
system on the vapor pressure of liquid He* will be 
traced over a wide temperature interval. This effect 
might be demonstrated through a careful analysis of 
the vapor pressure data over a wide temperature 
interval. 

The present considerations are all based on the 
previous evaluation of the entropy of orientational spin 
disorder and the associated heat capacity.! What was 
fundamentally involved there concerned the separation 
of the orientational spin disorder effects from other, 
possibly implicit, spin effects and, above all, from dis- 
order of nonspin origin, connected with the thermal 
excitation of nonspin types of degrees of freedom. The 
various thermodynamic quantities derivable from the 
previously obtained entropy S, and heat ¢apacity C, of 
spin disorder will be obtained here. Such a treatment 


1L. Goldstein, Phys. Rev. 96, 1455 (1954). 


2T. R. Roberts and S. G. Sydoriak, ys Rev. 98, 1672 ey 
3 Abraham, Osborne, and Weinstock, Phys. Rev. 98, 551 (1955). 


of the partial properties of liquid He® seems to be well 
justified inasmuch as the explanation of the properties 
originating in the nonspin degrees of freedom presents 
serious difficulties if attempted to be based on general 
principles. This is well illustrated, indirectly, by the 
lack of a rigorous formalism to describe the properties 
of classical liquids. The partial properties of liquid He’ 
associated with its spin system to be obtained here 
would, of course, appear automatically in the rigorous 
theory of this liquid. 


II. EQUATION OF STATE OF THE SPIN SYSTEM 


Let F(T,V) be the thermodynamic potential at 
constant volume or Helmholtz free energy of a system 
in equilibrium, occupying volume V at temperature T: 

F(T,V)=E(T,V)—TS(T,V), (1) 
E(T,V) being the total thermal energy and S(7,V) the 
total entropy. Then, by definition, the equation of 
state of this system is 
p(T,V)=— (dF /dV)r, (2) 
the pressure being expressed as a function of V and T. 
Our present task is the derivation of that part p,(7,V) 
of the pressure which is determined by the entropy of 
spin disorder' in liquid He’, 
S.(T,V)/R= (n2)x(T,V)/x0(7,V), (3) 
x and xo being the actual and the limiting Langevin 
nuclear magnetic susceptibilities of liquid He*. The 
Helmholtz free energy of the spin system is 
F,(T,V)=E,(T,V)—TS,.(T,V), (4) 
E,(T,V) being the thermal energy of spin disorder. If 
C.(T,V) is the heat capacity of spin disorder, we define 
E,(T,V) by 


E,(T,V)= f C.(T,V)aT 
0 


4 


4 f T(dS,/dT)dT 
0 


T 
=TS,(T,V)— f SAT,V)dT. (5) 
0 
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T 


F,(T,V)=— f S.(T,V)aT, (6) 
0 


and the equation of state of the spin system is, by (2), 
T 
pATV)= f (@S./av) x7, (7) 
0 


since T and V are taken to be independent. 

Since x(7,V) in (3) is an empirically determined 
function of its variables, it will be seen that with the 
definition (5) of Z,, the equation of state (7) is quite 
general. In order to avoid the explicit use of the function 
x(T,V)/xo(T,V), which is available only in numerical 
form, it is convenient to use the approximation pro- 
vided by the ideal antisymmetric fluid formalism for 
this susceptibility ratio, yielding’ 


S.(T, V)/R= (In2)[—F’ (a)/F(@)], (8) 


F(a)=(1/T (5/2) ](To/T)!, 
a=a(T,V), F’(a)=dF/da, (9) 


To being the apparent degeneration temperature of a 
fictitious ideal antisymmetric fluid whose paramagnetic 
susceptibility is identical with that of saturated liquid 
He*. At the present time, the evaluation of the partial 
derivative (0S,/0V)r appearing in the equation of 
state (7) cannot be performed because the available 
data correspond to a line, of variable T and V, on the 
susceptibility surface x(7,V). We are thus compelled 
to use the apparent ideal antisymmetric fluid formalism 
for a derivation of ~,(T,V). It is thus clear that the 
p.(T,V) values so obtained correspond to some approxi- 
mation of the actual values of this quantity. A simple 
calculation yields 


Rin2¢F"(a) F'(a) 
| | (10) 


(0S,/8V) r=—— 

V LF’(a) F(a) 
since, if one uses (9) with 7» expressed in terms of the 
total volume V, one has 


(da/8V)r=—V-[F(@)/F’(a)]; F" (a)=dF/da?. (11) 


With the expression for the spin heat capacity,' one 
obtains the equation of state of the spin system, to the 
approximation of this formalism, as 


pe(T,V)=4 f [C.(7,V)/VaT 


=§£.(T,V)/V, (12) 


showing that the virial theorem is valid here. 

We give, in Fig. 1, the spin free energy F, and the 
spin energy E,, in units of RT». At low temperatures, 
T&T», with C,(T) given previously,' one obtains with 


the first of Eqs. (5), 
jlim | Ee(T,V)/RTo= 3 (In2)7°(1—$x°7") ; 
T= T/To, (13) 


and, again with (5) and (6), 
1 
lim F,(T,V)/RTo= —4(ina)*(1-—ae), (14) 
T small 24 


These quantities are both parabolic at small 7 values. 
At high temperatures, we have obtained with a fair 
degree of approximation the limit of E,/RTo, by 
integrating C,(T) numerically up to 7 equal to five 
and by using beyond this 7 value the dominant term 
of the high-temperature expansion of C,(T), i.e., 


F(a) F'(@) 
F'(a) F(a) 
=((In2)/(2m)#](1/r!). 


lim C,(T)/R= ($ 1n2) lim 
T large a> 1 


(15) 


This yielded 
jim E,(T)/RT =}. (16) 
It was of course clear from the shape of C,(T) curve 
given previously’ that the total energy of spin disorder 
is finite in the limit T—«. This energy is (RT 9/2), per 
mole, and represents the additional energy expended in 
transforming the spin system from its configuration at 
the absolute zero, where all levels are doubly occupied, 
to the configuration in the limit of very high tem- 
peratures where all are singly occupied. This spin 
energy is automatically added to the energy of thermal 
excitation of the nonspin degrees of freedom. 
One also finds in this limit, 


lim (F,/RTo)=}-—r In2, (17) 
T large 


showing that F, becomes linear in 7 at high tempera- 





E.(T)/RT, 
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Fic. 1. Energy E, and free energy F, of spin excitation, in units 
of RT, vs the temperature ratio T/T. 
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tures, as expected from (4), since E, and S, tend 
toward constant limits. 
The Gibbs free energy of the spin system is, with (4) 
and (12), 
G.= (5/3) E,— TS.. 


The limiting forms of this are 


jim | (Ge/RT«) = —4(In2)7°C1-+ 407°, 


(18) 


(19) 


and 


lim (G,/RTo)=%—r In2. 
T large 


(20) 


It will be observed that the Gibbs free energy of the 
spin system is always negative. This is in contrast with 
the behavior of the Gibbs free energy of the fictitious 
ideal antisymmetric fluid whose formalism describes, 
at T20.25°K, the temperature variation of the nuclear 
magnetic susceptibility of liquid He*. In other words, 
the statistical parameter a(T) or (—G/RT) of the 
fictitious ideal antisymmetric fluid, whose magnetic 
susceptibility is the same as that of saturated liquid 
He’, is completely different from the parameter a,(7) 
or (—G,/RT) which is associated with the excitations 
of the spin system. While a, (7) is always positive, a(7) 
becomes negative at low temperatures. In addition, 
a-(T) is bounded over the whole temperature range, 
increasing from zero at the absolute zero, to (In2) in 
the limit of high temperatures, while a(7) can take on 
any values between (— ©) and (+). 

It should be noted here that G, is associated with the 
spin excitations alone. Its temperature behavior is, at 
low temperatures, similar to that of the Gibbs free 
energy which one can associate with the thermal 
excitations of an ideal antisymmetric fluid, as was to be 
expected. 

The partial thermodynamic properties of the spin 
system resemble those associated with two nondegener- 
ate internal energy levels of a system of atoms or 
molecules.‘ In the latter system, a fraction of the 
available thermal excitation energy is used up in lifting 
some of the atoms from the lower to the upper internal 
level. Since a given amount of energy defined by the 
separation AE of the two internal levels is needed in 
this process, the partial heat capacity associated with 
these levels has to vanish at both ends of the tempera- 
ture interval assuring thus its temperature integral to 
be finite and equal to AE, per atom, over the whole 
interval. Geometrically, this partial heat capacity has 
to have at least one maximum, and this is similar to 
the behavior of C,(7) as shown previously.' In the spin 
system, the apparent energy difference of the two spin 
configurations, one at the absolute zero and the other 
in the limit of high temperatures, amounts, to the 
approximation of (16), to }k7o, per spin, in terms of the 
characteristic temperature 7». While instructive, the 
similarity with the system with the internal levels is 


‘W. Schottky, Physik. Z. 23, 448 (1922). 
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only superficial. The spin system is, both physically and 
formally, vastly different from that of the system of 
atoms with the two internal energy levels. 


Ill. SOME PARTIAL PROPERTIES OF LIQUID He’ 
ORIGINATING WITH ITS SPIN SYSTEM 


The physical meaning of the increasing spin excita- 
tions with temperature, in liquid He*, was shown! to 
correspond to the gradual freeing of the spins from the 
powerful internal field tending to increase spin order. 
We may thus look upon the pressure , in agreement 
with the definition (7) as a manifestation of the spin 
excitations competing with the internal field. Its de- 
velopment is accompanied by a volume increase V, of 
the system, such that the relative volume change is, 
to a first approximation, 


V./V = po(T)x(T), (21) 


V being the total volume at T and «(7) the compressi- 
bility of the liquid. The volume V, is, of course, in- 
cluded in any volume measurement and cannot be 
separated experimentally from the total liquid volume. 
It is of interest, however, to estimate the magnitude 
of the small volume V,, by giving its lower limit. This 
can be obtained at once, by using in (21) the com- 
pressibility of liquid He‘, x4(7), instead of x(T). Since 
one should have «(7)2«4(T), then, with (12), one 
obtains 

Vo(T)2 §E.(T)xa(T). (22) 


At 1.2°K, with the compressibility «x, being about® 
1.24X10-* cgs unit, V, becomes about 0.11 cc/mole, 
which is only some 0.3% of the total volume® of 36.9 
cc/mole. 

While the spin volume increase V, is small and cannot 
be observed directly, it has a possibly observable 
effect on the expansion coefficient of liquid He’ at low 
enough temperatures. Indeed, let us define the partial 
spin expansion coefficient by 


a,(T) = V-(dV,/dT) 


2 
pp the TNFa AT) + Bal ta/ 42) (23) 
It will be observed that the two terms in the bracket 
are different functions of the temperature. At low tem- 
peratures, «(7) will be close to xo, the compressibility 
at the absolute zero, while dZ,/dT or C,, the spin heat 
capacity, is linear in T. The second term with E£,(T) 
varies at least as T?, even if dx/dT were assumed to be 
a constant, a rather extreme assumption. One would 
expect dx/dT to increase at least linearly with the 
temperature. The leading term of the partial expansion 
coefficient is thus linear in T at low enough tempera- 


5K. R. Atkins and C. E. Chase, Proc. Phys. Soc. (London) 
A64, 826 (1951). 
6 E. C. Kerr, Phys. Rev. 96, 551 (1954). 
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Fic. 2. The spin factor o, of the liquid He* vapor pressure 
vs the temperature ratio 7/7». 


tures. The expansion coefficient determined by the 
other degrees of freedom is not expected to have such a 
linear dependence on the temperature, at such low tem- 
peratures. However, such a linear dependence cannot 
be ruled out completely at the present time, because of 
the anomalous nonspin heat capacity ; the correct shape 
of the latter is still unknown at low temperatures. We 
obtain, with (23), 


T small 


2 In2 
lim oA Tae AT RIT 7, (24) 


where we have used the low-temperature limit! of 
C.(T). A lower limit of the right-hand side results by 
using there x4(7) instead of the presently unknown 
liquid He* compressibility «(7). With xq equal to 1.24 
X 10-* cgs unit, as above, V about 37 cc/mole, and 7» 
equal to 0.45°K, one finds 


lim a,(7)20.043T/°K. (25) 
T small 
At T equal to 0.2°K, this yields a partial expansion 
coefficient of at least 0.0086/°K, which is quite large. 
The experimental verification of the linear relation 
(25) might be of interest. If positive, the results would 
tend to justify the views on spin disorder as being the 
dominant thermal excitation in liquid He* at low 
temperatures. 
We should like finally to discuss the effect of the 
nuclear spin system on the vapor pressure of liquid 
He'*. This appears to be the only liquid where this effect 


could be traced over a relatively wide temperature 
interval. We may write the vapor pressure equation in 
the form 


p(T) =[(2eM)*?R82/N4]T%? exp(Gne/RT) 
Xexp[In2+ (G,/RT)], 


where the nuclear spin degeneracy factor (2s+1) or 2, 
in the vapor phase, is included in the last factor through 
(exp In2). All corrections of various origin, both in the 
liquid and the vapor phase, are assumed to be included 
in G,.. The factor in front of T° is the vapor pressure 
constant for vanishing spin, with M being the atomic 
mass, and N Avogadro’s number. We may thus write 
the following for the specific spin factor of the vapor 
pressure : 


(26) 


o,(T)=exp[in2+ (G,/RT)]. 


According to (19), at low temperatures where the Gibbs 
free energy G, vanishes with T as 7?, the spin factor 
o,(T) tends toward 2, arising entirely from the vapor 
phase. As the temperature increases, the spin excitations 
tend to balance the factor due to the vapor phase, and 
G,/RT, according to (20), tends asymptotically, rather 
slowly because of the (1/7) term, toward (—1n2), 
compensating fully the vapor phase factor. We give in 
Fig. 2, the spin factor ¢,(7), as a function of the ratio 
T/T =7, up to r equal to five. 

In normal liquids whose atoms have a nuclear spin 
and which exist only at temperatures high enough so 
that o,(T) is there equal to unity over the whole tem- 
perature range, it is fully justified to leave the spin 
degeneracy factor out of account in the vapor pressure 
constant. The latter factor is fully compensated for by 
the complete spin excitation of the liquid atoms. In 
liquid He*, however, the o,(7) factor remains large, 
that is, considerably larger than unity out to high 
temperatures because of the very slow convergence of 
G./RT toward (—In2) in (27). This is illustrated in 
Fig. 2. Hence, as far as the contribution of the liquid 
spin system to the vapor pressure is concerned, a unique 
situation appears to exist in liquid He*. A careful 
analysis of the liquid He* vapor pressure data over a 
wide temperature interval might disclose the spin 
factor o,(7). An empirical separation of this spin 
factor from the other pressure factors appears to be of 
interest in yielding additional information on the role 
played by the nuclear spin system in the macroscopic 
thermal properties of liquid He’. 


(27) 
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This paper describes the results of experiments using a shock tube and interferometer to study the role of 
vibrational relaxation in shock structure. Shocks of Mach number up to 5 have been observed in air, A, No, 
CH, CO2, N20, and CC],F». In air and nitrogen below about M,=2 and in argon the validity of the Rankine- 
Hugoniot relation using constant specific heat has been established within experimental accuracy. Above 
M,=2 in both air and Ne, the observed density corresponds to only partial equilibrium, no appreciable 
excitation of vibrational modes occurring, for example, for at least 150 usec at 900°K. Both CH, and CCI,F, 
show fast adjustment with relaxation times less than 1 usec to the expected final state. In CO, and N,0, 
vibrational relaxation times are observed to be in reasonable agreement with published data. The down- 
stream state, however, is at a lower density than required for complete equilibrium and the possibility of 
separate relaxation times for each vibrational mode is suggested; the valence vibrations adjust at least 
100 times more slowly than do the bending modes. Added traces of water vapor reduce the visible adjust- 
ment greatly but leave the final state unaltered. The catalytic effect of water vapor in speeding equilibration 


seems therefore to be limited to the bending modes. 


INCE Ernst Mach first observed shock waves by 

shadow photography, a little over sixty years! ago, 
the problem of their structure has intrigued students of 
fluid dynamics and kinetic theory alike. It was early 
recognized that shock fronts are extremely thin, the 
order of a wavelength of visible light, but the exact 
manner in which collisions redistribute translational 
energy is still not fully understood. When other 
molecular energy states are excited as well, shock 
structure may be considerably more complex. Sound 
dispersion in polyatomic gases suggests that trans- 
lational energy is exchanged at different rates with 
molecular rotation, vibration, and dissociation. A 
similar result may be anticipated for transfer to elec- 
tronic excitation and ionization at high temperatures. 
The purpose of this paper is to described experiments 
on the role of vibrational energy lag in shock structure 
and its relation to the problem as a whole. 

Rayleigh? seems to have been the first to treat the 
Navier-Stokes equation for the profile of a shock wave 
in a viscous fluid. Shortly thereafter Taylor*® obtained 
an approximate expression for the density variation 
through a weak shock in which both viscosity and heat 
conduction exist. His result, that the thickness should 
diminish with increasing shock strength, has been 
substantiated by later exact solutions, in which in- 
creasingly realistic expressions for the temperature 
variation of the transport coefficients were used.‘ 


* This work was supported by the Office of Naval Research. 
Some of the material contained herein was presented at the 1955 
Conference on Heat Transfer and Fluid Mechanics held June 
22-24 at the University of California at Los Angeles. 

1E. Mach, Akad. Wiss. Wien 98, 1310 (1889). 

2 Lord Rayleigh, Proc. Roy. Soc. (London) A84, 247 (1910). 

3G. I. Taylor, Proc. Roy. Soc. (London) A84, 371 (1910). 

*R. Becker, Z. Physik 8, 321 (1922); L. H. Thomas, J. Chem. 
Phys. 12, 449 (1944); M. Morduchow and P. A. Libby, J. 
Aeronaut. Sci. 16, 674 (1949); A. E. Puckett and H. J. Stewart, 
Quart. Appl. Math. 7, 457 (1950); R. von Mises, J. Aeronaut. 
Sci. 17, 551 (1950); Lieber, Romano, and Lew, J. Aeronaut. 
Sci, 18, 55 (1951); D. Gilbarg and D. Paolucci, J. Rat. Mech. 
Anal. 2, 617 (1953). 


It seems safe to say that the continuous fluid theory for 
shock structure in monatomic gases is now complete. 
A new difficulty has arisen, however, because the thick- 
ness predicted for strong shocks diminishes to only a 
few mean free paths and one wonders whether or not 
the usual viscosity and heat conduction coefficients 
have any validity in a region of such high gradients. 

Several attempts have been made to solve the problem 
using kinetic theory. It can be shown that a first-order 
correction to a Maxwellian velocity distribution leads 
to the same result as a continuous fluid theory which 
includes the ordinary coefficients of viscosity and heat 
conduction. Higher order corrections, including what 
are known as the Burnett terms, presumably improve 
the approximation. Formidable problems of con- 
vergence which have retarded this approach, particu- 
larly when calculations are made for Mach numbers of 
2 or larger, are discussed in papers by Wang Chang,' 
Zoller,’ and Grad.’ 

Using a slightly different approach, Mott-Smith* has 
suggested that the velocity distribution within a strong 
shock is composed of a mixture of two Maxwellian 
distributions appropriate to equilibrium conditions on 
either side of the shock. The resulting dependence of 
thickness on shock speed agrees quite well with the 
values from continuous fluid theory. 

Experimental measurements of shock thickness in 
argon and other gases have been reported in a series 
of papers by Hornig et a/.° and by Sherman.” Thickness 


5 C, S. Wang Chang, “On the Theory of the Thickness of Weak 
Shock Waves,” University of Michigan, Department of 
Engineering Research Report APL/JHU CM-503 (unpublished). 

°K. Zoller, Z. Physik B30, 1 (1951). 

7H. Grad, Comm. Pure and App . Math. 5, 157 (1952). 

8 H. M. Mott-Smith, Phys. Rev. 82, 885 (1951). 

9G. R. Cowan and D. F. Hornig, J. Chem. Phys. 18, 1008 
(1950); Greene, Cowan, and Hornig, J. Chem. Phys. 19, 427 
(1951); E. F. Greene and D. R. Hornig, “Shape and Thickness of 
Shock Fronts in Argon, Hydrogen, Nitrogen, and Oxygen,” 
Brown University, Metcalf Research Laboratory Report TR-4, 
1952 (unpublished). 
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TABLE I. Exchange of rotational and translational energy in gases. 











Number of 
— 


Relaxation 
time ¢, sec 


Type of 


experiment Reference 





2.1 X10-* 
1.5 xX10-* 


300 


4.85X10-¥ 
4.95X10"¥ 
8.1 x10" 
2.29X 10° 


Pitot tube W. Griffith, J. Appl. 
1319 (1950). 

A. van Itterbeek and R. Vermaelen, 
Physica 9, 345 (1942). 

Parker, Adams, and Stavseth, J. 
Acoust. Soc. Am. 25, 263 (1953). 

ultrasonic Parker, Adams, and ‘Stavseth, go 

dispersion Acoust. Soc. Am. 25, 263 (1953). 

ultrasonic S. Petralia, Nuovo cimento 10, 817 

dispersion (1953). 

ultrasonic J. C. Hubbard, J. Acoust. Soc. Am. 

dispersion 14, 474 (1952). 


Phys. 21, 


ultrasonic 
dispersion 
ultrasonic 
dispersion 








is usually taken to be the distance between intercepts 
on the asymptotic velocities of a line tangent to the 
velocity profile at its steepest (or mean) point. For 
monatomic gases good agreement between continuous 
fluid theory and experiment is observed, not only in the 
variation of shock thickness with Mach number,” 
but also in the actual profile as well.” In units of 
Maxwell’s mean free path in the gas ahead of the 
shock, the thicknesses at M,=1.1, 1.5, and 2.5 appear 
to be fairly well established as 16, 9, and 6, respectively. 
The actual number of collisions suffered by a typical 
molecule in passing through the shock would be 30, 19, 
and 13. This conclusion is important in considering the 
effect of additional degrees of freedom. In the ensuing 
discussion, it will be convenient to think of the tem- 
perature of a gas as the value appropriate to the mean 
translational velocity of the molecules without reference 
to their internal states. 

The number of collisions found for fairly weak shock 
waves is the same order of magnitude as the number 
required to establish rotational equilibrium in a gas. 
A summary of the data available at present on rotational 
relaxation times is shown in Table I. This effect may be 
incorporated into the flow equations by introducing 
the rotational relaxation time itself or through the 
concept of a second, or “bulk”, coefficient of viscosity. 
The latter approach is well-suited to cases where the 
relaxation time is short compared to times charac- 
teristic of the process concerned, i.e., weak shocks.” 
Sufficiently strong shocks, on the other hand, compress 
the gas so rapidly that translation and rotation may 
adjust quite separately. Greene and Hornig conclude 
from their measurements that this is the case for 
hydrogen at M,=1.39 and place a lower limit on the 
number of collisions required to bring rotational 
equilibrium as 150, a value compatible with the data 
in Table I. Since shock thickness and rotational 


F, S. Sherman, “A Low Density Wind Tunnel Study of 
Shock Wave Structure and Relaxation Phenomena in Gases,” 
University of California, Berkeley, Institute of Engineering 
Report He-150-122, May, ness (unpublished). 

uL, J. F. Broer, Appl. Sc Research A2, 447 (1951). 

2M. J. Lighthill, ‘Viscosity Effects in Sound Waves of Finite 
Amplitude” (to be published). 


relaxation times depend differently on temperature, 
it is probable that a single gas exhibits a behavior 
varying between the two extremes depending on the 
shock strength. Such is the case with nitrogen, in 
which translation and rotation stay in equilibrium at 
M,=1.13 but appear to be somewhat out of step at 
M,=1.429 

Vibrational adjustment rates have been measured 
for a large number of gases and are generally slower by 
several orders of magnitude than those for translation 
and rotation.” At present, little quantitative informa- 
tion is available on diatomic gases because the popula- 
tion of excited vibrational states is exceedingly small 
at room temperature. Qualitatively, however, it is 
generally accepted that vibrational relaxation times 
in all diatomic gases are very long indeed. Among 
polyatomic gases, relaxation times are the order of 
microseconds and the vibrational heat capacities are 
appreciable so that significant effects on shock structure 
may be expected. Figure 1 shows interferograms of 
shocks in six different gases taken with a spark whose 
duration is less than one microsecond. In argon, the 
fringes jump discontinuously to their final position 
and the apparent thickness of the front arises solely 
from the motion of the shock during one-third of a 
microsecond. In air, the rotation adjusts so rapidly that 
no structure is detectable, while even at M,=2 vibra- 
tional energy amounts to only 0.015R, an insignificant 
amount. Carbon dioxide exhibits a large effect of 
vibrational lag, while the adjustment in freon- 
12 (CCl.F2) is apparently too rapid to observe. Both 
nitrous oxide and methane exhibit fast relaxation 
processes. Before turning to an analysis of such pictures, 
a resumé of the effect of dissociation, electronic exci- 
tation, and ionization will be included. 

Dissociation frequently proceeds by bimolecular 
collisions, just as the processes already discussed, but 
its effects on shock waves has been investigated 
carefully only in a few cases. Carrington and Davidson" 
studied N,O, in a carrier of nitrogen in a shock tube 

8 W, Griffith, J. Appl. Phys. 21, 1319 (1950). 


(sss, Carrington and N. Davidson, J. Phys. Chem. 57, 418 
1953). 
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and measured the rate of dissociation into NO, by 
noting the time variation of absorption of a narrow 
beam of white light after a shock passed by. At 25°C 
they found a characteristic time of 12 usec, in reasonable 
agreement with data from sound dispersion. The great 
advantage of using shock waves lies in the ease with 
which the temperature of the sample can be varied by 
choosing different shock strengths. Similar techniques 
have been applied to Br. and Iy. So far, little is known 
about dissociation of the constituents of the atmosphere 
but Bethe and Teller'® make some estimates to show 
that times are sufficiently long for detection by shock 
tube studies. 

Electronic excitation and ionization are expected to 
occur only at very high temperatures. The fact that 
strong shocks are indeed luminous has been observed 
by several workers,'*"* and attempts to formulate a 
theory for the excitation process in argon have been 
presented by Petschek'* and by Bond.” Here the 
structure is somewhat altered from the exponential 
decay to equilibrium previously encountered, because 
excitation and ionization are carried on most effectively 
by electron impact and initially, of course, there are no 
free electrons. The region immediately behind a shock 
front in argon is thus characterized by slow incubation 
of free electrons followed by a rapid increase in ioniza- 
tion quite similar to the initial processes in spark 
breakdown. Luminosity is not observed in the incuba- 
tion region but is very intense as the gas approaches 
equilibrium. 

In order to develop a quantitative theory for the 
processes discussed, it is convenient to refer directly to 
the one-dimensional steady-flow equations which 
express conservation of mass, momentum, and energy. 
Outside the zone ordinarily described as the shock 
front, where translational motion of the molecules 
reaches a Maxwellian distribution again, the effects 
of viscosity and heat conduction are relatively small. 
Accordingly these terms will be omitted in analyzing 
the remainder of the shock and attention will be 
centered on the redistribution of energy among internal 
states. The conservation equations in a frame of refer- 
ence moving with the shock are as follows: 


P11 = p22, (1) 
Pit pi0:?= pot por??, (2) 
E,+p1/p1+0:°/2= Eot+ p2/pot+02/2. (3) 


Mass: 
Momentum: 


Energy: 


18H. Bethe and E. Teller, ‘Deviations from Thermal Equi- 
librium in Shock Waves,” University of Michigan Engineering 
Research Institute, Ann Arbor, Michigan, 1952 Ng eae 


16 Fowler, Goldstein, and Clotfelder, Phys. Rev. 82, 879 (1952). 

( = Hunting, Laporte and Turner, Nature 171, 395 
1953). 

18 Petschek, Rose, Glick, Kane, and Kantrowitz, J. Appl. Phys. 
26, 83 (1955); H. Petschek and A. Kantrowitz, Phys. Rev. 98, 
1141(A) (1955). 

J. W. ‘Bond, Jr., Los Alamos Report, LA-1693, 1954 (un- 
published). 
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Fic. 1. Interferograms of shock waves in six different gases. 
In each case the shock is traveling to the right. The first picture 
shows how the absolute fringe shift may be obtained by using 
white light. 


The subscripts 1 and 2 denote equilibrium conditions 
upstream and downstream, respectively. For most gases 
at ordinary densities, the ideal gas equation of state is 
entirely satisfactorily and may be written to include a 
change in number of particles from dissociation as 


p=(1+a)pRT. (4) 


Bethe and Teller'® have shown that these four relations 
uniquely determine equilibrium conditions downstream 
of a shock in terms of the initial state and velocity 
without regard to the nature of any intervening 
processes. For purposes of this discussion, a shock is 
considered to include the zone within which quantities 
describing the state of the gas reach some reasonable 
fraction of their final value. 

The method for evaluating equilibrium energy in 
terms of the partition function is well known and need 
not be repeated here.” Translation and rotation (in all 
gases but hydrogen) have the classical value, }RT per 
degree of freedom, at room temperature and above, 
while additional contributions from other sources come 
into play at various temperatures. Dissociation and 


%” For a good description of the method see J. Mayer and M. 
Mayer, Statistical Mechanics (John Wiley and Sons, Inc., New 
York, 1940), or W. Doering and G. Burkhardt, “Contributions 
to the Theory of Detonation,” Air Material Command, Wright- 
Patterson Air Force Base, Dayton, Ohio, Technical Report No. 
F-TS-1227-1A, 1949 (unpublished). 
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ionization appear to a significant extent only at tem- 
peratures considerably higher than those needed to 
excite vibrational motion, so that the latter can be 
studied entirely separately. 

Since the energy generally depends in a complicated 
way on temperature, the conservation equations are 
most easily solved by starting with the temperature 
T: and finding the other quantities from this. Bethe 
and Teller'® give a convenient method which makes use 
of a new quantity: 


B(T)=1+E(T)/RT. (5) 
The density ratio is found to be 
p2/pr=b+(P+T1/T:)*, b=82—$—(8:—4)Ti/T2. (6) 
The Mach number is 
M?=2(82T2—61T1)/11T 111 — (01/p2)*], (7) 


where 7; is equal to C,/C, at the temperature 7). Data 


on the energy of a large number of gases have been 
compiled by the National Bureau of Standards, so 
that the necessary shock calculations can be readily 
carried out. When the specific heats are constant, as 
for the noble gases and air below about Mi=2,8=C,/R 
and the familiar Rankine-Hugoniot equation and other 
shock wave relations result. 

Landau” and Bethe and Teller'® have developed a 
simple theory for the rate of exchange of vibrational 
energy by collisions in gases having just one vibrational 
degree of freedom. They assume that internal redistri- 
bution proceeds rapidly enough for the population in 
various quantum levels to be described in terms of a 
“vibrational temperature” Ty». Then it is possible to 
show that adjustment toward equilibrium is described 
by Eq. (8), where Ey» is the actual value of the vibra- 
tional energy and E,,(T) is what it would be at 
temperature 7. 


dE,» /dt= (Evn(T) — Evin)/r. (8) 


The relaxation time 7 is predicted to vary inversely 
with the bimolecular collision rate and in addition to 
decrease with temperature through an exponential 
dependence : 


7=const7"/* exp(const/T*)/p. (9) 


The two constants depend on collision cross sections 
which are not accurately known, so that a direct 
calculation of r is very difficult to make. If all experi- 
mental data are reduced to one atmosphere and the 
small effect of T’/* neglected, the linearity of a plot of 
Int vs T-* would give a test of their theory. In gases 
where several vibrational modes are excited simul- 
taneously, it is reasonable to suppose that the above 
theory applies to each mode and it may even be correct 
to say that they all adjust with the same relaxation 


1, Landau, Physik. Z. Sowjetunion 1, 89 (1934), 
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time. We shall return to this latter question in dis- 
cussing the experimental data. 

In principle, Eqs. (1)-(4) and (8) can be solved to 
obtain a complete description of the flow behind a 
shock front. When the variation of specific heats and 
relaxation time with temperature are included, how- 
ever, recourse must be had to numerical calculation for 
each shock strength. Broer" discusses the problem 
at some length and develops approximate solutions 
for certain limiting cases. In the interest of a better 
grasp of the physical situation, some assumptions can 
be made at the outset which greatly simplify the 
mathematics without seriously harming the result. 

First, assume that translation and rotation reach 
equilibrium with one another before the vibrational 
energy has time to change at all. This intermediate 
condition, which will be called state a, is one in which 
the vibrational temperature Ty is still equal to 7), 
while the translational temperature T, is somewhat 
above T. Properties at state a can easily be found by 
omitting the contribution of vibrational specific heat 
to sound speed and vy in the conservation equations. 
For all diatomic and linear polyatomic molecules like 
CO, and N,0O, 7 is just 7/5 so that values may be read 
from shock tables for air after adjusting the Mach 
number to compensate for the higher speed of sound. 
As an example, state a and state 2 are shown in Fig. 2 
as functions of initial Mach number M, for shocks in 
COz at 23°C. Ty, and T approach 7; according to 
Eq. (8). 

The relaxation region is characterized by rapidly 
increasing vibrational energy, slowly falling tempera- 
ture, increasing pressure and density, and a slight 
deceleration of the flow as a whole. From Fig. 2, it is 
apparent that the relative change of pressure is smaller 
than either change of temperature or density, the latter 
two being of opposite sign and nearly the same magni- 
tude. It is this fact that makes the interferometer 
especially useful in studying relaxation as compared 
with a pressure-measuring device. In fact, little error 
is made in computation if the pressure is assumed to be 
exactly constant. 

Consideration of the actual magnitudes involved in 
the transition from state a to state 2 reveals that 
practically all of the energy absorbed by vibrations 
comes from random motion expressed as temperature. 
The latter energy is given by C,’7, where C,’ is the 
specific heat at constant pressure not counting vibra- 
tions. In linear molecules, C,’ is equal to (7/2)R. 
Therefore, 

dE,»= —C,'dT, (10) 


and during later portions of the approach to equi- 
librium, where Cy, is not changing very much, this 
may be integrated to give 


Evin tC,'T= Evinxt+C,’T2 = Cool 2. (1 1) 
Combining Eqs. (8), (10), and (11) and integrating 
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again gives 

(T—T3)/(To—T2) =e Ctl Or', (12) 
showing that in the later stages, at least, the tempera- 
ture drops exponentially with a time constant of 
7C,'/Cy. When this result is translated into density, 
we find 


P2—p pe P2—Pa 
= rower [i+ 

P2—~Pa Pa Pa 
As the fractional change (p2—pa)/p. is small and we 
have already decided to look at the later stages of 
adjustment, the denominator is nearly one so that the 
density also approaches its equilibrium value with an 
exponential decay. 

The foregoing analysis has been applied to many 
pictures, such as are shown in Fig. 1, with the purpose 
of finding the state immediately behind the shock 
front and, if that is not a state of complete equilibrium, 
the time taken to reach equilibrium.” Two independent 
measurements of shock strength are made during 
each experiment in the shock tube. The speed of a 
shock is determined by noting the time taken to travel 
between two schlieren light screens a known distance 
apart. The density change across the shock can be 
calculated from the fringe shift measured on an inter- 
ferogram taken with the fast spark while the shock is in 
view. The time intervals are around 1 msec and can 
be measured to within 1 ywsec for an accuracy of one 
part per thousand, our most accurate measurement. 
For each gas tested, the theoretical speed of sound was 
checked by extrapolation of weak shock speeds to 
zero strength. Excellent agreement was obtained.” 
The Mach numbers quoted are therefore believed to be 
accurate within three or four parts per thousand. 
Repeated tests have shown that fringe shifts across 
plane shock waves can be consistently measured 
within +1/15 fringe. To convert a fringe shift 6 to 
density, the width / of the test section, the wavelength 
of light, and index of refraction n, at STP must be 
known, along with the initial gas density p,; the relation 
is 


e-enier| (13) 


ATP, 


o.=—_—_———. 
IT .pi(n.— 1) 


22In this regard, it might be mentioned that the possibility 
of studying vibrational relaxation with a shock tube and inter- 
ferometer was suggested in reference 13 and an interferogram of a 
shock in COz similar to that reproduced in Fig. 1 was first shown 
at the New York Meeting of the American Physical Society in 
1952: Walker Bleakney, Phys. Rev. 86, 610(A) (1952). Through 
private communication, we later learned that E. Smiley, E. 
Winkler, and Z. Slawsky, at the Naval Ordnance Laboratory, 
had started a similar study independently. Early results from 
Princeton were presented at the Spring Meeting of the American 
Physical Society in Washington: W. Griffith, Phys. Rev. 87, 
234(A) (1952). Since then two communications from the Naval 
Ordnance Laboratory group have appeared giving experimental 
results on CO: and Cly: Smiley, Winkler, and Slawsky, J. Chem. 
Phys. 20, 932 (1952) and E. Smiley and E. Winkler, J. Chem. 22, 
2018 (1954). © 

% W. Griffith and W. Bleakney, Am. J. Phys. 22, 597 (1954). 
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Fic. 2. Pressure, temperature, and density ratios for shock 
waves in carbon dioxide at final equilibrium, state 2, and at 
partial equilibrium, state a, where no adjustment of vibrational 
energy has taken place. Note that, for a given shock Mach 
number M;,, the greatest relative change during vibrational 
equilibrium occurs in the density. 


Considering possible errors in measuring the initial 
gas pressure p, and other sources, the uncertainty in 
an individual density measurement is about +1% 
under “normal” operating conditions, and two to four 
times this at the highest shock strengths conveniently 
obtainable with the present equipment. 

As a test of the validity of the assumptions behind 
the Rankine-Hugoniot relation (and of the experimental 
technique), a number of runs were made using argon. 
The first electronic level is so high in energy that the 
constant specific heat theory should be valid for a very 
wide range of shock strengths. Up to M,=4.3, agree- 
ment between the density measured with the inter- 
ferometer and the density determined from the shock 
velocity and the Rankine-Hugoniot relation is within 
experimental error. At M,=4.3, the disagreement 
reaches a maximum of 4% in shock density ratio. 

A large amount of data on shocks in air has been 
collected from pictures taken for other purposes over 
the past several years, and additional pictures in air and 
N: have been obtained specifically to determine the 
downstream state of the gas. Below M,=2, so little 
vibrational energy is excited that there is little hope of 
detecting any departure from the theory using constant 
y. The effect of an increased heat capacity at higher 
temperatures is to increase the shock density ratio as 
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Fic. 3. Theoretical and experimental density ratios for shocks 
in air and nitrogen, both plotted as the difference from p2/p: for 
y=1.4. The appearance of vibrational excitation at the higher 
temperatures accounts for the departure of the theoretical curve 
from the constant y value. The fact that the experimental points 
follow the axis is taken as evidence that no vibrational excitation 
has actually occurred in the interferograms. 


well. The solid curve in Fig. 3 shows the difference 
between the density ratio in N:2 for variable specific 
heat and for constant specific heat as a function of 
Mach number. For reference, the actual density ratio 
at M,=2 is 2.79 and at M,=4 is 4.84. 

The experimental points plotted in Fig. 3 represent 
the density ratio measured with the interferometer 
minus that computed from the shock speed using 
constant specific heat. The fact that the points follow 
the axis rather than the curve means that the state 
observed behind the shock is only in partial equilibrium, 
no appreciable vibrational excitation having occurred. 
This result is rather surprising since the fringes remain 
parallel and straight to the edge of the field of view, 
but the conclusion is inescapable that the vibrational 
relaxation time in Nz must be very long. From the 
extent of the region behind the shock in which no 
equilibration is observed, it is possible to place lower 
limits on the relaxation time: at 900°K, for instance, 
r for Ne must be >150 usec. 

Methane has been investigated in a similar way. A 
very fast relaxation is visible up to the limit of the 
present equipment at M,=4. The relaxation time 
seems to be in rough agreement with values obtained 
by other methods. More interesting perhaps is the 
conclusion that the final density in this case is in 
agreement with the equilibrium values calculated by 
using Eqs. (5)-(7). 

Freon-12 (CC1l,F:) shows no visible relaxation effects 
in the pictures obtained so far. The known relaxation 
time is 0.09 usec, so such a result is not surprising. 
Only when the density is very low would the region of 
adjustment spread out far enough to be recorded with 
a 0.3-usec spark such as is now in use. 

Carbon dioxide has several special molecular proper- 
ties that should be mentioned before turning to the 
experimental data. Since it is a linear, symmetric 
molecule, rotation occurs about only two axes and there 
are four normal vibrational modes, two in bending with 
the same frequency of 667 cm™ and two in stretching 
at higher frequencies, 1336 cm™ and 2350 cm~'—the 
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so-called valence vibrations. There is an accidental 
degeneracy between the first harmonic in bending and 
the first excited state of the unsymmetrical valence 
vibration which causes both levels to shift slightly. 
This splitting, explained by Fermi, has only a small 
effect on the vibrational heat capacity but may be 
important in understanding the redistribution of 
energy among vibrational modes. 

At room temperature, only the bending modes are 
appreciably excited. They contribute 0.89R to the 
heat capacity, while valence vibrations add only 
0.065R. The vibrational relaxation time measured by 
acoustic dispersion at room temperature may then be 
thought of as being that for the bending modes without 
implying anything about a simultaneous change in 
valence vibrations. If different rates exist for each 
mode, then sufficiently sensitive experiments should 
detect them at elevated temperatures. In the absence 
of any clear evidence for separate relaxation times in 
the past, it has usually been assumed that all vibra- 
tional modes adjust together. This assumption is 
strengthened by the observation that some an- 
harmonicity exists so that mixing might occur fairly 
rapidly. 

The density ratios across shocks in CO; from M,=1 
to 5 have been measured on such pictures as that 
shown in Fig. 1 and the corresponding Mach number 
computed from the timing measurement. Results are 
plotted in Fig. 4 where the density shown corresponds 
to the uniform region some distance behind the shock. 
The solid curve gives the theoretical ratio calculated 
from Eqs. (5)-(7) by using the enthalpy data published 
by the National Bureau of Standards. For weak 
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Fic. 4. Comparison of theory and experiment for the density 
ratio across shocks in carbon dioxide. The solid curve is the final 
equilibrium value calculated using data on specific heats from the 
National Bureau of Standards, experimental points are denoted 
by %’s, and the density corresponding to adjustment of the two 
bending modes only is shown by the dashed curve. 


* National Bureau of Standards Circular C641, 1947 (un- 
published). 
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shocks, close agreement exists between experiment 
and computed equilibrium values, but above M,=2 an 
appreciable discrepancy appears, the observed density 
falling below the anticipated value for complete 
equilibrium. As a supplementary check, the density 
for state a@ was measured and was found to fit the 
calculated values satisfactorily. 

A vibrational relaxation time may also be obtained 
from each picture with the aid of Eqs. (13) and (14). 
The slope of a line on a graph plotting In(6.—6) vs 
distance « behind the shock gives the relaxation time 
in terms of the outflow velocity 2: 


C, dx 
T= oe 
Cy'v2 dln (52—5) 


(15) 


Typical graphs are shown in Fig. 5, where it is seen 
that the lines are remarkably straight, a fact which 
adds confidence to our choice of assumptions leading 
to Eq. (13). The relaxation times are plotted in Fig. 6 
on logarithmic paper against the reciprocal cube root of 
temperature. This should give a straight line according 
to the Bethe-Teller theory discussed earlier. Un- 
fortunately, considerable scatter has arisen in the data, 
largely through the very strong effect of traces of gas 
impurities. Water vapor is known to be some five 
hundred times as effective in exchanging vibrational 
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Fic. 5. Logarithm of fringe shift (6.—6) as a function of distance 
x behind the schock. The six curves represent measurements on 
six different interferograms and have no relation to one another. 
The accuracy with which the measured points fall along a straight 
line is a test of the applicability of Eq. (13) for determining the 
vibrational relaxation time. 
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Fic. 6. Temperature dependence of relaxation times for carbon 
dioxide and nitrous oxide. A linear variation of Inr with 7~? is 
suggested by a theory of Landau, Bethe, and Teller. Experimental 
points are: X shock tube, + pitot tube (reference 13), and sound 
dispersion; ™ [A. Eucken and E. Numann, Z. Phys. Chemie 
B36, 163 (1938) ]; @ [E. F. Fricke, J. Acoust. Soc. Am. 12, 245 
ian wv [A. van Itterbeek and P. Mariens, Physica 7, 938 

1940) ]. 


quanta with CO, molecules as are other CO, molecules. 
Even a very small fractional amount of water vapor 
therefore produces an effect entirely out of proportion 
to its concentration. In the large shock tube used for 
these experiments, there seems to be little hope of 
achieving the degree of purity needed, something like 
one part per hundred thousand, in order to get an 
accurate measure of the CO, relaxation time. For other 
gases, however, impurities are not nearly so effective 
so that good quantitative data can be obtained. Such 
is the case with N.O, to be discussed shortly, and 
apparently with Cl.” 

Several alternative explanations for the failure of 
the fringes to reach the expected equilibrium position 
have been suggested. As a general observation, all 
processes which remove energy from the gas, such as 
radiation, heat conduction to the tube walls, and acci- 
dental dissociation by especially violent collisions 
within the shock front, will lead to higher final densities 
than expected. The only proposal which leads to a 
lower density is one in which the adjustment we see 
is only in the bending modes. A further increase in 
density to final equilibrium should appear farther back. 


2% E. F. Smiley and E. H. Winkler, J. Chem. Phys. 22, 2018 
(1954). 
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Fic. 7. Experimental and theoretical density 
ratios in nitrous oxide. 


As a quantitative test of this hypothesis, two things 
may be done: compare the density calculated not 
counting valence vibrations with the experimental 
value; and search for an indication of approach to 
state 2 as far behind the shock as possible. When only 
the contribution of the bending modes is included in 
Eq. (5), the dashed curve in Fig. 4 results, a very good 


fit indeed. Thus far, a search for signs of gradual rise 
in density from this intermediate state has revealed 
nothing. From the accuracy of the measurements 
involved, the relaxation time for valence vibrations 
must be at least 100 times as long as that for bending. 

Since traces of water vapor are known to hasten 
equilibration of the bending modes, it was suggested 
that final equilibrium might be reached more rapidly 
by the same process. When small amounts of water 
vapor were intentionally added to the COs, however, 
the visible region of adjustment did indeed become 
narrower, but no detectable effect was produced in the 
final state. Apparently the efficacy of water is very 
selective in its action as a catalyst. 

The possibility of having two or more relaxation 
times depends upon transitions between vibrational 
modes being less probable than exchange of energy 
with translation or rotation during collisions. The theory 
of such probabilities is in an early stage of development 
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so that little can be said for certain, one way of 
the other. Schwartz has analyzed the case of COs: in 
some detail and has developed equations which describe 
the nonequilibrium region when two relaxation times 
of appreciably different size exist.” 

Nitrous oxide exhibits very much the same behavior 
as carbon dioxide. The similarity in structure of the 
two molecules possibly accounts for the fact that a 
considerable departure from final equilibrium is 
observed here as well. The data on density”’ are plotted 
in Fig. 7 and the measured relaxation times are included 
in Fig. 6 along with some values obtained with a 
Pitot tube and from sound dispersion. Less difficulty 
was experienced from impurities in the NO than in 
CO, and the measured relaxation times may be taken 
to represent the values for pure gas. 

In conclusion, the shock tube and interferometer 
prove to be an especially effective combination of 
instruments for research on shock waves because 
deviations from ideal behavior are most conspicuous 
in the density. The validity of assumptions used in 
deriving the Rankine-Hugoniot relation has been 
verified with shocks in argon and in air below M,=2. 
In both air and pure nitrogen above this speed, the 
state behind a shock is found to be one of only partial 
equilibrium; vibrational levels are apparently excited 
so slowly by collisions that no hint of approach to 
equilibrium could be found. Several gases, including 
methane and freon-12, appear to reach the expected 
equilibrium density in well under 1 usec. Carbon 
dioxide and nitrous oxide exhibit a relaxation effect 
which may be explained in terms of known relaxation 
times but which at shock speeds above M;=2 fails to 
reach final equilibrium. This phenomenon can best be 
explained in terms of separate relaxation times for 
each mode, the valence vibrations requiring at least one 
hundred times as long to adjust as the bending modes. 
The well-known effectiveness of water vapor as a 
catalyst for equilibrium seems to be limited to the 
bending modes only. Extension of this work to shock 
strengths where vibrational relaxation in nitrogen and 
oxygen can be observed is now under way and the 
results will be reported in a later paper. 


2° R. N. Schwartz, “Equations Governing Vibrational Relaxa- 
tion Phenomena in Carbon Dioxide Gas,” U. S. Naval Ordnance 
Laboratory NAVORD Report 3701, 1954. 

27 Enthalpy data for N2O were obtained from L. S. Kassel, J. 
Am. Chem. Soc. 56, 1838 (1934). 
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An ideal model of a ferromagnet is studied, consisting of a lattice of identical spins with cubic symmetry 
and with isotropic exchange coupling between nearest neighbors. The aim is to obtain a complete description 
of the thermodynamic properties of the system at low temperatures, far below the Curie point. In this 
temperature region the natural description of the states of the system is in terms of Bloch spin waves. 
The nonorthogonality of spin-wave states raises basic difficulties which are examined and overcome. 

The following new results are obtained: a practical method for calculating thermodynamic quantities 
in terms of a nonorthogonal set of basic states; a proof that in 3 dimensions there do not exist states (shown 
by Bethe to exist in a one-dimensional chain of spins) in which two spins are bound together into a stable 
complex and travel together through the lattice; a calculation of the scattering cross section of two spin 
waves, giving a mean free path for spin-spin collisions proportional to 7~7/* at low temperatures; and an 
exact formula for the free energy of the system, showing explicitly the effects of spin-wave interactions. 

Quantitative results based on this theory will be published in a second paper. 





1, INTRODUCTION 


LOCH! invented the concept of a spin wave, which 
consists of a single reversed spin distributed 
coherently over a large number of otherwise aligned 
atomic spins in a crystal lattice. He showed first that 
the low-energy excited states of a ferromagnet would be 
of this character, and second that the resulting thermo- 
dynamic properties of a ferromagnet at low temperature 
were in agreement with experiment. 

The theory of Bloch explicitly assumes that the 
density of reversed spins is so small that the effects of 
obstruction and interaction between two or more spin 
waves may be neglected. This is an approximation 
which will certainly be good at sufficiently low temper- 
atures, less good at higher temperatures. When spin- 
wave interactions are neglected, the whole theory be- 
comes linear in the spin-wave amplitudes. Herring and 
Kittel? took advantage of the linearity to construct a 
very simple phenomenological spin-wave theory which 
is independent of the underlying atomic structure of the 
ferromagnet. But the question, how good such a linear 
approximation should be, remained open. 

Bethe® made a thorough study of the effects of spin- 
wave interactions in a one-dimensional chain of spins 
(in which case there is no ferromagnetism). He showed 
that in addition to the elementary Bloch spin waves 
there exist excitations in which a block of two or more 
reversed spins travel together through the chain. But 
it did not seem easy to apply Bethe’s methods to the 
3-dimensional case. The extension of Bethe’s results to 
3 dimensions is made for the first time in Sec. 6 of the 
present paper.‘ 


* Research supported af the National Science Foundation. 


1F. Bloch, Z. Physik 61, 206 (1930); 74, 295 (1932). 

2 C, Herring and C. Kittel, Phys. Rev. 81, 869 (1951). 

3H. A. Bethe, Z. Physik 71, 205 (1931); A. Sommerfeld and 
H. A. Bethe, Handbuch der Physik (Verlag Julius Springer, 
Berlin, 1933), Vol. 24, Part 2, 604-618. 

4 We extend to 3 dimensions only the part of Bethe’s work 
referring to spin complexes with 2 reversed spins. In particular, 
we do not claim to have extended Bethe’s main result, which is 


A new attack on the problem of spin-wave interac- 
tions was opened by Holstein and Primakoff.’ They 
considered the behavior of a 3-dimensional ferromag- 
netic array of spins in an external magnetic field. They 
succeeded in defining a set of coordinates which describe 
accurately the quantum state of the system and which 
have the appearance of “spin-wave amplitudes.” In 
terms of these coordinates the Hamiltonian of the 
system splits into two parts, one quadratic in the 
amplitudes and one of higher order. The quadratic 
part alone would give a theory of noninteracting spin- 
waves, identical with the linear approximation of Bloch. 
The nonquadratic part represents the effects of inter- 
action between spin waves. It therefore appeared that 
a consistent treatment of spin-wave interactions would 
be possible, taking the quadratic part of the Hamil- 
tonian as a first approximation and dealing with the 
nonquadratic part by perturbation theory. However, 
it turns out that this is only possible when the external 
field is strong. The nonquadratic part of the Hamil- 
tonian is large, and for low-frequency spin waves in a 
weak external field the nonquadratic part dominates 
the quadratic part. The Holstein-Primakoff formalism 
is thus essentially nonlinear and unamenable to exact 
calculations. In fact, we shall see in Sec. 3 that the 
interaction between low-frequency spin waves is quite 
weak and is grossly overestimated by the Holstein- 
Primakoff Hamiltonian. The reason for this failure is 
that the Holstein-Primakoff coordinates are an artificial 
creation and do not answer the physical requirements 
of spin-wave amplitudes. 

The program of the present paper is to develop a 
mathematical apparatus for calculating the effect of 
spin-wave interactions systematically and to high pre- 
cision. The calculation of these effects will be carried 
through in detail in a subsequent paper. We shall 
confine our attention to a highly idealized model of a 


the exact determination of the ground-state wave function of a 
one-dimensional antiferromagnet. 
5 T. Holstein and H. Primakoff, Phys. Rev. 58, 1098 (1940). 
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ferromagnet, namely a 3-dimensional array of fixed 
spins with cubic symmetry and purely isotropic ex- 
change coupling of nearest neighbors. The aim is to 
understand accurately the behavior of this simple 
model, so that the deviations of real ferromagnets from 
such behavior can be attributed to physical effects 
which are here neglected. 

Practical interest in the question of spin-wave inter- 
actions arose from a remark of Néel.* He pointed out 
that the customary interpretation of the low-tempera- 
ture spontaneous magnetization of ferromagnets rested 
on the linearized Bloch theory, and that the two 
published methods of calculation’ of the correction to 
the magnetization produced by spin-wave interactions 
were in disagreement. The method of the present paper 
settled the disagreement by showing that both calcu- 
lations were wrong. It turns out that the effect of 
spin-wave interactions is smaller than either of the 
previous calculations envisaged, and therefore the 
customary use of the linear theory is justified. 

The analysis of the spin-wave phenomenon presented 
in this paper goes very far beyond what would con- 
ceivably be required in practical applications. The 
purpose of the detailed analysis is to reach an under- 
standing of the mathematical complexity inherent in 
even such a simple model as we are considering. In the 
process of understanding the model, we have developed 
some new mathematical tricks and tools which may 
have wider application. In this respect our work is 
comparable to what has been done with the Ising 
model,® though we may justifiably claim that our model 
has considerably greater similarity than the Ising 
model has to a real ferromagnet. 

The analysis is directed toward a calculation of the 
free energy A of the system, as a series expansion in 
ascending powers of the absolute temperature 7. The 
expansion parameter is the dimensionless ratio (kT //), 
where & is Boltzmann’s constant and J is the exchange 
energy between two neighboring spins. Once the free 
energy is calculated, most of the other physical quanti- 
ties of interest can be easily deduced. Through the 
analysis there runs a certain analogy to the situation 
in quantum electrodynamics, where the classical prob- 
lem® was the calculation of the scattering matrix S as a 
power series in (e?/hc). In both cases, the power series 
developments of S or A can be carried to any desired 
order, and yet the quantities S and A are not in principle 
determined. 


*L. Néel, J. phys. radium 15, 74S (1954). 

7H. A. Kramers, Commun. Kamerlingh Onnes Lab. Univ. 
Leiden Suppl. No. 83 (1936); W. Opechowski, Physica 4, 715 
(1937); M. R. Schafroth, Proc. Phys. Soc. (London) A67, 33 
(1954). A third published calculation, which is also in disagreement 
with the two earlier methods of calculation and with the results 
reported here, came to my attention later: J. Van Kranendonk, 
Physica 21, 81, 749 and 925 (1955). 

*G. F. Newell and E. W. Montroll, Revs. Modern Phys. 25, 
353 (1953). This article gives a full bibliography of earlier work 
on the subject. 

°F, J. Dyson, Phys. Rev. 75, 486 and 1736 (1949). 
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In the analysis of the ferromagnet, we make an 
expansion in powers of (k7/J), and explicitly neglect 
effects proportional to exp[ —//T7 ] which tend to zero 
at low temperatures faster than any power of T. But 
it is clear that effects of order exp[--J/kT] play a 
decisive role at temperatures around the order-disorder 
transition point where kT and J are comparable. 
Therefore the low-temperature power-series develop- 
ment cannot determine the behavior of the ferromagnet 
in the transition region, even if all terms in the expan- 
sion are supposed accurately known. The series is an 
asymptotic expansion for the free energy, but does not 
determine the free energy. If the series happens to be 
convergent, its sum need still not be exactly equal to 
the free energy [as a trivial example of this, consider 
the Ising model where the entire free energy goes to 
zero like exp(—J/kT) at low temperatures and so all 
coefficients in the power series are zero, but the free 
energy is not zero ]. 

It is interesting to speculate that the ideal ferro- 
magnet is a model of the kind of behavior to be expected 
in any nonlinear field theory such as quantum electro- 
dynamics or meson theory. We have seen that an 
expansion in powers of [k7/J] gives no hint of the 
behavior of the ferromagnet at the Curie point. It is 
likely that weak-coupling treatments of field theory, in 
which (e?/fc) is treated as small, give no hint of what 
really happens in the domain of strong coupling. The 
very concept of a spin wave seems to be limited to the 
domain of low temperatures where the power-series 
expansion is meaningful, and it may be that the con- 
cepts of contemporary field theory are likewise mean- 
ingful only within the domain of weak-coupling 
approximations. 


2. DEFINITION OF SPIN WAVES 


The model to be discussed is a finite cubic crystal 
with periodic boundary conditions. Each atom is 
labeled by a lattice vector j, and there is a fixed integer 
n such that the atom (j-+mk) is identical with the atom 
j for any two lattice vectors j, k. The total number of 
atoms is N=n', and the volume of the crystal is NV, 
where V is the volume of a unit cell. 

To each atom j is attached a spin vector S$; obeying 
the usual commutation rules, which it is convenient to 
write in the form 


CS 3*,SitJ=5nSj*, 
(S#,Si-]= —b SF, (1) 
(Sj*+,Si-] = 25 nS 7, 
with 
S#=Se4iS,’. (2) 


Each spin has magnitude S; this implies the operator 
identity 


S-Sj*= (S—S)(S+S +1). (3) 
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The dynamical properties of the model are expressed 
in the Hamiltonian 


H= 6+M, (4) 
6= —FJID 18 8;'Sis, (5) 
m=L>; of. (6) 


The summation in (5) extends over all lattice vectors 
j and over the vectors 5 which join an atom to one of 
its nearest neighbors. Thus & is an isotropic exchange 
coupling of magnitude J between nearest neighbors, 
and we shall suppose J positive so that the system is 
ferromagnetic at low temperatures. The magnetic 
energy 3M represents the effect of a uniform external 
magnetic field, directed along the negative z-axis, of 
magnitude 

H=SL/m, (7) 


where m is the magnetic moment of each spin. Magnetic 
dipole coupling between the spins is not included in 
this model. 

The reciprocal lattice of the crystal is here defined as 
the set of vectors 2 such that for all lattice-vectors j 


the quantities 
(n/2m)(%-j) (8) 


are integers. Reciprocal lattice vectors are denoted by 
Greek letters 2, u, 9, ¢, and (4+-y) is identified with 
a. There are N reciprocal lattice vectors, and the 
reciprocal lattice cell volume is 


v= (2r)8(NV)—. (9) 


The spin operators attached to the reciprocal lattice 
are defined by 


S,=N-? d; exp(ia-9)S;, (10) 
and their commutation rules follow from (1): 
(Sx!,S,+]=N-ASi at, 
[S)4,5,7]=—-N-7S-, (11) 
[S)+,S,-]=2N-§Sy4y*. 


The ground state of the whole system is the state 
|0) defined by 


Sj-|0)=0, S;*|0)=—S|0) (12) 
for all j, or equivalently 
Sy-|0)=0, Sy*]0)= —_N4S8y010) (13) 


for all 4. Following Bloch! we define a spin-wave state 
|1,), containing a single spin wave with wave vector 4, 
by 

| 1,)= (25)~4Sy*]0). (14) 
These states are properly normalized and are orthogonal 
to each other and to |0). The problem now arises, how 
to define spin-wave states with more than one spin- 
wave. We shall follow Bloch and use the natural 
generalization of (14). Let (a) represent any set of 
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non-negative integers a), one attached to each reciprocal 
lattice vector 4. Then the spin-wave state |a), con- 
taining a, spin waves with wave vector 4, is defined by 


| a)=T Tal (2S)-# (ay !)-4(Sy*+)%]| 0). (15) 


The order of factors in the product is immaterial since 
they all commute. 

As soon as >, a,>1, the states (15) are neither 
normalized nor orthogonal to each other. From this 
fact arise all the conceptual difficulties in thinking about 
spin waves. The states (15) are much more numerous 
than the total number (25+ 1)” of independent states 
which the system possesses. So the variables (a) are a 
highly redundant set of variables for describing the 
system. Nevertheless we shall find it convenient to use 
these variables, and to take their redundance into 
account explicitly. It happens that at low temperatures 
the only important states | a) are those with > a) small 
compared with N, and these states are approximately 
orthogonal to each other. They come closer to orthogo- 
nality the lower the temperature. Thus the idea of a 
spin wave, as it is here defined by Eq. (15), is an idea 
which has a perfectly sharp meaning only at zero 
temperature and loses its meaning entirely as the 
temperature rises to the Curie point. 


3. KINEMATICAL AND DYNAMICAL 
SPIN-WAVE INTERACTIONS 


The nonorthogonality of the states (15) produces an 
interaction between spin waves which we call the 
kinematical interaction. The physical cause of this 
interaction is the fact that more than (25S) units of 
reversed spin cannot be attached to the same atom 
simultaneously. There is therefore a certain statistical 
hindrance to any dense packing of many spin waves 
within a limited volume. 

There is another spin-wave interaction which arises 
from the fact that the Hamiltonian (4) is not diagonal 
in the states (15). This we call the dynamical inter- 
action. To obtain this interaction explicitly, we shall 
calculate the effect of the Hamiltonian operating on 
(15). Using (10), the Hamiltonians (5) and (6) may be 
written 


6=—4JD 1 WSS, (16) 
a= Lis exp(i8-2), (17) 
M= LNIS>*. (18) 


To calculate 3C| a), we commute the operator 3C through 
the operators S,*+ appearing in Eq. (15) until 3¢ operates 
directly on the ground state |0). This gives a sum of 
terms involving the commutators 
?2,= [x,S,*] = LS,+ 

—$INAD (rn — Y~0) (Sn7S at — Sat S27), (20) 
plus a term Eo| a) with Ep given by 


3|0)=Ey|0), Eo=—}JNS*y—LNS. (21) 
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Next we commute the Q, again through the operators 
S,* until Q, operates directly on |0). This gives a sum 
of terms involving the commutators 


Rye= [O,,S.+]= ie 4JN- Pye*SigatS,-a*, 


Pype=Vr— 1p VreFVr+0—p; 


(22) 

(23) 

plus a sum of terms (L+e,)|a) with e, given by 
Q,|0)= (L+e,)S,*|0), (24) 


The process of commutation comes to an end after two 
steps because 
[RooyS: xt] =0. 


The result of this process is a formula 
H|a)=[Eot+ Da a(L+e)]|/4)+0Qas| 6), (26) 


where the second sum extends over spin-wave states 
|b) which are obtained from |a) by replacing one pair 
of spin waves (o,0) by a pair (e—2, +2). The Qz. are 
numerical coefficients containing the I',,* defined by 
Eq. (23). In Eq. (26) the Hamiltonian is explicitly 
separated into a diagonal part representing the energy 
of free spin waves, and a nondiagonal part representing 
a simple scattering of one spin wave by another. The 
nondiagonal part of Eq. (26) is the dynamical spin-wave 
interaction. 

The main reason for using the spin-wave states 
defined by Eq. (15) is that the resulting dynamical 
spin-wave interaction is very weak. According to Eqs. 
(17) and (23), 


D'ye'= Dos exp(i6-2)[1—exp(—i8-¢) ] 
<([1—exp(is-e)]. (27) 


These coefficients become small when the spin waves 9 
and @ have wavelengths long compared with 6, irre- 
spective of the value of 4. Therefore for a low-temper- 
ature spin-wave state |a) containing only long-wave- 
length spin waves, all interaction matrix elements Qo. 
are uniformly small, and the Hamiltonian 5C is almost 
diagonal. The effects of the interaction are reduced still 
further when (27) is averaged over the directions of 
and @. 

The Holstein-Primakoff spin-wave theory® uses a 
basic set of states differing from (15). The basic states 
are defined so as to be rigorously orthogonal to each 
other, so that the kinematical spin-wave interaction 
does not appear. The total interaction is then a dy- 
namical interaction given by an equation similar to Eq. 
(26), but with coefficients Q,. which do not tend to 
zero at long wavelengths. Although the absence of 
kinematical interaction makes the situation superficially 
simpler, the resulting strong dynamical interaction 
leads to an essentially nonlinear and mathematically 
intractable formalism. 

In our treatment of the theory, a tremendous simplifi- 
cation appears when we consider ideal scattering 
processes. An ideal scattering process is defined as a 
process in which a finite number of spin waves interact 


€,= JS(v0— 7»). 


(25) 
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in an infinite and otherwise empty lattice, the spin 
waves in initial and final states being spatially separated 
from each other. This is precisely the type of scattering 
process to which the S-matrix analysis of quantum 
electrodynamics’ can be applied. In such a process, 
the initial and final states are automatically orthogonal 
and unaffected by the kinematical interaction. The 
development of the system at intermediate times is 
governed by the Hamiltonian (26), and the nonorthogo- 
nality of the states |@) and |b) does not change the 
formal solution of the Schrédinger equation with this 
Hamiltonian. Therefore we reach the conclusion that 
the kinematical interaction produces no effect at all on the 
matrix elements for ideal scattering processes. We may 
calculate such processes with the dynamical interaction 
alone. 

In Sec. 6 we shall calculate in detail the matrix 
elements for scattering of one spin wave by another. 
We find, as expected from the smallness of Eq. (27), 
that the scattering becomes very small at long wave- 
lengths. This shows apodictically that the large inter- 
action of the Holstein-Primakoff treatment is illusory. 
If in fact the equations of Holstein-Primakoff could be 
solved exactly, they must lead to the same small 
scattering matrix elements that we calculate. The large 
effect of the diagonal matrix elements of the Holstein- 
Primakoff interaction must be almost exactly compen- 
sated by effects of the nondiagonal matrix elements 
which are customarily neglected. 

We may state quite generally that the interaction 
between two isolated spin waves is only the dynamical 
interaction. The kinematical interaction is a purely 
statistical effect which reduces the statistical weight of 
states containing a high density of spin waves per unit 
volume. The kinematical interaction therefore appears 
in calculations of the statistical and thermodynamical 
properties of the spin-wave system, but not in the 
dynamics of individual spin waves. 

There exists a naive picture of the kinematical inter- 
action” in the case S=}, according to which one spin 
wave creates an “obstacle” to the passage of a second 
spin wave through the same region of space, because 
two reversed spins cannot occupy the same atom 
simultaneously. This picture would lead one to expect 
a scattering cross section like that of a “hard sphere” 
of atomic dimensions. In fact, the picture is totally 
incorrect. Two spin waves of long wavelength can 
“float over” each other almost without mutual inter- 
ference, even in the case S== 4. 


4. PARTITION FUNCTION EXPRESSED IN TERMS 
OF NONORTHOGONAL STATES 


The partition function of the model is 


Z=Spurlexp(—63)], B=(kT)". (28) 


As is well known, the spur may be evaluated by ex- 


#” This picture seems to be responsible for the large interaction 
effects calculated by Van Kranendonk in reference 7. 
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pressing it as a sum over any complete orthogonal set 
of states. Our problem is that we have a convenient 
and approximately diagonal representation of 3 given 
by Eq. (26), only in terms of the nonorthogonal spin- 
wave states |a). We shall now develop a method for 
calculating Z by means of sums over nonorthogonal 
states. 

The starting point is the observation that the states 
|a) are redundant, and certainly not deficient, for 
spanning the Hilbert space of the system. Also these 
states appear to be distributed in a rather symmetrical 
way over the Hilbert space. Hence we may expect that 
the density matrix 


K=.,|aXa| 


is a fairly good approximation to the unit operator, and 
will differ from the unit operator only by giving different 
statistical weight to different parts of the Hilbert space. 
We shall confirm this guess by calculating K exactly. 

A complete and orthogonal, but not normalized, set 
of states for the system is defined by 


| «)=TTs[ (2S)-*i(t4;!)-4(S;+)7J]0), (30) 


where (u) represents a set of integers u;, one attached 
to each lattice point j, each taking only the values 0, 
1, ---, 2S. These are the states in which each spin 
individually has a definite orientation. The normali- 
zation is easily found from Eq. (3): 


(v|u)=Fibw, Fu=]I]; F(us), 


ray=1-(1-—).--(1-" ‘ 


From Egs. (10), (15), and (30) it follows that the 
states |a) and |) are orthogonal unless 


D5 4j= La D=4. (33) 


When Eq. (33) is satisfied, we write ji, ---, jg for the 
indices j appearing in (mw), taken in any order and with 
the appropriate multiplicities «;. Similarly we write 
a1, ***, Aq for the indices 2 appearing in (a). Then 
Eqs. (10), (15), and (30) give 


(| a)= (11 (u;!)-JOT (a!) v4 
XFy De explt Lr ar: Pir], 


where Pj, denotes any permutation of the indices ju, 
+++, Jg, and the sum is over all of the (g!) such permu- 
tations. 

Now consider the expression 


(u| K| v)= 20 a(u| aX{a! 2). (35) 


The summation over (a) is equivalent to a summation 
over each index 4;, --+, 4, over the whole reciprocal 
lattice independently, with a factor []J,(a,)!/g!] to 
correct for the fact that all permutations of 41, ---, Az 
give the same (a). When Eq. (34) is substituted into 
(35), the summations over 1, ---, 4, can be performed 


(29) 


(31) 


(32) 


(34) 
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immediately, giving the result zero unless the indices 
ji, ***, jg appearing in (#) and (v) are identical apart 
from a permutation. When the result is not zero, 
the number of permutations contributing to (35) is 
(TT; (u;)!9!]. Hence (35) reduces to 


(u|K|v)=F5uv. (36) 

Since the states |) are a complete set, Eqs. (31) and 
(36) imply that 

K=Yo|aXa| = Liu] udu. 


This verifies the statement that K is not very different 
from the unit operator. According to Eq. (31) the unit 
operator may be written 


T=Yiu Fu |uXul, (38) 


so that J and K are identical when S=}. Also Eq. (37) 
implies that 


(37) 


K7=D, F.-*|uXul. (39) 


Using Eqs. (37) and (39), we have an exact formula 
for the partition function: 
Z=Spur[exp(—6K)KK-] 


=Du F5* La(a| u)(u| exp(—B3C) | a), (40) 


in which 3 operates only on spin-wave states | a). 


5. TRANSITION TO IDEAL SPIN WAVES 


The partition function of our model will now be 
interpreted in terms of another model which we call 
the ideal spin-wave model. In the ideal model, to each 
lattice site j is attached a harmonic oscillator which 
has states labeled by an integer u; taking values from 
0 to ©. The oscillators possess creation operators ;* 
and annihilation operators n; satisfying the relations 


(95,0. ]=(nj*,m*J=0, Loime*]=55e, (41) 

ni*nj= Uj. (42) 

A complete set of states for the whole system is 
| «)=T TC (m;!)-*(n;*)*]]0). 


These are not only orthogonal but correctly normalized. 
In the ideal inodel, we can define another complete 
orthogonal set of states: 


|¢)=JTaL (a,!)-#(ex*)*]/0), 
where a* is defined by 
a)*= N-+ DF exp(i2 ° j)n;*. 


The a,* are creation operators for harmonic oscillators 
whose states are labeled by the integers a, and they 
satisfy the relations 


(43) 


(44) 


(45) 


(46) 


Lan,ary*]=Sry, a*an= dy. 


These harmonic oscillators, one attached to each point 
of the reciprocal lattice, we call “ideal spin waves.” 
The physical spin-wave states |a) and the ideal 
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spin-wave states |a) are in one-to-one correspondence, 
but they belong to totally different Hilbert spaces. 
The states |@) are orthogonal and kinematically inde- 
pendent, while the states |a) are not. After we have 
expressed the partition function (40) in terms of the 
ideal states alone, we shall be able to carry through the 
whole subsequent calculation with the ideal model, 
treating the spin waves as rigorously independent 
oscillators. 

We first construct an operator 3¢ in the ideal Hilbert 
space which has the same effect on the ideal spin-wave 
states |a) as the Hamiltonian 3¢ in the physical Hilbert 
space has on the states |a). That is to say, we require 


H|a)=[ELot+ Da a(L+)]/@)+X00 Qve!b), (47) 


with the same numerical coefficients ¢, and Qz4 which 
appear in Eq. (26). This condition is satisfied by 
choosing 


H= Eot+Da(L+ e)ar*ay 
pee 1JN- a als Oe 4n "Opn * 1 pte] pe. (48) 


To see that Eq. (48) leads to Eq. (47), it is only neces- 
sary to compute the double commutator 


[[3C,a,*],a0* pas 4JN- Lda TP ypehtiegn*aty2*; (49) 


the deduction of Eq. (47) from (49) is identical with 
the deduction of Eq. (26) from (22). 

Suppose next that the exponentiation of Eq. (47) 
leads to a linear relation 


exp[ —8(9C— Ep) ]|)= Ls Usa! d), 
the coefficients U;, being matrix elements 
Usa=(b| exp —8(5C— Eo) }| a). 
Then Eq. (26) will imply a relation 
exp —6(H— Eo) ]|a)= 2's Use| 6), (52) 


with the same coefficients Us. given by Eq. (51). Note 
that the analog of Eq. (51) with |a) replacing |a) is 
false. Using Eq. (52), the partition function (40) may 
be written 


Z= FB. Fu Ya Usala| u)(u| d). (53) 


Comparing the expression (34) for the scalar product 
(u|a) with the analogous expression obtained from 
Eqs. (43), (44), and (45), we find 


(u|a)=F,(u| a). 
Hence Eq. (53) becomes 
Z=2 var Eu (| b)(b| exp(—B3) | a) (a! u) 
=. E.(u| exp(—A3)| 4), 


(50) 


(51) 


(54) 


(55) 


where 
E.=[I; E(u), 
E(u)=1 for u=0, 1, ---, 25, 
E(u)=0 for u>2S. 
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The factor Z, is essential here in order to take account 
of the fact that the summation in Eq. (53) extends 
only over physical states |), which means that each 
“u; must not exceed 2S. 

The formula (55) with 3¢ given by Eq. (48) expresses 
the partition function entirely in terms of the ideal 
harmonic oscillator model. The subsequent calculations 
are all based on Eqs. (48) and (55), so that from this 
point onward the physical model need not be mentioned. 
In Eq. (55) the kinematical spin-wave interaction is 
fully described by the factor Z,, and it is clear that this 
interaction will become rapidly less important as the 
value of S increases. The dynamical interaction is 
contained in the last term of (48), which describes a 
mutual scattering of two Bose particles with conser- 
vation of momentum. It is convenient that the two 
interactions are clearly separated and can be handled 
by different methods. 

The operator 3C takes a particularly simple form 
when written in terms of the atomic oscillator coordi- 
nates (41), namely 


H= Lot L D5 0505 +3IS DX ja(nj*—2548*) (ns— 2548) 
+h Dia ni*nins* (ns—ni4s). (57) 


This shows that the dynamical interaction in the ideal 
model still acts only between nearest neighbors. The 
last term in Eq. (57) is not Hermitian, and so 5 cannot 
be directly interpreted as a Hamiltonian in the ideal 
model, as it could in the physical model. But this gives 
rise to no difficulties in practical calculations. In 
particular, the argument at the end of Sec. 3 proves 
that we may calculate all matrix elements of scattering 
processes in the usual way, treating 5¢ as if it were an 
ordinary Hamiltonian, and ignoring the distinction 
between physical and ideal models. 


6. EIGENSTATES OF THE DYNAMICAL 
INTERACTION 


The Hamiltonian 3% will be written 
KH=E£ot+ Bat Ait A, (58) 


where H, is the last term in Eq. (48) or (57) and 
represents the dynamical interaction, while 


Hn|a)=L 2°, a\ 2), (59) 

H,|a)=,|a), (60) 

To understand completely the effects of the dynamical 

interaction, we shall need to evaluate the matrix ele- 

ments U;, defined by Eq. (51). The problem is greatly 

simplified by the fact that every term in H conserves 

the total number of particles }> a,, so that the only 
nonvanishing U;, are those for which 

Da H®=Da b=g. (61) 

When g=0 or g=1 the solution is trivial, because then 
H,|a)=0 and Eqs. (59) and (60) give 


Usa=exp[ —B(Lq+ €a) ]dba- 


é= > Q€). 


(62) 
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In later sections we shall attack with full generality 
the problem of calculating U,, for any value of g. In 
this section we study in some detail the mutual scatter- 
ing of two spin waves, or in other words the behavior 
of the eigenstates of 5C in the case g=2. We shall use 
simple arguments, in order to gain a physical under- 
standing of the effects of the dynamical interaction, 
before embarking on the heavy mathematics of the 
later analysis. This section is to be compared with the 
treatment by Bethe’ of the corresponding problem in 
one dimension. 

A general 2-particle state may be written in the form 


¥=> ix VG) nj*n*|0), (63) 


where ¥(j,k)=y(k,j) is a conventional 2-particle wave 
function in the lattice space, with the normalization 
condition 


ly |?=2 Do jal¥G,k) [= 1. (64) 
Operating on such a state, the Hamiltonian H, gives 
HwW=JS Dix nj*m*|0) 
X(X3(2V 5k) —-¥ +5, k)—¥G, k—5)], 
while the dynamical interaction H2 gives 
Hyp=J Dis ni*niss*|OWGIN—-VG, +8) ]. 


A state |@), containing two noninteracting particles 
with momenta (4+) and (A—), has the wave func- 
tion (not normalized) 


Va(j,k) = exp[ia- j+k) ] cosy: (j-k)]. 


We shall now construct a wave function y satisfying 
the Schrédinger equation 


(Hit+H2)p= (H— Eo— 2L)Y= eat, 


(65) 


(66) 


(67) 


(68) 


and representing the same two particles with inter- 
action. This is strictly possible only in an infinite 
lattice, therefore all formulas in the present section 
are to be understood as valid in the limit as No. 

We define a Green’s function for the Hamiltonian 
H, by the equation 


(H:— €a){exp[ia- (j +k) ]G(k—j)} 
=2SJ exp[ir: (j+k)]8(k—j). (69) 


The function exp[ia-(j+k)]G(k—j) then represents 
noninteracting pairs of particles spreading out from a 
point source at the position k=j, with a well-defined 
total momentum 22. By taking the Fourier transform 
of Eq. (69), we obtain an explicit formula for G(j): 


G(j)= 2STN- D Letret €\—p— €a}7 exp(io-j), (70) 


with the integration over the singularity defined in the 
usual way so that only outgoing waves exist at large 
distances. We assume for the wave function y which 
satisfies Eq. (68) the ansatz 


¥=VotDs As explia: (j+k) JG(k—j—8), (71) 
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with coefficients A; still to be determined. This repre- 
sents an incident plus a scattered wave, as in the usual 
treatments of scattering problems in quantum me- 
chanics. By virtue of Eqs. (60) and (69), the Schrédinger 
equation (68) reduces to 


Hy+2SJ exp[ia: §+k) JX Asd(k—j—8)=0. (72) 


From Eq. (66) we see that Hw/(j,k) vanishes except 
when (j,k) are nearest neighbors with k=j+6. There- 
fore Eq. (68) is automatically satisfied for all k¥~j+5, 
by virtue of the form assumed for the scattered wave. 
It remains only to satisfy Eq. (72) for k=j+8 by a 
suitable choice of the As. 

We write k=j+A in Eq. (72), where A is a nearest 
neighbor lattice vector. Then Eq. (72) with (66) gives 


2S exp[i2: (j+k)]Aa 
=—39G,))+¥ 4k) —-VG,k)—¥ (kJ 
= exp[i2- (j+k) ]{cos(u-A)—cos(%- A) 
+>; A,[4G(8— A)+4G(8+ A) 
—cos(2-A)G(8) ]}. 


This is a finite set of linear equations from which the 
A, can be determined. 

Now we make an approximation which becomes very 
good when the particles in the state |a) have wave- 
lengths long compared with 6, i.e., when (4-6) and 
(u-5) are small. This will always be valid at low 
temperatures. The function G(j) appears in Eq. (73) 
only with j equal to a nearest neighbor or next-nearest 
neighbor lattice vector. For such small values of j, the 
main contribution to the sum (70) comes from large , 
and it therefore makes little difference if we set = y=0 
in Eq. (70). Of course, it is still essential to use the 
correct Eq. (70) when discussing the behavior of the 
wave functions (71) at distances |k—j| large compared 
with 6. But in Eq. (73) we may replace G(j) by the 
function 


(73) 


Go(j)=N- DL Lvo—ve}7 exp(ig-j), (74) 
with a relative error which tends to zero at low temper- 
atures. 

The function Go(j) has a simple classical interpre- 
tation. It satisfies the difference equation 


Lal Ga(j)—Go(§+8) ]= (5). (75) 


Imagine an electrical network with a junction at each 
lattice point and a wire of unit conductivity joining 
each pair of nearest neighbors. Suppose a unit current 
is fed into the network at the junction O. The lattice 
is considered infinite so that the current flows out to 
zero potential at infinity. The potential at the junction 
j is determined by Eq. (75), and is therefore equal to 
Go()). 

In addition to replacing G by Go, we replace cos(%- A) 
by 1 in the last term of Eq. (73), and in the other term 
write 


cos(X-4)—cos(w-A)=—}(e-A)(*-A), (76) 
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where o= +p, t=A—yp are the momenta of the 
incident particles in the state | a). These approximations 
are all good at long wavelengths. Equation (73) then 
becomes 


2SAa+¥X3 AalGo(8)—4Go(6— A)—3G0(8+ A) ] 


=3(@-A)(t-A). (77) 


The solution of Eq. (77) for a lattice of any symmetry 
type may be written in the form 


ant A.Yi(e,2) Y,;(A)+A’'(o-2) A’, (78) 


where the Y; are 5 orthogonal second-order spherical 
harmonics, each belonging to some irreducible repre- 
sentation of the lattice group, and the A; are equal for 
Y; belonging to the same representation. For the cubic 
group there are two irreducible representations by 
second-order harmonics, with dimensions 3 and 2. 
Accordingly the general form of Eq. (78) for a cubic 
lattice is 

Ag=A,Z1(A)+A2Z2(A)+A'(o-2) A’, 


Z,(A) = (e- A) (e- 4)-2 oi7:A?, 


Z:(A) > doi7:A?27—F(e- 2) A’, 


(79) 
(80) 
(81) 


with three independent coefficients A;, A», A’. When 
Eq. (79) is substituted into (77), the result is 


A'= (12S), A;=3(2S-Tj}4, i=1,2, (82) 


where the I; are constants, depending only on the 
geometry of the lattice and defined by the relations 


Ys Z(8)Go(S+A)=TZ(A), i=1,2. (83) 


We shall now determine these constants explicitly for 
the three types of cubic lattice. 

If the lattice is simple cubic Z, vanishes identically, 
and if it is body-centered cubic Z2 vanishes. In either 
case, Eq. (79) reduces to the form 
Aa=}[2S—T}"[(@- A)(2-A)— 3 (o-2)A?] 

+ (12S) (e-2)A?. 

Equation (83) gives, for the simple cubic lattice, 
T'*= 6[Go(100)—Go(110) ] 

=4—43[G,(100)—Gp(200) J. 
and for the body-centered 

T= 4[ 2G9(111) —Go(200) —Go(220) ] 
=$— (4/3)[Go(111)—Go(222)]. 
For the face-centered cubic lattice neither term in 


Eq. (79) vanishes. In this case the two constants I; in 
Eq. (83) are given by 


T',/=4[2G(110) —Go(200) — Go(211)] 
=$—4[G(110)—Go(211) ] 
—2[Go(110)—Go(220)]. 


(84) 


(85) 


(86) 


(87) 


J. DYSON 


Te! =6[Go(110)—Go(211)] 
= $—3[Go(110)—Go(200) ] 
—$[Go(110)—Go(220)]}. (88) 


In the electrical analog interpretation of Eq. (75), 
every one of the quantities in square brackets in Eqs. 
(85)-(88) is a potential difference between a nearest 
neighbor of O and a junction more distant from O. 
Therefore all these quantities in square brackets are 
positive, and we have proved without any numerical 
work the inequalities 


0<I<}, 
0<T,./ <}. 


0<I*<j, (89) 
0<T,/ <i, 


Precise values for the constants may be obtained 
from Eq. (74) after converting the sum into an integral. 
Equation (74) gives 


(90) 


Goi) = f f f Q- cos( jre-+ jay + jas)dxdyds, 


where for the simple cubic lattice 


Q= 162° (3—cosx—cosy—cosz), 


r=6f f fo cosx(1—cosy)dxdydz = 3. 


For the face-centered cubic, 


Q=322°(3—cosx cosy— cosy Cosz—Ccosz Cos), 


r= if f fortes cosy(2—cos2z) 


—cos2z |dxdydz~ zy, 
r= 6f f fo cosx cosy(1—cos2z)dadydz~ yy. 


For the body-centered cubic, 
Q= 642" (1—cosx cosy cosz), 


raf f for COS* COSY COSZ 


—cos2x(1+cos2y) |dxdydz~}. (97) 

To summarize the results of this section so far, the 
2-particle eigenstates of 3 are given by Eq. (71), with 
the Green’s function G(j) given by Eq. (70) and the 
constants A; by Eqs. (79), (82) and (92)-(97). These 
are ordinary scattering states. The question now arises 
whether there can exist states of another kind, in which 
two particles are permanently bound together by the 





THEORY OF SPIN-WAVE 


dynamical interaction. Bethe’ found that such states 
do exist in the one-dimensional theory. 

Such a bound state, if any exists, must have a wave 
function of the form (71), without any incoming wave 
Wa. The Green’s function (70) will be exponentially 
decreasing at large distances, having an energy below 
the threshold 2« at which dissociation into two free 
particles can occur. Supposing the wavelength of the 
center-of-mass motion to be long compared with 6, we 
may as before approximate G(j) by the function 


G,(j)=N> DY Lr—v-+p}" exp(ig-j) — (98) 


in Eq. (73), where p is either zero or positive. This 
function satisfies instead of Eq. (75) 


XLG,()—G,(j+8) ]+-p6,(j)= 6(j). 


The coefficients A; now satisfy Eq. (77) without any 
inhomogeneous term on the right-hand side and with 
G, replacing Go. The argument leading to Eq. (82) gives 


2S—T,=0, (100) 


either for i=1 or i=2, as a necessary condition for a 
nonzero set of A, to exist. Here I’; is defined by Eq. 
(83) with G, for Go. Formulas for I’; analogous to Eqs. 
(85)—(88) are easily derived. But now the electrical 
interpretation of Eq. (99) identifies G,(j) with the 
potential at vertex j in a “leaky” network where every 
junction is connected separately to earth by a leak of 
conductivity p. The current in each link of the leaky 
network is obviously less than that in the original 
network. Therefore the inequalities (89) still hold for 
the new I';, and Eq. (100) is impossible. 

We have proved that no bound states exist for two 
spin waves traveling together with a wavelength / long 
compared with 6. The approximations made were of 
relative order (6//)? at most, whereas the condition 
(100) for a bound state to exist fails by a factor greater 
than 4. There are therefore certainly no bound states 
until / becomes quite small, comparable with 6. It is 
likely that no bound states exist at any wavelength, 
but we leave this question open. An exact discussion of 
Eq. (73) for general values of 2 would be necessary to 
settle the question. In any case, it is only the bound 
states at long wavelengths which might, if they had 
existed, have had an observable effect on the thermo- 
dynamic behavior of the spin-wave system at low 
temperatures. 

The fact that the spin-wave interaction leads to the 
formation of bound states in one dimension but not in 
three is not unexpected. It is well known in elementary 
quantum mechanics that any attractive potential well 
will bind a particle in one dimension, while in 3 dimen- 
sions the potential has to exceed a critical strength to 
produce binding. The condition (100) is just a state- 
ment of the critical interaction strength necessary for 
binding in the 3-dimensional spin-wave system. The 
quantity (2S)~ is the “effective coupling constant” of 
the dynamical spin-wave interaction, since it appears 


(99) 
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in the Hamiltonian (57) as the ratio of the interaction 
term H, to the “kinetic energy” term H;. The critical 
coupling constant for the simple cubic lattice is about 
5, and this can never be reached since 2S must be an 
integer. 

Our treatment would break down in one dimension 
because the integrals (91)-(97) would not converge. 
For a simple square lattice in 2 dimensions, the method 
succeeds and gives an effective I lying between 0 and }. 
So for spin waves, just as for the weak attractive 
potential in elementary quantum mechanics, there are 
no bound states in 2 dimensions. 

The method of this section could in principle be 
applied in order to obtain an exact enumeration of the 
eigenstates of 5 describing the interaction of 3 spin 
waves. But the details would become formidably com- 
plicated even with g=3, and the method is evidently 
unsuited for discussing larger values of g. We therefore 
postpone the discussion of the simultaneous interaction 
of 3 or more spin waves until Sec. 9, when we shall 
return to it with more powerful methods. 


7. SCATTERING OF TWO SPIN WAVES 


As a simple application of the results of the last 
section, we shall calculate the cross section for the 
scattering of two spin waves with wave vectors e=2 
+u, t=4—w into a state with wave vectors 1+¢9, 
4—. All wavelengths are assumed to be long compared 
with 6. 

When the separation r= |j—k| is large, the outgoing- 
wave Green’s function (70) takes the asymptotic form 


G(j—k)= (3V/2myod*)Le™"/r], (101) 


independent of \. The wave function (71) becomes in 
the asymptotic region 


¥=exp[i2- (§j+k) ][cos(u- (j—k))+ (V/4x) (e*/r) 
X { (2S) (@- 2) +X AZ, (0) + X26 2Z2(0)} J. (102) 


Here 9 is the vector with magnitude yu in the direction 
of (j—k), and Aj, Ao, Z:(@), Z2(@) are defined by Eqs. 
(80)—(82). The coefficients X;, X2 are given by 


X= [0,3,3], X2= [1,3,0], (103) 


for the simple, face-centered, and body-centered 
lattices, respectively. 

According to the discussion at the end of Sec. 3, the 
scattering cross section is given directly by the intensity 
of the scattered wave in Eq. (102). The three terms of 
the scattered wave constitute, respectively, S-waves, 
D-waves of the 3-dimensional representation of the 
cubic group, and D-waves of the 2-dimensional repre- 
sentation. Each term is given with a relative error 
tending to zero at long wavelengths. In the “near zone” 
of the wave function (71), all three terms are of the 
same order of magnitude. However, in the “wave zone” 
the D-waves are weaker by two powers of (ué), which 
means that the D-wave terms in Eq. (102) are com- 
parable with the error in the S-wave term, 
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Therefore to the leading order in (ud) the scattering 
is pure S-wave and is isotropic in the “center-of-mass 
system.” The total cross section is given by the S-wave 
component of Eq. (102), and is 


2 =[V?/8mS* ]o*r? cos*e, (104) 


where ¢ is the angle between the initial wave vectors 
@ and +. If e’ =4+~ and e’=A~— 9 are the two wave 
vectors of the final state and ¢’ the angle between 
them, then 

ot Cosp=0'r’ cos¢’, (105) 


and so the cross section (104) is consistent with the 
principle of detailed balance. Since we have been using 
a non-Hermitian Hamiltonian, the achievement of 
detailed balance is not automatic and provides a check 
on the physical correctness of our method. 

At long wavelengths, the energy «, of a spin wave 
with wave vector @ becomes 


€e= BIS 00°, (106) 


according to Eqs. (17) and (24). It is convenient to 
introduce the geometrical factor 


y=8V—-4=[1,28, 3x24) (107) 


for the simple, face-centered, and body-centered lat- 
tices, respectively, and to define temperature by the 
dimensionless ratio 


6= 3kT/ (2xJSyov). (108) 
Then 


(€,/kT)=0°V?/ (418), 
and the cross section (104) becomes 
L=2r VIPS (€,€,/k*T?) cos’o. (110) 


Now the Bloch theory! gives, for the mean density of 
spin-wave energy at temperature T, 


e= 35 (9)04(RT/V). (111) 


The reciprocal of the mean free path between collisions, 
for a spin wave with energy ¢, traveling through a 
lattice in thermal equilibrium at temperature T, is 
given by substituting é for e, in 2 and averaging over ¢. 
Thus the mean free path is 


Ae= [at (3) (€6/kT) PSV 40-7”. (112) 


For a given spin wave with @ independent of 7, this 
varies with temperature like 7°, For an average 
spin wave in thermal equilibrium, the mean free path 
is proportional to T7—7/, 


(109) 


8. CONVERGENCE OF THE BORN 
APPROXIMATION SERIES 


Instead of calculating the wave function (71) in 
closed form, we could have carried through a Born 
approximation treatment of the scattering of two spin 
waves, taking H; as the unperturbed Hamiltonian and 
H, as the perturbation. Because the quantity (2S)~ 
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appears only in the ratio of H, to H;, the contribution 
of the mth Born approximation to the scattering would 
be just the mth term of an expansion of the exact 
solution in powers of (2S)~'. In the exact solution, the 
only place where (2S) appears is in the coefficients A;, 
and according to Eq. (82), 


(113) 


det 5 (r,)"1(25)-™, 


The Born approximation series is comfortably con- 
vergent because of the smallness of the I';. This is, of 
course, connected with the nonexistence of bound states 
of two spin waves. 

The dynamical interaction between two spin waves is 
according to Eq. (57) a nearest neighbor interaction, 
taking effect when the two reversed spins are at posi- 
tions j, k, with k=j+8. When two spins come together, 
they may interact first at k=j+-5,, then propagate and 
interact again at another nearest-neighbor position 
k=j+5., and so on. The mth Born approximation 
describes the process in which the interaction occurs 
just m times before the two spins finally separate. The 
exact solution describes these multiple interactions 
completely. The propagation distance between multiple 
interactions is of the order of 5 and so the effect of 
retardation between interactions is negligible for wave- 
lengths long compared with 6. The neglect of this 
retardation produces the approximation (77) and leads 
to the simplicity of the solution (82). 

With neglect of retardation, the effect of multiple 
interactions is merely to multiply the first Born 
approximation scattering by a constant “enhancement 


factor” given by 
(1—(1,/2S) P. (114) 


Because of the structure of the interaction, the S-wave 
is not enhanced at all, and the two kinds of D-waves in 
the face-centered lattice receive different enhancement 
factors. The enhancement is in all cases numerically 
small because the probability of escape after each 
interaction is greater than the probability of another 
interaction. 

A more general proof of the convergence of the Born 
approximation series is the following. Any two-particle 
state may be written in the form 


¥= Das ¥(A,ar%a,*| 0), 
IW /?=2 Daw ly (ay) |?= 1. 
Equation (48) gives 
Hw=LDasleatenh(d,p)ar*a,*| 0), 
Ha=— FIN Dro Prtene’ 
X¥(A+~e, u—e)an*o,*|0). (118) 
Applying Cauchy’s inequality to Eq. (118), we find 
| Hh |?=3.PN> Dl De Trteno¥(A+0, v—e)|? 
ShPN> Vw (Aw) |? Dol Pay? (119) 


(115) 
(116) 


(117) 
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By Eqs. (27) and (24), 


Dol Pa?|?=4N Dal 1—cos(5-2) ][1—cos(6-y) ] 
<$2N (JS)e,€,.<4N (JS)*(exte,)2; (120) 


hence Eq. (119) gives 


Hy| <4S-TS 1, (e+ €,)*|¥(2,y) | 2} 
= (8S*)-4|Hw]. (121) 


The numerical factor (8S?)-! does not have any special 
significance, and it could be improved by a more careful 
handling of the inequalities. The important point is 
that the factor is definitely less than unity even for 
S=4. Therefore the series expansion 


(H+ Hy)-y= ¥ (-1)"H7(Ea (122) 


converges with uniform rapidity for every 2-particle 
state y. The convergence of Eq. (122) is precisely the 
meaning of the statement that the Born approximation 
series converges for all 2-particle processes. 

It is not clear whether the convergence will extend to 
interactions of more than 2 spin waves. Since the 
interaction energy of g particles is at most proportional 
to 3q(g—1), while the kinetic energy is proportional 
to g, the ratio between them will increase with (q—1). 
For g=2, the ratio between successive Born approxi- 
mations is at most [f'/2S]], or approximately [10 S}" 
for the simple cubic lattice. Therefore we may expect 
the Born approximation series to converge for any 
number of particles up to 10.S. It seems physically 
plausible that when a substantial number (say 10 S or 
more) of reversed spins are close together, they may 
form a bound state with lower energy than the same 
number of free spin waves, and the Born approximation 
will then certainly fail. 

In the following sections we shall use the Born 
approximation series freely. The justification for this 
is that the series can always in principle be replaced by 
the exact solution of an interaction problem involving 
a finite number of particles. And in practice we shall 
only be concerned with the case g=2 where the series 
is known to converge. 


9. GREEN’S FUNCTIONS OF THE DYNAMICAL 
INTERACTION 


We now return to the general analysis of the matrix 
elements Uy, defined by Eq. (51). It is convenient to 
study the quantity 


Uns= (Ol exp(Xa Anan) expl—B(H— Eo) ] 
Xexp(La frar™)|0), (123) 


where f, and h, are undetermined parameters. By 
Eq. (44), Usa is the coefficient of 


TIL (0a !on!) an fx] (124) 
in Uys. Equation (123) is expanded in a Born approxi- 
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mation series by using the identity 


«0 B Bm—1 
expl —B8(%— Eo) J= > (— n= f dp,-- f dBm 
0 0 


ax {exp[ (8: —B), |He exp[_(82—61)3C1 |He- i ‘He 


Xexp(—BmIC1)}, (125) 
with 
R,=KR—Eo— Ao= Ant A. (126) 


Each factor H; is a sum of products of particle creation 
and annihilation operators according to Eq. (48). After 
expanding H; in this way, each factor containing 5; 
becomes a c-number, because 3; is diagonal in the 
free-particle states. 

Following the method of Wick," the individual terms 
in Eq. (125) can be broken up into “normal products” 
in which creation operators lie to the left of annihilation 
operators. As a consequence we find 


Uns= Le Uns (GQ), (127) 


where U,;(G) is a contribution from a particular 
“Feynman graph” G. The graphs have a simpler 
structure than in quantum electrodynamics.’ Each 
graph contains a certain number (2¢+m) of vertices, 
of which g are called initial, g are final, and m are 
intermediate. It contains (q+2m) lines, each joining 
two vertices and each having a direction marked in it. 
An initial vertex has one outgoing line attached to it 
and none ingoing. A final vertex has only one ingoing 
line. An intermediate vertex has two ingoing and two 
outgoing lines. 

The intermediate vertices are labeled from 1 to m, 
and to the vertex 7 is attached an integration variable 
8;. The initial and final vertices are labeled from 1 to 
q. To each line is attached a reciprocal lattice vector 2. 

Given G, the contribution U;;(G) is built up from 
the following factors: 

(a) an over-all factor 


(q!)*(m!)* exp(—8qL) ; (128) 


(b) corresponding to each intermediate vertex at 
which lines @, @ are ingoing and lines y, + are outgoing, 
a factor 


$IN“5(yt+2—o9—@)LT pe" "+0 p07]; (129) 


(c) corresponding to each initial or final vertex at 
which the line is incident, a factor f, or Ay; 

(d) corresponding to each line joining vertex r to 
vertex s, a factor 


6(8.—B,) expl—«(8.—8;) ], (130) 


where 6(x)=1 for x>0, 6(x)=0 for x <0 [if the vertex 
r is initial, we write 0 for 8, in Eq. (130), and if vertex 
s is final we write 6 for 8, |; 

(e) an integration from 0 to 8 with respect to the 


1G. C. Wick, Phys. Rev. 80, 268 (1950). 
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variable 8, for each intermediate vertex, and a sum- 
mation over the variable 2 for each line; 

(f) a factor } for any pair of lines which have a 
common vertex at both ends. 

Every graph G is composed of one or more connected 
parts, say #; identical parts G., m2 identical parts Go, 
and so on. The relation between U,;(G) and the U,;(G,) 
is then 


Uny(@)=[ Lek (te!) “LU ns (G) "3, (131) 
the factor (n,!)~ arising because a permutation of the 
labels of the vertices between the identical parts G, 


does not give rise to distinct labelings of G. Summing 
Eq. (131) over all G gives by Eq. (127) 


Uns=expl Ye Ui;(G)], (132) 


where the summation in the exponent is taken only 
over connected G. The effects of disconnected graphs 
are exactly taken care of by the exponentiation. 

The exponent in Eq. (132) may be written 


Le Vig(G)=Las li O,w)arfp 
+ Dd Teldsro,piye)dravnrefurfuet---, 


ArAgui ne 


(133) 


where I',(21---%¢, wi'**wg) is a sum of contributions 
from all connected graphs G with a given number g of 
initial and final vertices. The function I’, is called the 
g-particle Green’s function of the dynamical interaction. 
It describes completely the behavior of a system of g 
spin-waves interacting with each other. 

Each Green’s function I’, can in principle be calcu- 
lated as the solution of a g-particle Schrédinger equation 
which can be written down in closed form. For example, 
T2 satisfies the equation 


— (0/08)T 2(A12%2,u12) = (2L+- ert 2) 2(212%2,4142) 
‘on (JN) p B 5(A1+22— vi— V2) 


% [Dovee + Doaee*? {ELT 1 (v1, 01) 0 1 (v2,42) 
+11(vi,42)0's(v2,41) ]+T2(vive,yius)}- 
The equation for I’; is trivial and has the solution 
T(2,4)=5,, expl—8(L+e) ]. (135) 


The equation for I’, is always linear, with an inhomo- 
geneous term which contains the I’, with p<q. 

In practice the I, are more conveniently computed by 
using the Born approximation, that is to say by calcu- 
lating the contributions from connected graphs with q¢ 
initial and final vertices. This method at least leads to 
simple and reliable estimates of the order of magnitude 
of the various terms. However, since for each g>2 
there is an infinite number of connected graphs, the 
practicability of the method depends on the convergence 
of the Born approximation series which was discussed 
in Sec. 8. 


(134) 
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10. KINEMATICAL INTERACTION 


According to Eq. (55), the complete partition 
function is 


Z= € Fh abU taV ob, (136) 
Var= Liu(a|u)Eu(u| ). (137) 


We shall now study the V,», which embody the effects 

of the kinematical interaction. The idea is to bring Vas 

into a form similar to that obtained for U», in Sec. 9. 
Va» is the coefficient of Eq. (124) in the expression 


Vn=Du(Olexp(La fraa) | u) 
X E,.(ulexp(Xa Ayan*)|0). (138) 
Now write 
oj= ND) exp(—i2-j) A, 
xj= N-4 Ya exp(t2-j)hy, 
so that by Eq. (45) 
La fror=Liomi, Lr hnan*=L 5 xi;*. 
Then Eg. (138) becomes 
V m=I1 (2.0 exp(oim;) |) 
X E(u)(u|exp(xsnj*)|0)], (141) 


where the matrix elements refer to states of the single 
harmonic oscillator at the lattice site j, and E(u) is 
defined by Eq. (56). Now 


(0| exp (m3) | u)= (u!)—*;", 
and therefore Eq. (141) gives 
V p=TL 1. E(u) (uw!) (bx3)"] 


(139) 


(140) 


(142) 


-exp|5 F e(n) (a) 


7 n=l 


The coefficients e(m) are here defined by 


i] 


= en)y"—log| 5 (nye 


n=l 


The e(m) begin with the values 
e(1)=0, e(2)=e(3)=---=e(2S)=0, 
e(2S+1)=—[(2S+1)!P, 
and they satisfy the recurrence relation 


n  re(r) 
- =0, n>25S. 
r=n—28 (n— r) ! 


In particular, we have 


e(n)=[(—1)""/n], S=3, 
e(n)=[(—1)"*/n]2'-* cos(fan), S=1. 
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The exponent in Eq. (143) will be expressed, by 
analogy with Eq. (133), in the form 


EE e(w)(as)"=E Ar(w.r) fa 


+ z. Ao(A1d2, ite) fur fushrrire+ eect 


Ardgwi Me 


(149) 


The function Ag(ui--:wg, A1°**%g) is called the gq- 
particle Green’s function of the kinematical interaction. 
Using Eq. (139), we find the explicit form of A,, 


pees Serene e(gn-v é (v.-.)] (150) 


In particular, by Eq. (145), 
Ai(u,d) =db,r, 


11. EXACT FORMULA FOR THE FREE ENERGY 


A2= A3= ssh =Ass=0. (151) 


We now put the results of Secs. 9 and 10 together 
into the partition function (136). The summation over 
states a, b may be written 


DOT (orton J=2 (a)? » ae 


1+ + +Agui+++Me 


(152) 


where 41, «++, 4, are the wave vectors of the gq particles 
in state a, wi, -**, ug are the wave vectors in state b, 
and each 3, and yu, is summed independently over the 
reciprocal lattice. Next, by Eqs. (124), (132), and (133), 
Ute may be written 


Uso=HT(br!a!J 
x 


PQ ning--- 
x{ Hom) Three}. ass 


Here P is summed over the (g!) permutations of 
(A1, °**, 2%), and Q over the permutations of 
(wi, ***, Wg). The m; are summed over all integer values 
consistent with 


Y in:=¢. (154) 


The meaning of I’;(P2,Qu) is the following. The final 
product in Eq. (153) is a product of m, functions 1, 
ne functions I's, and so on. The arguments 4, ---, A, 
Ui, ***, Be are to be distributed in some fixed way 
among these functions, and then permuted by means 
of the permutations P and Q. In the same way, Eqs. 
(143) and (149) lead to the result 


Vo HO (b al jy 2 


P‘Q’ mm2--- 


| Tom" s0v.r'a) | (155) 
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Inserting Eqs. (152), (154), and (155) into (136) gives 
i= YS 


q@ Ai-++Agui+++Hg PQ 


oe = E [m= 1 crac] 


ning-++ 


x| Eom) Il a.(va) | (156) 


We have here replaced the summation variables 4, p 
by (P’)-2, (Q’)p, so that the summations over P’, 
Q’ become trivial and merely cancelled the (q!)-* in 
Eq. (152). 

The multiple sum in Eq. (156) will now be partially 
disentangled. We say that two of the factors I’;, A; are 
connected if either (a) they possess an argument 2, or 
uw, in common, or (b) they belong to a chain such as 
T;, Ax, T, Aj, in which each consecutive pair has an 
argument in common. The factors I’; and A; can then 
be grouped together into blocks, so that factors within 
the same block are connected, while factors in different 
blocks are not. The summations over 2 and y in 
different blocks are independent, and Eq. (156) breaks 
up into an exponential series, the exponent of which is 
a sum over single blocks. Hence we find an explicit 
formula for the free energy per atom at temperature T, 


A=—(kT/N) logZ 
m (He/N)—(ANY* SS 


@ Air++Agui-++ug PQ 


Be el [Mem I 1(Pa,04) 


NiN2-++ mime--- 


x Tom) I a.(va) | (157) 


This looks almost identical with Eq. (156). The differ- 
ence is that the sum over P and Q now extends only 
over permutations which connect all the factors I; 
and A; into one block. This makes every term in Eq. 
(157) tend to a finite limit as N+, while in Eq. (156) 
there was a mixture of terms proportional to various 
powers of JV. 

Consider for example the terms with m,=m=g, 
m;=n;=0 for i>1. Because of Eqs. (135) and (151), 
these may be written 


Ap=— (BN) Diag La expl—g8(L+a)] 
= (8N)* DY) log{1—exp[—8(L+«)]}. (158) 


This is the free energy of a perfect gas of noninteracting 
spin waves, each carrying the energy (L+e). It is the 
total free energy in the linear approximation of the 
Bloch theory.! The corrections arising from spin-wave 
interactions will be given directly by the various terms 
in Eq. (157) involving at least one I’; or A; with i>1. 
With the derivation of Eq. (157) the purpose of the 
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present paper is achieved. We have a starting point for 
detailed calculations of the thermodynamic effects of 
spin-wave interactions. Such calculations will be carried 
through, and quantitative results obtained, in a 
following paper. 
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The free energy of an ideal Heisenberg-model ferromagnet is 
calculated as a power series in the temperature 7, using the 
mathematical machinery developed in an earlier paper. The spon- 
taneous magnetization in zero external field is given by 

[M (T)/M (0) ]=S—ag*— 2,65? — a6" —a,S“+-0 (@"). 


Here @ is the temperature in dimensionless units, and a, @1, @2, as 
are positive numerical coefficients which are computed for the 
three types of cubic crystal lattice. The first two terms are the 
result of the simple Bloch theory in which spin waves are treated 
as noninteracting Bose particles with constant effective mass. The 
a and a, corrections come from the variation of effective mass 
with velocity. The a; term is the lowest order correction arising 
from interaction between spin waves. This result is in violent 


1. INTRODUCTION 


N the preceding paper,! a mathematical formalism 
was constructed to describe the motions of spin 
waves in an ideal ferromagnetic lattice. In particular, 
an exact formula (I, 157) was derived for the free energy 
of such a lattice. In this paper the free energy will be 
evaluated as a series expansion in powers of the tem- 
perature T. The results may be expected to provide an 
accurate description of the thermodynamics of the 
model in the range of low temperatures, say below one 
quarter of the Curie temperature. The notations and 
definitions of the earlier paper will be used without 
further explanation. 

The quantity which is of the greatest practical 
interest is the spontaneous magnetization M(T) of 
the lattice in zero external field. In the linear approxi- 
mation of the Bloch spin-wave theory,” this magnetiza- 
tion is given by the formula 


[M(T)/M (0) ]=S—¢(G)e”. (1) 


Here {(a)=}_;°n~* is the Riemann zeta function, S is 
the spin of each atom, and @ is the dimensionless tem- 
perature defined by Eq. (I, 108). Considerable uncer- 


* Research supported by the National Science Foundation. 

1F, J. Dyson, preceding Pa [Phys. Rev. 102, 1217 (1956)]. 
This paper will be quoted as (I), and equations in it will be quoted 
as (I, 157) etc. 

* F. Bloch, Z. Physik 61, 206 (1930); 74, 295 (1932). 


contradiction to earlier published calculations which gave inter- 
action effects proportional to 77/4 and T°. 

The smallness of the thermodynamic effects of spin-wave 
interactions is discussed in physical terms, and partially ex- 
plained, in the introduction of this paper. A general proof is 
given that the thermodynamic effects of the “exclusion principle,” 
which forbids more than (25) spin deviations to occupy the same 
atom, are of order exp(—a@™) and give zero contribution to any 
finite power of 6. The residual dynamical interaction between 2 
spin waves gives rise to a second virial coefficient 5,’ which is 
calculated and shown to be of order 7*/*. The a3 term in the mag- 
netization is proportional to 5,’. Effects of interaction of 3 or 
more spin waves are estimated and found to be of order 6° or 
higher. 


tainty has existed concerning the accuracy of this 
formula. Kramers and Opechowski® have calculated 
additional terms in an expansion in ascending powers 
of 6, and find the next term to be of order #. However, 
Schafroth,* using the spin-wave formalism of Holstein 
and Primakoff,‘ finds a term in 6"/* with a positive co- 
efficient, which would interfere seriously with the 6’ 
term in the temperature range of current experiments.® 
Van Kranendonk® by another method arrives at a term 
in 6"* with a different coefficient. There is a clear 
disagreement between these three published results. 
The starting point of the present investigation was an 
attempt to decide which of them is correct. 

The Bloch formula (1) is obtained by assuming that 
spin waves do not interact with one another, and that 
the energy of a spin wave is proportional to \~*, where 
\ is the wavelength. The theoretical deviations arise 
from three causes: (a) deviation of the energy spectrum 
from the \~* law; (b) true dynamical interaction be- 
tween spin waves; (c) kinematical interaction between 
spin waves due to the fact that a single atom cannot 
carry more than 2S units of reversed spin simultane- 

3H. A. Kramers, Commun. Kamerlingh Onnes Lab. Univ. 
Leiden, 22, Supp]. No. 83 (1936); W. Opechowski, Physica 4, 715 
One R. Schafroth, Proc. Phys. Soc. Cendon) | pe 33 (1954); 
T. Holstein and H. Primakoff, Phys. Rev. 58, 1098 (1 i940). 


5L. Néel, J. phys. radium 1s, 74S (1954). 
6 J. Van Kranendonk, Physica 21, 81, 749 and 925 (1955). 
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ously. The exact definitions of dynamical and kine- 
matical interaction are given in Sec. (I, 3). Effect (a) is 
simple to calculate and adds to Eq. (1) terms in 
65/2, 97/2, ... which are exhibited in Sec. 5 of this paper. 
Effect (b) is also straightforward and is calculated in 
Secs. 6-9; the leading term is given by Eq. (122) and 
is of order #. The major difficulty of the problem lies 
in the treatment of (c). 

We shall prove in Secs. 2-4 that the contribution of 
(c) to the free energy is less than exp[—a7./T ], where 
T, is the Curie temperature’ and a is a numerical co- 
efficient of the order of unity and independent of tem- 
perature. The effects of (c), although they are certainly 
important in the neighborhood of the Curie point, give 
rigorously zero contribution to the coefficients in the 
low-temperature expansion of the free energy in powers 
of 6. The lowest order correction to Eq. (1) arising 
from spin-wave interactions is the # term from effect 
(b). In particular, it is established that neither @ nor 
6"/4 corrections exist. The corrections are all so small 
that experimental departures from the Bloch formula 
can be reliably attributed to physical effects not in- 
cluded in the model. 

The large corrections found by earlier investigators? *:* 
arose from insufficiently exact treatments of the kine- 
matical interaction (c). This interaction produces effects 
which appear to be large, but which upon closer ex- 
amination cancel each other almost exactly. It is easy 
to be misled, because an approximation which looks 
harmless can destroy the cancellation and produce a 
result much larger than the true one. The present 
author once fell into the same trap and announced a 
correction to Eq. (1) of order #4, in a letter which was 
circulated but fortunately not published. The 6/4 term 
was obtained by calculating the terms in Eq. (I, 157) 
which involve the kinematical interaction but not the 
dynamical interaction. Since the terms involving the 
dynamical interaction alone are of order @, it seemed 
safe to assume that terms involving both interactions 
simultaneously would be of higher order than 6. 
However, it turned out that the leading term involving 
both interactions is of order 4°‘ and precisely cancels the 
leading kinematical term. The analysis of Secs. 2-4 
will show that the cancellation is by no means accidental 
and extends to all powers of @. 

The main result of this paper is therefore a negative 
one, that there is no thermodynamical effect of the 


7 The relation between the Curie temperature and the exchange 
integral J is not known precisely. For convenience we define an 
“approximate Curie temperature’ 7, by the equation kT, 
=4JSyov, which gives the convenient relation (7/T.)=276 to 
define the dimensionless variable 6. Various approximate calcula- 
tions, reported by C. Kittel, Jntroduction to Solid State Physics 
(John Wiley and Sons, Inc., New York, 1953), p. 163, give values 
for the Curie temperature equal to T, within the theoretical uncer- 
tainty. More recent calculations by G. S. Rushbrooke and P. J. 
Wood, Proc. Phys. Soc. (London) A68, 1161 (1955), indicate that 
for all three types of cubic lattice, with S=4, the true Curie 
temperature is about 0.97,. Note that the J in the quoted refer- 
ences is equal to }/ in the notations of the present paper. 
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kinematical spin-wave interaction in any series ex- 
pansion in powers of @. In other words, the spin waves 
can be considered as a Bose gas of ordinary particles 
subject to no “exclusion principle”’ but only to the weak 
dynamical interaction. The basic physical reason for 
this result seems to be the following. A spin wave of 
long wavelength is a rotation of the total spin of a large 
number of aligned atoms through a smali angle. Such 
small rotations do not have any significant tendency to 
exclude each other. 

The picture of a spin wave as a coherent rotation of 
a large number of atomic spins through a small angle 
provides a qualitative explanation for the smallness of 
both kinematical and dynamical interactions. In this 
picture the kinematical interaction is the limitation in 
the number of available states, due to the fact that 
rotation angles have a range of variation which is not 
infinite but equal to 2x. This limitation will become 
important only when rotation angles of the order of a 
radian are actually excited, which is the case at tem- 
peratures in the neighborhood of the Curie point. At 
low temperatures, the probability of a rotation angle 
exceeding a radian decreases exponentially with de- 
creasing temperature, and the effects of kinematical 
interaction are correspondingly small. 

In the same picture, the dynamical interaction be- 
tween spin waves arises in the following way. When two 
long-wavelength spin waves are superposed in the same 
region of the lattice, they will interfere with each other 
to the extent that the two corresponding rotations of 
the total spin of the region fail to commute. The non- 
commutativity causes a mutual disturbance which is 
the dynamical interaction.’ Since any two rotations 
through small angles almost commute, the dynamical 
interaction is always weak and grows rapidly weaker at 
longer wavelengths. 

The explanation of the smallness of both kinds of 
interaction effects lies in the fact that a spin wave of 
long wavelength is a basically nonlocal phenomenon. 
Because each spin wave is a coherent movement of a 
great number of atomic spins, the quantum effects of 
the individual spins are very largely suppressed. For 
this reason it seems that the spin-wave picture is more 
appropriate than the Van Kranendonk picture® of a 
gas of spin deviations attached to individual lattice 
sites, for describing the state of a ferromagnet at low 
temperatures. At higher temperatures, and especially 
in the neighborhood of the Curie point, the situation is 
reversed; the spin-wave picture becomes meaningless 
while the Van Kranendonk picture remains valid and 
useful. 


8 Strictly speaking, if two degrees of freedom of a system are 
associated with coordinates x, y, the extent to which the two co- 
ordinates fail to be dynamically independent is measured not by 
the commutator [x,y] but by the double commutator [2,y] 
= (i/h)[[5C,x],y]. Accordingly it is the double commutator of 
the Hamiltonian with two rotations [see Eq. (I, 22) ] which deter- 
mines the magnitude of the dynamical interaction. 
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2. PHYSICAL AND IDEAL SPIN-WAVE MODELS 


We now begin the analysis of thermodynamic effects 
of the kinematical interaction, which will occupy Secs. 
2-4. The first step is to reformulate the properties of 
the physical and ideal spin-wave models which were 
discussed in Sec. (I, 5). The reformulation will supple- 
ment and simplify, but not supersede, the results 
obtained in I. 

We introduce an operator F, operating in the Hilbert 
space of the ideal spin-wave model. Between two states 
|«), |v) of the ideal model, defined by Eq. (I, 43), the 
matrix element of F is 


(v| F|u)=F due, (2) 


with F,, given by Eqs. (I, 31) and (I, 32). Then accord- 
ing to Eq. (I, 31) 


(v| F| a) =(v| u). (3) 


An ideal state |) is called “proper’’ if there exists a 
physical state |) corresponding to it, which is the case 
if each u; does not exceed 2S. Otherwise the state | 1) 
is called “improper.” The meaning of Eq. (3) is that 
the two sides of the equation are equal when |) and 
|v) are proper states, and the left side is zero if one or 
both states are improper. 

The Hamiltonian 5 is transferred from the physical 
to the ideal model by means of the parallel equations 
(I, 26) and (I,47). In consequence of Eq. (3), the 
definition of the transferred Hamiltonian may be 
written 

(| FIC | u) = (0|5C|m). (4) 


This equation, like Eq. (3), means that the two sides 
are equal when |) and |v) are proper, while the left 
side is zero otherwise. In particular, Eq. (4) implies 
that all matrix elements of 3 from an improper state 
|) to a proper state |v) are zero. But the matrix ele- 
ments into an improper state |v) need not be zero, be- 
cause the left side of Eq. (4) is automatically zero when 
|v) is improper. The matrix elements of 3C into improper 
states are left completely undetermined by Eq. (4). 

The choice of Eq. (I, 48) for the Hamiltonian of the 
ideal model is not uniquely determined by Ed. (I, 47). 
We may add to the Hamiltonian (I, 48) any operator 
which has zero matrix elements into proper states |»), 
and all the results obtained in I will remain valid. We 
shall take advantage of this freedom to modify 3C in 
the next section. 

A convenient language in which to speak of the ideal 
spin-wave model is to call the operator F an “indefinite 
metric tensor.” Thus every state |~) has an adjoint 
defined by 

(a| = (u| F. (S) 


Every operator O of the physical model is transferred 
to the ideal model by the definition 


(5|O|) = (»| FO|u)=(v|O| x), (6) 





FREEMAN J. 


DYSON 


of which Eqs. (3) and (4) are special cases. If O is 
Hermitian in the physical model, it satisfies in the 
ideal model the condition 


FO=0*F, (7) 


that is to say it is self-adjoint with respect to the 
metric F. In particular 3 is self-adjoint in this sense. 
In general, all physically observable quantities such as 
probabilities and eigenvalues are unchanged when we 
pass from the physical to the ideal model, provided 
that conjugate states are replaced by adjoints.® 

The interpretation of F as an indefinite metric makes 
clearer the physical meaning of the eigenstates of the 
Hamiltonian 3C which were studied in Sec. (I, 6). 
These were states |y) of the ideal model satisfying the 
equation 


H|y)=ely). (8) 


Let P be the projection operator onto the proper states 
of the ideal model; this has matrix elements 


(v| P| u)=Evbus, (9) 


with EZ, given by Eq. (I, 56). The fact that 3¢ has zero 
matrix elements from improper to proper states is 
expressed by the identity 


PH= PHP. (10) 


Thus Eq. (8) implies 
FHP|p) =F |p). (11) 


If |y) is the physical state corresponding to the proper 
part P|y) of |p), than Eq. (11) is equivalent to the 


statement 
s, K|p)=elyp). (12) 


Thus every solution of Eq. (8) for which P|y)¥0 gives 
rise to a physical eigenstate of the Hamiltonian in the 
physical model. 

Conversely, let |y) be any physical eigenstate satis- 
fying Eq. (12). Then the corresponding proper ideal 
state P|) satisfies Eq. (11), from which 


PHP |p)=eP |p) (13) 


follows. Thus Eqs. (12) and (13) are equivalent, and 
there is a one-to-one correspondence between the 
physical eigenstates |y) and the ideal eigenstates P|), 
corresponding eigenvalues being equal. The deduction 
of Eq. (8) from (13) is, however, not trivial. For Eq. 


® The Holstein-Primakoff method (see reference 4) associates 
with each physical state |) the ideal state |~)7p=F+|u). Thus 
Eqs. (3) and (6) are replaced by (u|v)ap=(u|v), (4|Onp|v) ap 
=(u|O|v), with a transformed operator Owp defined by Oup 
=FtOF-+, In particular, the transformed Hamiltonian 3Cyp 
= Fit3CF- is Hermitian in the ideal model. By using the basic 
states |~)#zp, which are orthogonal and correctly normalized, the 
method avoids the conceptual difficulties associated with in- 
definite metric and non-Hermitian Hamiltonian. But the metric 
tensor F takes its revenge by appearing in 3Cyp with a square 
root ; for any practical calculation of spin-wave interaction effects, 
the Hamiltonian 3Czp is useless because of the dominating non- 
linear behavior of the square roots. 
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(8) to hold, the improper part |y’) of |W) must be 
determined by 


(3—e)|y’/) = (1—P)KP |p). (14) 


This can be solved for |y’) and gives a unique state 
|p) satisfying Eq. (8), provided that there does not 
exist a purely improper eigenstate of 5 with the same 
eigenvalue ¢«. For Eqs. (8) and (12) to be equivalent, 
it is thus sufficient that e should not be the eigenvalue 
of a purely improper state. 

We shall investigate whether « may be an improper 
eigenvalue, in the case of the two-particle states con- 
structed in Sec. (I, 6). When S>4, two-particle states 
have no improper components and so the question does 
not arise. So we suppose S= 4. Then any improper two- 
particle state |y’) is of the form 


IW) =LvG,I)n|0), 
and the Hamiltonian (I, 57) operating on it gives 
Hy’) = (Eo+2L+y0J) |v’). (16) 


Every improper two-particle state is an eigenstate with 
the same eigenvalue given by Eq. (16). The eigenvalue 
of the physical scattering state of two spin waves with 
momenta @, * is 


e= Eyt+2L+}3J[2y0—Ye—r]. (17) 


This can indeed become degenerate with Eq. (16) when 
the two spin waves have energies of the order of }yoJ. 
But whenever the wavelengths are long compared with 
6, the energies are small compared with yoJ, and there 
is a clear separation between proper and improper 
eigenvalues. In the case of long wavelengths, the eigen- 
states of Eq. (8) are in one-to-one correspondence with 
the physical states satisfying Eq. (12). 

To conclude this section, we observe that the identity 
(10) leads to a very simple derivation of the formula 
(I, 55) for the partition function of the lattice. By using 
Eq. (10) repeatedly, it is easy to prove 


exp(—BPICP) = P exp(—B9C). (18) 


We have seen that the eigenstates of (P3CP) in the 
ideal model are in one-to-one correspondence with the 
eigenstates of 5C in the physical model. Therefore the 
partition-function Z is the trace of the left side of Eq. 
(18), taken in the ideal model. But the trace of the 
right side of Eq. (18) is identical with the right side of 
Eq. (I, 55), and this completes the proof. 


(15) 


3. CONSTRUCTION OF A POSITIVE HAMILTONIAN 


The Hamiltonian (I, 57) may conveniently be written 
H= EgtLatJS Dislnj*f (miss) (ni—ni-8) J, (19) 


with 
f(u)=1—(u/2S). (20) 


Here q is the total number of particles, which is a con- 
stant of the motion and may be treated as a c-number, 
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and u; is the occupation number at lattice site j. The 
eigenvalues of this Hamiltonian corresponding to 
proper eigenstates all lie above Eo, by a theorem of 
Teller.” However, the third term in Eq. (19) is not 
positive-definite for improper states. Consider for ex- 


ample the state 
(n*)* (nizs*)” (0). 


In this state, Eq. (19) has the expectation value 
(3H) = Eo + L(X+V)+JS(Xf(Y)+Vf(X)], (22) 


which certainly lies below Ey if X and Y are both large. 
Thus the Hamiltonian is not only not positive-definite, 
but even has no lower bound to its eigenvalues, when 
improper states are included. 

The improper eigenvalues are a purely artificial 
creation and must disappear automatically from any 
physically observable quantity. For example, they are 
excluded from the partition function (I,55) by the 
factor EZ, which is zero for improper states. However, 
our method of calculation is based on the identity 


wuLe—2;, 


(21) 


(23) 
where 
Zr=Spur[exp(—3) | (24) 


is a sum extended over all eigenstates of 5C in the ideal 
model, and Z; is the same sum extended over improper 
eigenstates. The exact formula (I, 157) for the free 
energy is obtained by taking the logarithm of Eq. (23). 
The terms in Eq. (I, 157) involving no A; with j>1 are 


Ar= a (kT/N) logZr, (25) 


and the terms involving some A; with 7>1 are correc- 
tions which subtract away the nonphysical effects of 
the improper states in Z;. In other words, A, is the free 
energy of a Bose gas with dynamical interaction but no 
kinematical interaction, and the kinematical correc- 
tions to Ar consist in the removal of the contributions 
arising from improper states. 

If we use this method of calculation, it is essential 
that the eigenvalues of 3C should be bounded below, in 
order that Ar should even exist. We are therefore forced 
to modify the Hamiltonian. The desired result is ob- 
tained by a very simple modification, keeping Eq. (19) 
unchanged but using instead of Eq. (20) 


f(u)=1—(u/2S), u=0,1, ---, 2S, 
f(u)=0, u> 2S. 


This change is allowed by the argument of Sec. 2, be- 
cause it adds to the Hamiltonian an operator which has 
zero matrix elements into all proper states. The added 
term also has zero matrix elements between states 
containing less than (25+2) particles, so that the 
previous discussion of 2-particle eigenstates is not 
affected by the change. The dynamical spin-wave inter- 


(26) 


0 E. Teller, Z. Physik 62, ¥ ~— A proof of this theorem is 
incidentally provided by Eq. ( 





1234 


action will be modified by the addition of terms repre- 
senting the direct interaction of (2S+2) or more par- 
ticles. The Green’s functions I’; defined in Sec. (I, 9) 
will be unchanged for j=1, 2, ---, 2S+1, but changed 
for 7 >2S+2. 

An important property of the modified Hamiltonian 
is that it still contains the factor (nj;—7;,s) operating 
to the right. This means that the new dynamical inter- 
actions introduced by the change have the property of 
being uniformly small when operating on a state com- 
posed of spin waves with long wavelengths. 

We now proceed to the proof that the eigenvalues of 
the modified Hamiltonian all lie above Eo. Let g be any 
set consisting of a finite number of lattice points j. Let 
(M) be a set of integers M;, one corresponding to every 
j in g, satisfying 


M;>2S+1, jeg. (27) 


Let Qu be the space composed of linear combinations 
of those states of the ideal model for which 


uj=M;, J €8, 
ujS2S, jeg. 


Here g means the set of lattice points j not in g. Let 
Py be the projection operator onto the space Qy. In 
particular, when g is the empty set, Qy is the space of 
proper states and Py is the projection operator P 
defined by Eq. (9). When g is not empty, Qy is the 
space of states which are improper with respect to a 
fixed set of lattice points at which fixed numbers of 
particles are located. 

Let |«) and |v) be any two states, and j any lattice- 
site for which uj;<0;. The matrix element («||») 
according to Eq. (19) contains a factor f(u;), which is 
zero by Eq. (26) when u;>2S. If then the state |») 
lies in Qy, nonzero matrix elements of 3C lead only to 
states |«) with 


(28) 


(29) 


In other words, 5 has matrix elements from a state of 
Qy to a state of Q only if the conditions 


gs, 
M/>Mj, j«g, 


hold. The conditions (30) will be expressed for brevity 
by the notation (M’)>(M). The important point is 
that the relation (>) is transitive, that is to say 
(M”’)>(M’) and (M’)>(M) imply (M”)> (M), and 
asymmetric, that is to say (M’) > (M) and (M)>(M’) 
imply (M’)=(M). Hence, if a cycle of nonzero matrix 
elements (24; |35C| tn), (%n|IC|¢n—1), «> +, (t42|5C| uw) exists 
with each |,) belonging to Q.s;, all the (M;) must be 
identical. From this follows the identity 


Pylexp(—Bi) ]Pu=exp(—BPuXPy), 
of which Eq. (18) is the special case g=0. 


uj>Mj, jeg. 


(30) 


(31) 
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Taking the spur of Eq. (31) and summing over (M), 
we obtain Zr given by Eq. (24). Thus 


Zr=> wu Spurlexp(—BPyKP»y) |. (32) 


Equation (32) states that to find all the eigenvalues of 
K it is sufficient to examine the projections of % in 
each subspace Qi separately. 

When & is operating between two states of the sub- 
space Qy, Eq. (19) may be written 


H= EotLatJS Vil ni* f (uss) (n3—ni48) ] 
+JS > 2M jf (uirs). (33) 


Here the sum >"; extends over points (j,j+8) both 
belonging to g, while >>» extends over j belonging to g 
with (j+8) belonging to g. In Eq. (33) the operators 
nj, nj*, with j in g, no longer appear; the degrees of 
freedom of the system corresponding to these variables 
are suppressed by Eq. (28). Therefore % may be con- 
sidered as operating between states |~) and |») defined 
by occupation-numbers ; and 2; at points j in g alone. 
When defined in this way the states |~) and |v) are 
proper, corresponding to physical states |~) and |») 
of the spin system which remains after the atoms at 
points j in g are removed from the lattice. 

By following the argument of Sec. 2 in the reverse 
direction, we may transfer 3 back into an operator 
operating on physical states | ~). The eigenvalue problem 


(34) 


with 5 given by Eq. (33) and the state |) in Qy, is 
then equivalent to the problem 


KH |u)=e|u), 


| u)=e|x), (35) 


where |) is a state of the spin system with atoms j in 
g removed, and & is given by 


H= Lot LqthJ Dif S*— (S;- Sis) ] 
+33 22M j(S—Sj3°). 


There is a theorem, proved in Appendix I, which 
states that 


S—((S;-Si48)) > (8S) Sj*) — (Sin*) F, 


where the expectation values are taken with respect to 
any physical state whatever. When the expectation 
value of Eq. (36) is taken in the state | «) which satisfies 
Eq. (35), the theorem gives 


e> Eot+Lq+ (J/16S)LVi— Vins P 
+3J DoM{V;s—-Vine], 


(36) 


(37) 


(38) 
with 

V;=S+(S#), j € 9, 

V;=25S, jeg. 


By means of Eqs. (27) and (39), the second sum in Eq. 
(38) may be crudely approximated and combined with 


(39) 
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the first to give 
e> EytLgt (J/16S) Lil Vi— Vrs F, 


where the sum is now over all j and 6. 

To find a lower bound to Eq. (40), we return to the 
electrical network analog which was introduced after 
Eq. (I, 75). The sum 


D=} Dial Vi-Virs P (41) 


is the energy dissipation in the network when each 
junction j is maintained at potential V;. The presence 
of the term Lq in Eq. (40) requires that q be finite and 
therefore the V; tend to zero at large distances. The 
minimum of D is attained when current is fed into the 
network only at the junctions j of g at which the po- 
tential is 2S, the current flowing out to zero potential 
at infinity. Thus 


(40) 


D2 (2S)PR,*, (42) 


where R, is the resistance of the network between the 
junctions g and infinity. When one or more junctions 
are removed from g, the resistance R, increases and 


the dissipation decreases. Therefore for any g~0, 
D> (2S)Rr, (43) 


where R, is the resistance between a single junction and 
infinity and is given by 


Ri=Go(0) = f f f Q-dxdydz, (44) 


with Gp and Q defined by Eqs. (I, 90, 91, 93, 96). We 
may write 


R= (1+e)yo, (45) 


the numerical values of a for the three types of cubic 
lattice being, respectively,” 


a=0.5164, 0.3447, 


0<a<il, 


0.3932. (46) 


Combining Eqs. (40) and (43), we obtain the inequality 
e> Eot+Lq+[JSy0/2(1+a) ]>Eot+Lqt+iJSyo, (47) 


which holds for every eigenvalue of 3C operating within 
a subspace Qy with g~¥0. The only eigenvalues which 
are not subject to Eq. (47) are those belonging to 
proper eigenstates. 

We have thus proved that the modified Hamiltonian 
defined by Eqs. (19) and (26) is positive definite. 
Further, there is a finite energy gap greater than 
(4JSyo) between the lowest proper eigenstates and the 
lowest improper eigenstates. According to reference 7, 
this gap is of the order of (kT) at least.” In the parti- 


1 The integrals were computed analytically by G. N. Watson, 
Quart. J. Math. 10, 266 (1939). For the body-centered case the 
result is particularly simple, namely Go(0) = [324° }“*[T'(4) }-. 

12 More careful analysis could probably increase the gap by a 
factor of 2. According to Eq. (16) the gap is not greater than 
2ISyo when S=}. 
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tion function defined by Eq. (23), the contribution of 
an improper eigenstate to Z; is smaller than Zr by a 
factor 

exp[—«/kT }<exp[ — (340)*], (48) 


by virtue of Eqs. (I, 108) and (47). It is to be expected 
that the contribution from improper states to the free 
energy will remain of the order of magnitude (48), 
after summing over states and taking the logarithm of 
Eq. (23). This statement will be proved in the following 
section. 


4. ELIMINATION OF THE KINEMATICAL 
INTERACTION 


In the formula (I, 157) for the free energy, each 
momentum 2, or y, occurs just twice, once as argument 
of a I’; and once as argument of a A;. Hence the whole 
expression is formally unchanged if we transform to 
configuration space, replacing each function I’; and A; 
by its Fourier transform, and replacing each momentum 
variable 4, or wu, by a position variable j, or k,. By 
Eq. (1, 150), the transformed A, is simply 


Ag(j1,° . * Jarka,: ‘ - )k,) 


=e(@) IL 9G.—k) 11 56-—i. (49) 


This means that in configuration space the effect of 
each A, is only to make a set of 2q position variables 
occupy the same lattice point. 

The Fourier transform of I, is, by Eq. (I, 135), 


Ts(j,k)=N~ Do) exp[i2-(j—-k)—B(L+e)]. (50) 


When we insert into Eq. (50) the quadratic approxima- 
tion (I, 109) for «,, the result is 


Ti (,k)=6! expl —6L—x0V-"(j—k)*], (51) 


a Gaussian distribution representing the solution of a 
continuous diffusion problem. The exact T; given by 
Eq. (50) is the solution of the corresponding discrete 
random-walk problem, in which a particle jumps at 
random from a lattice point to any one of its nearest 
neighbors. The exact I’; will behave like Eq. (51) at 
large separations |j—k|, decreasing exponentially with 
a finite range of the order of @-*V'?. 

The Green’s functions [', with g>1 are solutions of 
multiple random-walk problems in which gq particles 
diffuse simultaneously over the lattice with an inter- 
action which acts only between particles which happen 
to occupy the same or nearest neighbor positions. Since 
the interaction has short range, the range of the dif- 
fusion of any one particle is determined by the function 
YT. Since T, is defined as a sum only over connected 
Feynman graphs, all of the g particles are connected 
with each other by interactions. Therefore the function 
I’, has a finite over-all range, and decreases exponen- 
tially as soon as the separation between any two of its 
arguments is large compared with @-*V}. 
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The general term in Eq. (I, 157) may be written 
schematically 


I=N> Mow rr) (52) 


There is one position variable j, corresponding to each 
factor A; in Eq. (I, 157), and this j, occurs (27) times 
among the arguments of the Green’s functions I’;. The 
sum J is precisely what is called a “cluster integral” in 
the statistical mechanics of imperfect gases. The 
structure of J depends on the following parameters: 
(a) the integers m; which determine how many of the 
variables j, occur (27) times, (b) the integers ; which 
determine how many times each function I; occurs, 
(c) the permutations P and Q which distribute the j, 
among the I’;. The choice of these parameters is re- 
stricted only by the requirement that the expression 
must not break up into a product of two or more un- 
connected cluster integrals. 

If the integers m; are kept fixed and J is summed over 
all P and Q, the resulting sum is apart from a numerical 
factor equal to 


LX (m:)=Lu(u| expl—B(K—Eo)]|u). (53) 


This is part of the partition function Zr given by Eq. 
(24), but the states |) are restricted to those which 
contain m, positions j, occupied singly, m2 positions 
occupied doubly, and so on. In Eq. (53) contributions 
are included from values of m;, P, and Q which make J 
disconnected. Such contributions will be of the form 


LX (mii) D (mas)- > - (msi), (54) 
where the m;; are integers satisfying 
Li smj= mi. (55) 


The sum of all connected cluster integrals with given 
m, will be 


Le(mi)=Li (mi) —L (mii) (ma)+---, (56) 


where each of the correction terms is a product of the 
form (54) with a numerical coefficient which need not 
be written out in detail. In fact Eq. (56) states just the 
identity of the free energy A with the logarithm of the 
partition function Z, when both quantities are expanded 
in series of cluster integrals. 

Suppose that at least one m; with 1>1 is nonzero. 
By Eq. (I, 151), this means that one m; with i>25S is 
nonzero, and so all the states contributing to Eq. (53) 
are improper. Moreover, in every product which ap- 
pears in Eq. (56) there is at least one factor >> (m;;) 
with the same property. By Eq. (48), every term on 
the right of Eq. (56) has then a factor which is ex- 
ponentially small at low temperatures. However, it does 
not immediately follow that >°.(m,) is itself exponen- 
tially small, because the different terms on the right of 
Eq. (56) contain various powers of V. Some care is 
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needed to prove that [N-"}-.(m,)] remains small in 
the limit as V > ~. 

To complete the proof, we choose 2 number M and 
write 


DL e(ms) =SatDe. (57) 


Here >-.1 consists of those terms of the sum >>.(m,) 
for which 


\j-—j.| <Mpov? (58) 


for each pair of variables (j,,j,), and }_.2 contains the 
terms for which Eq. (58) is false for some (r,s). The 
number of sets of points (j:,---,j») contributing to }> «1 
is of the order of 


[pmo pr, (59) 


Each set (ji,--+,jp) separately gives a contribution 
which can be written in the form (56) and is bounded 
by Eq. (48). Hence >>: is bounded by 


N[pM@-*}?- exp[ — (376)-*]. (60) 
But }- <2 is of the order 
N exp(— MM”), (61) 


because each of the functions I’; in the cluster integral 
has a range limited by Eq. (51). Taking M to be of 
order 6-*, Eqs. (60) and (61) give 


Lie(m;) <bN exp(—ab™), (62) 


with coefficients a, independent of N and 8. It is 
thereby proved that all terms in the series (I, 157) for 
the free energy are of order exp(—a@™), except the 
terms with m,=q, m;=0 for i>1. 

This result implies that, in developing a series ex- 
pansion in powers of @, all terms involving the kine- 
matical interactions A; with i>1 may be simply 
dropped from Eq. (I, 157). The resulting formula for 
the free energy is 


A= (Ep/N)—(8N)* : dL os 


P 


xr COL ns)-* TT 1s(Pa,2)1, (63) 


nine--- 1 


representing a virial expansion of the free energy of a 
Bose gas with only the ordinary dynamical! interaction. 
Each variable 2, occurs just twice among the argu- 
ments of the I';, and the permutations P are subject to 
the condition that every subset of the I’; contains at 
least one 2, whose second occurrence is outside the 
subset. 

The virial coefficients b, are defined" as coefficients 
in the series 


A=(Eo/N)—ORT DY bye. (64) 
n=l 


#8 The definition of b, is taken from D. Ter Haar, Elements of 
Statistical Mechanics (Rinehart, New York, 1953), Chap. 8. 
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Thus 5, is given directly by the terms in Eq. (63) 
which have g=n. 


5. FREE ENERGY IN THE LINEAR APPROXIMATION 


The leading terms in the virial expansion (63) are 
those with m,=q,";=0 for i>1. The sum of these 
terms is the quantity Ag, given explicitly by Eq. 
(I, 158), which represents the free energy of a spin- 
wave gas without interaction. At low temperatures, 
significant contributions to Ag come only from spin- 
waves of long wavelength, for which the quadratic 
relation (I, 109) between energy and momentum is a 
good approximation. If the quadratic approximation 
for the energy « is substituted into Eq. (I, 158), the 
result is an elementary Gaussian integral which gives 
a free energy proportional to T*?, in agreement with 
Bloch.’ If we expand the difference between €, and the 
quadratic approximation in powers of (6A), and then 
substitute into Eq. (I, 158), we obtain an expansion of 
Az in ascending powers of 7. The higher terms in the 
expansion are corrections to the Bloch formula arising 
from the discreteness of the lattice, but having nothing 
to do with interactions between spin waves. These are 
the corrections which are called type (a) in Sec. 1. 

An elementary calculation gives, for the first three 
terms of the expansion, 

Azp= —RT(Z5)2(BL)O + 34vZ7/2(BL)0*” 
tw? y?Z92(BL)0"?-+O(P")], (65) 


where 


(66) 


Z,,(x) = y qe, 
1 


and w is a numerical coefficient which takes the values 
w= 33/32, 15/16, 281/288, 
for the three types of cubic lattice. The explicit defini- 


tion of w is 
w= (25/32)+4(cos'¢), (67) 


where @ is an angle between two nearest neighbor 
lattice vectors (8,5’), and (cos) denotes an average 
over all 5 and 9’. 

The specific heat and the magnetization per atom 
are respectively defined by 


eran 


M=-—(aA/dH)=—(m/S)(A/AL), 


(68) 


(69) 

according to Eq. (I, 7). At zero magnetic field H, Eq. 

(64) gives for C and M the values 

Ca= kl (15/4)t (5/2)0/2+- (105/16)avt (7/2)0°? 
+ (63/4 )com*r*t (9/2)6"?-+-0 (0) j, 


Mp=(m/S)[S—5(3/2)0?— farvg (5/2)0*” 
—wnty* (7/2)6"?+-0() ], 


(70) 


(71) 
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where {(m)=Z,(0) is the Riemann ¢ function. These 
corrections to the Bloch formula (1), arising merely 
from the discreteness of the lattice, are easy to calculate 
and are not of any theoretical interest. 


6. VIRIAL SERIES 


We now begin the analysis of the contributions to 
the free energy arising from dynamical spin-wave inter- 
actions. The sum of all such contributions is denoted 
by 

A p=A—(Eo/N)— Az; (72) 
it is the sum of the terms in the virial series (63) con- 
taining at least one I’; with i>1. 

Consider a particular term in A p for which 


> ins=q-—m=f. 


i>1 


(73) 


The labeling of the variables 2, can be arranged so 
that the factors I’, take the form 


q 
II T1(P4,,2,). 


fH 


(74) 


We call the I’; with i>1 the “nontrivial” T';, and the 
4, with 1 <r</f the “nontrivial” 2,. Since the permuta- 
tion P links the arguments of all the I';, every closed 
cycle of P must include at least one nontrivial 4,. The 
4, are’ therefore divided into nonoverlapping chains 
C,, s=1, «++, f, defined as follows. We write 


Awv=A, S=1, <°-, f, 


As t1=P 2, i=0,1,---, (76) 


whenever P-'},; is a trivial 2,. The chain C, is com- 
posed of the variables 


C,=[An0, Ae1; es Aev(e], (77) 


breaking off at the first value of » for which PQ,» is 
nontrivial. The chain C, contains one nontrivial vari- 
able followed by p(s) trivial ones, where p(s) may take 
any value including zero. Every 2, belongs to precisely 
one C,. 

The product (74) may be written 


(75) 
and 


p(s) 


tl Il Ti (Az, i-1,%ei)- 


s=1 i=] 


(78) 


According to Eq. (I, 135), the function I; contains a 
é-function factor, so that Eq. (78) is nonzero only 
when all 2,; in the chain C, are equal to 4.0=4,. The 
summation over the trivial 2, in A p is therefore indeed 
trivial. After summing over the trivial variables the 
product (78) becomes 


ewl-8E p(s)(L-+e.)), (79) 


by virtue of Eq. (I, 135). 
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The permutation P of all the 4, induces a permuta- 
tion Q of the nontrivial 4, according to the scheme 


Q72,=P 2.9), S=1,---, f. (80) 


Whenever P links all the I;, Q will link the nontrivial 
I, and conversely. For given P, Eq. (80) determines Q 
uniquely, but to a given Q there corresponds a wide 
variety of P. Namely, when (Q is fixed the choice of P 
is equivalent to choosing (a) the lengths p(s) of the 
chains C;,---,Cy,, and (b) the identification of each 
chain-position 2,;,i=1,---, p(s), with a particular 
2,,7=f+1,---,g. The choice (b) can be made in 
(q—f)! ways, and this cancels the factor (m!)~ in 
Eq. (63). The choice of the p(s) is limited only by the 
condition 


f 
LX P(s)=m, (81) 
therefore after summing over m, the p(s) become inde- 
pendent variables. 

Inserting Eq. (79) into Eq. (63) and carrying out the 
trivial summations, we obtain the formula for dy- 
namical corrections to the free energy 


Ao=- NEE OVA] 


XE _E Alm) TI rna)}, 2) 


Q mnong--- fi 


with 
¥()=¥ expl—6p(L+0)] 
=(1--exp[—8(L+)]}}". 


The factors Y(2,) in Eq. (82) represent the effect of 
eliminating from Eq. (63) the terms involving 1. 

The main advantage of Eq. (82) over Eq. (63) is 
that Eq. (82) is a series in which successive terms in- 
volve interactions of successively larger numbers of 
particles. Each factor T; in Eq. (63) or (82) includes 
one 6 function in the momentum variables, and be- 
tween these 6 functions there is one linear relation, 
namely 


(83) 


+ (a,—P2)=¥ (uO) =0: 


r=1 


(84) 


no second linear relation can exist, because all the I; 
are linked by P or Q. Therefore the number of inde- 
pendent momentum variables in a particular term of 
Eq. (63) or (82) is 


F=>,(i—1)n;+1. (85) 


This F is the number of independent particles which 
are concerned in the interactions which the particular 
term describes. Obviously, F is independent of m,, and 
so there is an infinite number of terms in Eq. (63) corre- 
sponding to each value of F. But in Eq. (82) only the 


FREEMAN J. 
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n; with i>2 appear, and there is at most a finite set of 
terms with given F. 

We shall see later that the functions I';(Q,2) in 
general carry a factor 


exp(—e,) (86) 


for each of their arguments 2. After integrating with 
respect to the F independent momentum variables 
(each with 3 components) in a particular term of Eq. 
(82), the factors (86) produce a result proportional to 


TWF, (87) 


Actually, because the dynamical interaction vanishes 
at long wavelengths, the I';(Q2,) carry positive 
powers of 2 in addition to the factors (86), and so the 
2 integration gives a higher power of 7 than $F. But 
Eq. (87) is enough to indicate the essential point, that 
the terms of the series (82) belong to powers of T 
which increase with F. In order to calculate an asymp- 
totic expansion of the free energy up to a given power 
of T, only a finite set of terms in Eq. (82) needs to be 
examined. The calculation from this point onward is 
therefore in principle straightforward. 

The reason why the direct virial expansion Eq. (64) 
is not appropriate for our calculations is that the ex- 
pansion parameter exp(—8L) becomes unity in the 
limit of zero external field. In other words, the Bose gas 
is precisely at the point of condensation when L=0. 
The coefficient b, contains effects of the purely sta- 
tistical correlations in the positions of q particles, and 
at the condensation point these correlations are im- 
portant for large as well as small g. In Eq. (82), on the 
other hand, the higher terms represent particle 
correlations which arise from interactions and not from 
statistics, and when the interactions are weak these 
terms are correspondingly small. For a weakly inter- 
acting Bose gas at the point of condensation, the true 
virial expansion (63) converges very poorly, while the 
“interaction expansion” (82) converges well. 

In the following sections we shall calculate all terms 
in Eq. (82) which might give contributions up to the 
order T°. This will determine the magnetization up to 
order T*. 


7. LEADING DYNAMICAL CORRECTION, 
BORN APPROXIMATION 


The leading term in the series (82) is the term f=2, 
mg=1, n;=0 for i>2. This term has F=2, and all 
others have F > 3, by Eq. (85). Since I’, is a symmetric 
function, the two permutations Q in the leading term 
give equal contributions, and this term becomes 


Arp= —2(8N)" ¥-Y @)V (2)P e(or,o%). (88) 


The function T', was defined by Eq. (I, 133) as a 
sum of contributions from Feynman graphs G with 2 
initial and 2 final vertices. All such graphs belong to the 
sequence shown in Fig. 1, whose mth member we denote 
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by G,. The mth Born approximation to Ap is the sum 
of the contributions from Gj, ---, Gn. 

By following the rules of Sec. (I,9), it is easy to 
write down the contribution from Gi, 


Azp'= —3JN~ Dols’ ¥ (6) Y (2) 
Xexpl—B(eeter+2L)]. (89) 


When I, defined by Eq. (I, 23) is expanded in powers 
of @ and +, the fourth-order term in o?7? is the first for 
which Eq. (89) does not vanish by symmetry. The 
fourth-order term gives 


Ap! = — (3rv/4SB)6(Z, (BL) F, 


an effect of order T°. The vanishing of the lower-order 
terms at this point is the essential reason for the over-all 
smallness of the dynamical correction to the free energy. 
The vanishing is due to the algebraic structure of the 
I',*, which in turn may be traced back to the origin 
of these coefficients in the double commutator (I, 22). 

The next contribution to Azp comes from G; and is 


Azp’= -- (48)"P?2N> & Y(e)Y (2)d(o+*—e0— ¢) 


ome 
Ale lee * expL—8(ee+ €,+2L) }®(D), 
with 


(90) 


(91) 


6(D)=D~[e*?—1+6D], 


D=€,+€y— €o— €r- 


(92) 
(93) 


An elementary calculation, neglecting terms of higher 
order in 6 than those retained, gives the result 


A, p?= — (wv/4BS*)4(Z, (BL) P 
~*~ fa+3X i+ 2X o's |. (94) 


Here « is defined by Eq. (45), (46), the T'; by Eqs. 
(I, 85)-(I, 88), and the X; by Eq. (I, 103). The con- 
tribution (94) is again of order T°, and is smaller than 
Eq. (90) by a numerical factor which is approximately 
(35)! for the simple cubic lattice. Similarly the con- 
tributions from G3, G4, --- will be of the same order, 
and the Born approximation series 


oO 
=> Arp" 


n=1 


(95) 


A LD 


will converge only because of the numerical coefficients, 
which grow smaller in the higher terms according to the 
argument of Sec. (I, 8). 


1 2 3 


Fic. 1. Feynman graphs with 2 initial and 2 final vertices. 
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We have calculated the first two terms of the series 
(95), as a concrete example to show how accurate the 
successive Born approximations are. We see that the 
first Born approximation gives the correct order of 
magnitude of Azp, but gives a wrong numerical co- 
efficient. To obtain the exact value of Azp, a calcula- 
tion based on the series (95) is evidently clumsy and 
unsuitable. The advantage of the Born approximation 
is that it gives simple and rapid estimates of the orders 
of magnitude of the more complicated terms in the 
virial expansion (82). With the help of the apparatus 
of Feynman graphs, the calculation of Born approxima- 
tions becomes a mechanical process which can be 
applied systematically to all such terms. 

In the following section we abandon the Born ap- 
proximation and calculate Azp by an independent 
method which gives the coefficient of T® exactly. Equa- 
tions (90) and (94) will be used only as a check on the 
results. However, when we consider in Sec. 9 the dynam- 
ical corrections to the free energy arising from interac- 
tions of more than two particles, the exact method will 
be impracticable and we shall return to Born approxi- 
mation estimates. 


8. LEADING DYNAMICAL CORRECTION, 
ACCURATE METHOD 


The term A zp defined by Eq. (88) is directly related 


to the second virial coefficient of the spin-wave gas. 
If we omit the factors Y(@)Y (+), Eq. (88) becomes 


A Lp = —2(6N)> > oI'2(or,07) 
= (BN) 

X Spur[exp(—8(Hi+H2))—exp(—6H;) ], 
where the spur denotes a sum over states containing 
two spin waves only, and H, and H, are defined as in 
Eq. (I, 58). Equation (96) follows immediately from the 
definition of the function I’; in Eqs. (I, 123) and (I, 133). 
The second virial coefficient of the spin-wave gas may 
be written in the form 


b2=by°+by’, 


(96) 


(97) 
where 6,° is the coefficient for a perfect Bose gas without 


interactions. Then Eqs. (64) and (96) give 
A LD = —< 2LBb, ‘ORT. (98) 


There is a well-known formula," 


be =2'r | | (a+) f exp —uh?k?/m | 
0 0 
X (dnoi/dk)dk, 


(99) 


connecting 5,’ with the phase shifts 2 of the scattering 
states of two interacting Bose particles. Thus we may 
expect to be able to calculate by’ exactly from the 
scattering wave functions which were explicitly con- 


4 Reference 13, Eq. (8.631), p. 196. 
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structed in Sec. (I, 6). Because the lattice-space lacks 
both spherical symmetry and Galilean invariance, Eq. 
(99) does not apply directly to the spin-wave problem. 
It would not be difficult to construct a modified form 
of Eq. (99) which would be valid in a lattice space. 
We shall, however, take a short-cut and derive an 
approximate analog of Eq. (99) [namely Eq. (106) ] 
which equates 5,’ with an integral over the for- 
ward scattering amplitude. The approximation corre- 
sponds to replacing the angle » in Eq. (99) by the 
scattering amplitude (e*" sinn), and this is allowable in 
the spin-wave problem because'® all the angles » go to 
zero with k at least as fast as k*. In this way we avoid 
the need to introduce into the calculation any analysis 
of scattering states into partial waves. 
The states 


&,,=N Lie exp[i2- (j+ k) | 
Xcos[_y- (j—k) Jn;*m*|0), 
with e=2+p, +=2—yp, form a complete orthonormal 


system’ of states containing two spin waves. Therefore 
Eq. (96) may be written 


(100) 


Azp'=(6N)e?# f “ip! Spur{exp[ — (8—6’) 1] 
XH: exp[ —8’(Hi+-H:2)}} 
= N-le28 Spur| H; exp(—8H:) 
sé f ‘[1— (6/8) Me'lt exp —6’(H:+H2) ] 
XA: exp[— (8—6’)H | 


= (2N)* Yr exp[—B(e+¢-+2L) ] 


‘) 
x {a.+| a f [1—(6’/8) \dp’H 


Xexp(—8' Hit Ha «) ls}. (101) 


This equation is still exact. We now make approxima- 
tions based on the fact that the spin-wave interaction 
is rapid, that is to say the interaction is completed 
within a time short compared with 6h. According to 
the description given in Sec. (I, 8), the interaction con- 
sists of a short-range multiple scattering process, with a 
time scale of the order of hJ— independent of tempera- 
ture. In other words, the intermediate states which 
exist virtually between the two operators H» in the 
second term of Eq. (101) have mostly energies of the 


46 According to Eq. (I, 102), 90 is proportional to k*, m2 to °. 

18 The states with ot have norm 1 while those with o=t 
have norm 2. In a sum over @, t, the states with o~* are counted 
twice and those with @=* only once; this precisely compensates 
for the difference in normalization. 
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order of J which are large compared with B'=kT. 
Thus the values of 8’ which are important in Eq. (101) 
(6’h here represents the duration of the interaction) are 
small compared with 8. 

We make the approximation of dropping the term 
(6’/B) and extending the integration over ;2’ to infinity, 
in the second term of Eq. (101). This gives 


Ap’ =(2N)“ ¥., exp[—B(ee+e,+2L) } 
x (®,,*HwWV.-), (102) 
with 
V..=([1—(Ait+H2—€.—€) "Ha Hor. (103) 
This V,, is an eigenstate of (H,+H:) with eigenvalue 
(e-+¢,). It is the scattering state with incoming par- 


ticles described by the plane wave ®,,. It is therefore 
identical with the state 


V,,=N" Dis Gk) nj*n* | 0), (104) 
in which ¥(j,k) is given by Eq. (I, 71). The quantity 
aor = (®,,*HN.,) (105) 
is precisely the forward scattering amplitude for two 
spin waves of momenta @, t. Thus Eqs. (98) and (102) 
give 
b= — (2N)-"p0-4 Lew exp[—B(ee+ tr): Ber, 


which is the approximate analog of Eq. (99) for the 
spin-wave system. 

The foregoing analysis can be equally well applied 
to Arp given by Eq. (88), instead of to A;.p’. Instead 
of Eq. (102), we then find 


(106) 


A Lb= (2N)" - ae 


Xexp[—Bp(ee+L)—Bq(ér+L) ler. 


The amplitude a,, can be expressed very simply in 
terms of the coefficients As which appear in Eq. (I, 71). 
Eq. (105) with (I, 72) and (100) gives 


@er= —4SIN— 3; cos(y-5) As. 


We shall retain only the leading term in A;,p which is 
of order 7°. For this degree of accuracy, it is sufficient 
to calculate the summand in Eq. (108) as far as terms 
of fourth order in (@-5) and (+-5). But Eq. (I, 79), 
which gives A, correct to second order in (e-5) and 
(<-8), can only be used when 4A; is multiplied by a 
second-order quantity. The exact relation (I, 73) 
implies 
2S 3 cos(2-5)A; 
={>; cos(4-8)[cos(u-8)—cos(2-5) }} 
X(1+524,G(8)]. (109) 
The first factor on the right of Eq. (109) is of second 


order; hence Eq. (I, 73) may be used in the second 
factor, and also G(é) may be approximated by Go(8) 


(107) 


(108) 
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= (a/yo). Equation (109) then becomes 

2S ¥ 5 cos(%-8)As=4[>-3 (0-5) (2-5) cos(2-5) | 
X[1+aA’s#(e-*) ]. 

In Eq. (107) this quantity will be integrated over ¢ 


and *; so we average Eq. (110) at once over the direc- 
tions of ¢ and + and obtain 


4S > 5 cos(2-8)A 5= (1/9) yod'e?7*[ —4+0A"]. 
In the remaining sum 
S2=>s[cos(u-3)—cos(2-8) ]As, (112) 
we may use Eq. (I, 73) directly and find, after averag- 
ing over the directions of @ and ¢, 
S2=} Ls(o-8)(t-8)As 
=} DlZ1(8)+22(8)+3(- 2)e] 
X[A1Z1(8) +A 2Z2(8) +A’ (0-2) 8] 
= [-yob4e?r?/54 [3A 1Xy+ 2A 2Xo+3A #! 
With Eqs. (108) and (111), this gives 
Aer= — QI N-"[y0d'0*7?/36 ], 
where the numerical coefficient Q is defined by 
Q= 8S(A 1X1 +3A oX2)+ (a/3S) -s +. 
After substituting Eq. (114) into (107), we carry out 
the summation over @ and ¢ and obtain 
Arp=—Q[3arv/4S ORT Z, (BL) P. (116) 


This result differs from the first Born approximation, 
Eq. (90), only by the factor Q. The expansion of Q in 
powers of S~' is easily obtained from Eq. (I, 82). It 
begins 


(110) 


(111) 


(113) 


(114) 


(115) 


Q=14+ (3S)"[3XiP.+2XP2+a]+-::, (117) 


in agreement with Eq. (94). The largest values of Q 
occur when $=}, in which case we have approximately 


Q=1.68, 1.35, and 1.45, (118) 


for the simple, face-centered, and body-centered lattice, 
respectively. 

The second virial coefficient is found from Eq. (106) 
and (114) and has the value 


by’ = [300/45 0°, 


For an “ordinary” Bose gas, for example helium, the 
2-particle interaction gives rise to an S-wave phase 
shift yo proportional to the momentum at low energies, 
and Eq. (99) then gives 


b.’~T! 


(119) 


(120) 


at low temperatures. The spin wave by’ is smaller by 
two powers of T than the normal order of magnitude” 


17 In this connection it may be of interest to observe that there 
is another well-known physical system which has an abnormally 
small by’, namely the Maxwell field. For details see Appendix II. 
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(120). Examination of the scattering-state wave func- 
tion of Eq. (I, 102) shows that the D-wave and S-wave 
contributions to 6,’ are both of order 7. For the 
D-waves this is the normal behavior. The peculiarity 
of the spin-wave interaction lies in the fact that the 
amplitude of the outgoing S-wave in Eq. (I, 102) de- 
pends on the angle between the incoming particle 
momenta. Such an angle-dependence is not possible in 
a system possessing Galilean invariance. For this reason 
any approximation to the spin-wave interaction by 
means of ordinary potentials in a continuous space is 
certain to lead to erroneous results.'* The S-wave 
phase shift is of order k*, and if it were independent of 
angle it would give b.’~T? according to Eq. (99). An 
additional power of T appears because the average of 
no Over angles is proportional to k°. 

The contributions of dynamical spin-wave interaction 
to the specific heat and magnetization are obtained by 
substituting Eq. (116) into (68) and (69). In zero 
external magnetic field these contributions become 


Crp=hL1SavQ/S ILS (5/2) PO, (121) 
Mip= — (m/S)[3avQ/2S]k (5/25 (3). (122) 


These are the leading correction terms which are to be 
added to the results (70) and (71) of the linear spin- 
wave theory. The correction to the magnetization is 
negative, indicating that the interaction between spin- 
waves is on the average attractive. 


9. HIGHER-ORDER DYNAMICAL CORRECTIONS 


There remains the task of estimating the order of 
magnitude of the higher terms in the virial series (82). 
It will be proved" in this section that all such terms are 
of higher order than 7° and therefore negligible in 
comparison with Eq. (116). Exact values of these terms 
will not be calculated. 

The change in the Hamiltonian from Eq. (20) to 
(26) has the effect of adding to Eq. (I, 58) a series of 
supplementary interactions between (2S+2) or more 
particles. The first supplementary interaction, involv- 
ing exactly (2S+2) particles, is 


Aes42= $J/(2S+1) 1] 
XDijani* (ni0*)? 75 (nj— 540). 


The others are of the same form and involve larger 
numbers of particles. All these interactions have matrix 
elements only between improper states. 

Each Green’s function I’; in the series (82) is a sum 
of contributions [',(G) from various Feynman graphs 
G. By dividing each I’; into its constituent I',(G), we 


(123) 


18 Van Kranendonk in Eq. (52) of the third paper quoted in 
reference 6 finds a2’~7~. His definition of the second virial 
coefficient a’ differs from our b2' by a factor 7~4. Thus his result 
is equivalent to Eq. (120), and the correct result is ay’~T. 

1 To avoid becoming immersed in what seem to be unimportant 
details, we do not attempt to maintain in this section the same 
standard of mathematical] rigor as in Secs. 2-8. 
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divide the whole expression Ap into a sum of terms 
T(G,, ---,G,). We call the term T “‘regular” if all the 
graphs (G,, ---,G,} are constructed according to the 
rules of Sec. (I, 9) with the two-particle interaction H: 
alone. Other terms, in which one or more of the supple- 
mentary interactions such as H2s;2 are involved, are 
called “irregular.” 

Consider an irregular term in which H2s;2 occurs 
operating at a particular graph vertex to which is 
associated the integration variable 8. To this term we 
add all the other terms which have H2s;2 operating at 
the same value of 8; and which belong to the same 
value of f in the series (82). The sum of all such terms” 
is apart from numerical factors an expression of the form 


Spur{exp[— (8—81) (—- Eo) JH2s+2 
Xexpl—6:1(H— Ep) }}, 


where the spur denotes a sum over states containing f 
particles. The summation over permutations Q in Eq. 
(82) is automatically included in Eq. (124) by the 
symmetry of the particle wave functions. Since 3 has 
zero matrix elements from improper to proper states, 
and H-2s,2 operates only between improper states, the 
proper states make zero contribution to Eq. (124). The 
contribution of improper states is, by the argument of 
Sec. 3, of order exp[—a#"] at low temperatures. 
Therefore Eq. (124) gives zero contribution to the 
free energy” in any term of an expansion in powers of 6. 

When we add together all irregular terms, the sum is 
not precisely Eq. (124). The terms including two 
irregular interactions are counted twice, and those 
including m irregular interactions are counted n times, 
in Eq. (124). From Eq. (124) we must therefore sub- 
tract a term of the form 


Spur{ exp[ — (8—81—B2) (#— Eo) JAes+2 


Xexp[— (8:—B2) (G— Ep) | 
X Aos+2 expl —B2(H— Ep) }}, 


(124) 


(125) 


plus a similar term with H2s,2 appearing 3 times, and ° 


so on. But Eg. (125) is also of order exp[—a@], by 
the same argument as before. In this way we arrive at 
the conclusion that the sum of all irregular contribu- 
tions to the free energy is zero in any finite power of @. 

The elimination of the irregular terms rests on the 
assumption that the series," of which Eqs. (124) and 
(125) are the first two terms, will be convergent. The 
assumption is not in fact valid. We have seen in Sec. 
(I, 3) that the Hamiltonian (H,+H2) has unbounded 
negative eigenvalues, and therefore the Born approxi- 


*® Strictly speaking, the sum is to be taken only over con- 
nected terms, while Eq. (124) includes contributions from dis- 
connected terms also. A repetition of the argument of Sec. 4 
shows that the disconnected terms can be subtracted, as in Eq. 
(56), without changing the conclusion that Eq. (124) is exponen- 
tially small. 

%1 This series is not a Born approximation series, but can be 
regarded as obtained from the Born approximation series by a 
suitable grouping together of terms. 
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mation series of the regular terms alone cannot con- 
verge. The irregular terms must to some extent com- 
pensate the divergence of the regular terms, because the 
modified Hamiltonian 5 is free from negative eigen- 
values. It is possible that the divergences from regular 
and irregular terms can be made to cancel each other 
completely, so that the Born approximation series for 
the total free energy is convergent. We do not attempt 
here to prove the convergence, but leave the question 
open for future investigation. The convergence problem 
was already discussed qualitatively in Sec. (I, 8). 

In this section we consistently use the Born approxi- 
mation for estimating the magnitude of both regular 
and irregular contributions to the free energy. The 
estimates so obtained are not mathematically rigorous. 
But it seems unlikely that a more careful analysis 
would change the main conclusion that all terms other 
than A zp are of higher order than 7°. A rigorous proof 
of this result would require a detailed investigation of 
the Green’s functions [; with i>3, and such an in- 
vestigation would need more time and effort than the 
problem is worth. 

The result of the preceding analysis may then be 
stated as follows. So long as we are calculating the 
Born approximation series term by term, and grouping 
the terms suitably together, irregular terms make zero 
contribution to the free energy in any power of 0. 

The regular terms can now be rapidly disposed of. 
According to Eq. (85), after the leading term Azp 
which has F = 2, the next terms of the series (82) which 
must be considered are those with F=3. There are 
two such terms, namely A p; with f=3, m;=1, n;=0 for 
i#3, and A px» with f=4, m.=2, m;=0 for i¥2. 

Let [';* denote the Green’s function for three par- 
ticles, constructed with the regular interaction Hy, 
alone. The term A p; is, apart from numerical factors, 


Aps= (BN) Daw (2) ¥ (yu) ¥ (v)I's*(Auv,Apv). (126) 


The summation variables A4yv are here independent, 
and the function I';” carries a factor exp —B(e.+e, 
+e,) ] which has the effect of limiting each variable to 
values of the order of [6!V-*]. We express I'3* as a 
sum of contributions ';*(G) from Feynman graphs G. 
According to Eq. (I, 129), each T'3"(G) includes a 
factor 
Py," (127) 
corresponding to the incident particle with momentum 
4, and a similar factor for the other two incident par- 
ticles with momenta y, v. By Eq. (I, 27), this T',,” is 
proportional to (6) for small 2, and is to first approxi- 
mation an odd function of 4. After averaging over the 
direction of 2, ',,” becomes proportional to (6d). Thus 
the order of magnitude of Eq. (126) is at most 


Aps~[N ¥) exp(—Be.) ¥ (2) (iA)? FP 
~T'9[ Z5;2(BL) F. 


This is comfortably smaller than A zp. The dependence 


(128) 





THERMODYNAMIC BEHAVIOR OF IDEAL FERROMAGNET 


on L is such that the contribution of Ap; to the mag- 
netization is a term of order 6'*/? which remains finite 
and nonsingular at zero external field. 

Next we consider the term A p22 which is, apart from 
numerical factors, 


A p= (BN) ~ ¥(2)¥(u)¥ (v)¥(o) 


X[6(A+u—v—o)I'2(Au,ve)l'2(ve,ry) 
+6(u—o)l's(Ayu,Au)T'2(ve,v0) J. 


The second term in the bracket in Eq. (129) carries a 
factor exp[—A(e.+e,+e¢,+e,)], and a repetition of 
the previous argument shows that this term is again 
of the order (128). The first term in Eq. (129) is, 
however, larger, because not all the variables 4, wu, v, 0 
are restricted to be small. The main contribution to 
Eq. (129) comes when either (2,4) are small and (v,o) 
large or vice versa. Suppose for example that (v,o) are 
large. Then the “intermediate state” consisting of the 
two particles with momenta (v,@) can exist for a short 
“time” of order (4J—') in both the functions I'2(4,vo) 
and I'2(vo,Au). After some elementary calculation, the 
order of magnitude of the first term in Eq. (129) 
becomes 


Ap2»~BLN— ¥) exp(—Ber) V (2) (A)? P 
~T({Z,(6L) F, 


and this gives a 6° contribution to the zero-field mag- 
netization. A more detailed discussion indicates that 
the leading term in A p22 merely cancels out a term in 
Axp involving (6’/8) which was omitted in passing 
from Eq. (101) to (102). In any case the entire con- 
tribution A p22 is of order T* or higher and will not be 
analyzed further. 

The terms in the series (82) with F>4 need not be 
discussed individually. The arguments which were 
used for F=3 can be applied to them, and it is clear 
that there will always be enough free momentum vari- 
ables to make the terms of order T° at least. This com- 
pletes our analysis of the higher order dynamical 
corrections. 


(129) 


(130) 


10. SUMMARY OF QUANTITATIVE RESULTS 


The results of this paper are all contained in the 
following formula for the free energy per atom at 
temperature 7. 


A=—4IS4y0— LS—kT[Z5y2(BL) 0" 
+€;Z7)2(BL)0°?+C2Zo/2(BL)0"” 
+CsS“[Z5/2(BL) PO+0(0") J. 


To avoid numerous cross references, the notations will 
be recapitulated: S is the spin per atom; (—J.S*) is 
the energy of two aligned nearest neighbor spins, o is 
the number of nearest neighbors per atom; L is the 
Zeeman splitting of the levels of a single atom in the 


(131) 
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external magnetic field; k is Boltzmann’s constant; » is 
the geometrical factor 

v=1, 24, and 3.2-4*, (132) 


for the simple, face-centered, and body-centered cubic 
lattices, respectively. Also 


Z,(x)=D j-"e*, 


j=1 
B= (kT), 
6=3kT/(2eJSyov)=T/(2xT.), 


(133) 


(134) 
(135) 


where 7, is approximately equal to the Curie tempera- 
ture, as explained in reference 7. 
The numerical coefficients C;, C, are given by 


C= $rv=2.35, 2.96, 2.81, 
C2=wnv?=10.2, 14.6, 13.7, 


(136) 
(137) 
for the three types of lattice. The coefficient C; depends 
also on S. If we make the very slight approximation of 
equating the two coefficients I';/ and I'./ which are 


defined for the face-centered lattice by Eqs. (I, 94) 
and (I, 95), then C; is for all three lattice types equal to 


C3=0C;, O=1+4/3(GS—1}4+a(35)", (138) 


with 
G=2Ir'=10, 24, 16, 


a=0.52, 0.34, 0.39. 


(139) 
(140) 
Equation (138) gives, for S=}4, 


C;=3.97, 4.00, 4.08, (141) 


and for S=1, 


C3=3.10, 3.46, 3.43. (142) 


In the limit as S—> «©, we have C;— Cj. 
The formula for the spontaneous magnetization per 
atom in zero external field is by Eqs. (69) and (131) 


M(T)= (m/S)[S—a6*!*— 0° — a6"! 
—a;,S—''+0 (8) ], 


where m is the magnetic moment of each atom and 
ao={ (3/2) = 2.612, (144) 
a,=£(5/2)C, = 3.15, 3.97, 3.77, (145) 
a2={(7/2)C2 = 11.5, 16.4, 15.4, (146) 
a3= 2¢(3/2)¢(5/2)C3= 27.8, 28.0, 28.6, (S=4), (147) 
=21.7, 24.2, 24.0, (S=1), (148) 
= 16.5, 20.7, 19.7, (S=«). (149) 


(143) 


In the temperature range over which these results 
might reasonably be applied, say for 0<7<}4T7., the 
numerical value of @= (7'/2r7'.) does not exceed (1/12). 
Over this range the a; term in Eq. (143) is less than 4% 
of the ap term when S=3, and less than 2% when S=1. 
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It is therefore unlikely that the a, term, representing 
the effect of interactions between spin waves, could 
ever be observable in a real ferromagnet. The physical 
differences between a real ferromagnet and the Heisen- 
berg model will certainly cause deviations from Eq. 
(143) large enough to hide the a; term completely. The 
practical conclusion of the whole investigation is 
simply this, that the linear Bloch theory with non- 
interacting spin waves is good enough for all practical 
purposes. 
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APPENDIX I. PROOF OF EQ. (37) 


Theorem.—Let S, and S» be two independent spins 
each of magnitude S. Then, for any state of the com- 
bined system, 

S’—(S-S2)> (8S)“[(Siz)— (S2e) 

Proof.—Any state of the combined system may be 
written 


v=ayprstby’, |a|*+]b|*=1, 
where yes is an eigenstate of the total spin 
(Sit S2)Y2s=J (J+1)yos 
with J=25S, and y’ is a combination of eigenstates with 
J <2S—1. Then 
P-- (S:- S:)=S(2S+1)—3((Sit+ S.)*) 
> |b]*.S(2S+1)—S(2S—1)]=25|b|2. (Al) 
The state yes is symmetric with respect to inter- 
change of the two spins, and therefore 


(Wes*(Si12—S222s) =0. 
Hence 


(Siz) — (S22) = b(Y* (Siz— S22)) 
+ab* (y’* (Si1.— S222). 


But all eigenvalues of (S;,—S2:) are bounded by 2S in 
absolute magnitude, so that 


| (Siz)— (Szz)| S2S[|b| +|a| |b] ]<45]0). 
Together, Eqs. (A1) and (A2) imply the theorem. 


(A2) 
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APPENDIX II. SECOND VIRIAL COEFFICIENT 
OF A PHOTON GAS 


In the case of the Maxwell field, the second virial 
coefficient 5,’ is an effect of the scattering of light by 
light.” We may expect an unusual temperature de- 
pendence of b,’ because, in the scattering of two low- 
energy photons with relative momentura k, the largest 
phase shifts » are proportional to k*. We define the 
virial coefficients by the formula analogous to Eq. (64), 


A=—(2/x2)(RT/he)*T ¥ bye", 


(A3) 


giving the free energy per unit volume at temperature 
T, for a photon gas with a “chemical potential” L. The 
quantity L is introduced for mathematical convenience, 
and is put equal to zero after any necessary differentia- 
tions have been performed. The normalization is 
chosen so that 


b= 1, bp =24++-d,’. (A4) 


The value of 62’ obtained from the photon-photon 
interaction is then 


be! = (44/15) (a/)*(kT'/me*), (AS) 


where a= (1/137) and mc is the electron rest energy. 
The lowest order quantum-electrodynamical correction 
to the Stefan-Boltzmann formula for the energy density 
p in a radiation enclosure at temperature T is given by 


p= (w°/15)(kT'/he)*kT[1+ (7/3) (4)b2']. (6) 


The temperature dependence of Eq. (A5) is even 
stronger than that of Eq. (119), mainly because the 
photon mass is zero while the effective spin-wave mass 
is finite. Owing to the difference in mass, the volume of 
phase space accessible to a photon at temperature T is 
proportional to 7*, while the volume accessible to a 
spin wave is proportional to T?. The phase-space factor 
has the effect of making the spin wave b,’ intermediate 
in behavior between the b,’ of an atomic gas and that of 
a photon gas. But in its qualitative features, the inter- 
action between two spin waves is much more similar to 
the photon-photon interaction than to any normal 
interatomic potential. 


% See J. M. Jauch and F. Rohrlich, The Theory os Photons and 
Electrons (Addison-Wesley Press, Cambridge, 1955), Chap. 13. 
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A general expression for the Nernst coefficient, in terms of phenomenological parameters of the band 
transport equations, is derived for a two-band semiconductor for which Boltzmann statistics may be applied 
to the carrier distributions. The expression reduces to that given by Putley when his assumptions are 
made. The information obtainable from experimental values of the Nernst coefficient is discussed in the 
light of the expression derived in the paper. Also discussed is how this information might be supplemented 
from experimental values of the thermoelectric power. An expression for the latter, in terms of the phe- 
nomenological band transport parameters, is given. It reduces to that given by Johnson and Lark-Horovitz, 
when their assumptions are made. It is pointed out that the phonon drag effect should cause an anomaly 
in the Nernst coefficient corresponding to that in the thermoelectric power, and an estimate of the former 


anomaly is made. 





N a recent paper’ (to be referred to here as I) 
concerning ambipolar diffusion of the electrons and 
holes down a temperature gradient in a semiconductor, 
an expression was derived for the contribution of the 
ambipolar flow to the Nernst effect. In the present 
paper this calculation is extended to give an expression, 
in terms of phenomenological parameters of the band 
transport equations, for the complete Nernst coefficient. 
This expression reduces to that given by Putley? when 
his special assumptions are made. The information 
obtainable from measurement of the Nernst coefficient 
is discussed in the light of the expression derived here. 
Also discussed is how this information might be supple- 
mented by experimental values of the thermoelectric 
power. An expression for the latter, in terms of the 
same band transport-equation parameters, is derived. 
It is a generalization of the result given by Johnson 
and Lark-Horovitz.* It is pointed out that the “phonon 
drag effect’* should cause an anomaly in the low- 
temperature Nernst coefficient comparable to that 
which it causes in the thermoelectric power, and a rough 
estimate of the anomaly in the former (for p-type 
germanium at 50°K) is given. 


1, THE TRANSPORT EQUATIONS 


We confine ourselves to a cubic semiconductor. For 
a homogeneous single cubic crystal, the relevant phe- 
nomenological bulk transport equation, to terms linear 
in the transport vectors and magnetic field, is 


E=pJ+RHXJ-—Q gradT—BHXgradT, (1) 


where E, J, H, and T have their usual meanings. Of the 
four coefficients, p, R, and B are, respectively, the 
resistivity and the Hall and Nernst coefficients. The 
fourth coefficient, 2, can be shown to be related to the 


1p, J. Price, Phil. Mag. 46, 1252 (1955). 
2E. H. Putley, Proc. Phys. Soc. (London) B68, 35 (1955), 
Table 2. 
3V. A. Johnson and K. Lark-Horovitz, Phys. Rev. 92, 226 
1953). 
' +4 P. R. Frederikse, Phys. Rev. 92, 248 (1953); C. Herring, 
Phys. Rev. 96, 1163 (1954). 


thermoelectric power, Q, by Eq. (27) of Sec. 3. To find 
expressions for p, R, B, and Q, we calculate the current 
density J due to an electric field and temperature 
gradient acting together, and compare the result with 
the solution of (1) (again, to linear terms only) for J: 


pJ = E+ gradT—p*hX E+ (cB—p#Q)hXgradT, (1’) 


where u”=cR/p is the Hall mobility and h=H/c. For 
a two-band semiconductor 


J=e(n2u2— nu), (2) 


where the m, are the carrier concentrations and the u, 
the drift velocities in the bands. The subscript labels 
the band: s=1 for electrons, s=2 for holes. We calcu- 
late the u, subject to the same assumptions® as in I 
(Sec. 1). In the absence of a magnetic field, 


—u,=+y,E+D, grad(logn,)+D," gradT, 


where the upper sign applies for electrons and the lower 
one for holes. (This meaning is to be given to the 
symbols +, * wherever they occur in this paper, 
except that in an equation applying to an extrinsic 
crystal the meaning might be stated more clearly by 
saying that the upper sign refers to n-type and the 
lower to p-type.) As in I, we substitute the Einstein 
formula 
D,=kTy,/e 


for the diffusion coefficient, and set 


D,7=y7D, /T= Yousk/e. 
Then 


u,= —u.L + E+ (kT/e) grad(logn,) 
+ (ky./e) gradT]. (5) 


The effect of the magnetic field (in the linear limit 
which we are considering) on each of the three terms 


5It should be observed that for silicon (except for n-type 
extrinsic) assumption (d) should be valid only below room 
temperature, according to the estimate of 0.035 ev [see for 
example F. Herman, Proc. Inst. Radio Engrs. 43, 1703 (1955) 
Fig. 9] for the spin-orbit splitting of the valence band at the 
zone center. 


1245 





1246 se 


of (5) is to rotate the component normal to H by an 
angle of H/c times the corresponding “mobility.” For 
the first term of (5) the latter is the band Hall mobility, 
us”. For the second term it is also u,”, as was shown in 
I. For the third term the “mobility” has in general a 
different value, which we denote by the symbol \,”. 
Then 


u.= —p.{+E+p"hXxE 
+ (kT /e)[ grad (logn,)+-u."hX grad (logn,) | 
+ (ky./e)[gradT+),"hX gradT J}. (6) 
For the concentration m, in (6) we substitute the 
equilibrium value ,(7'). Hence 
u,= —p{+E+p,"hx E 
+ (k/e)[(Td(logn,)/dT+-.) gradT 
+(u,”Td(logn,)/dT+\,"y,)hX gradT }}. 
Setting 
a,= Td(logn,)/dT+-7,, B.=y.(A.7—p,"), 
T.=CusNs, (7) 


(6’) 


substitution of (6’) into (2) gives 
J= (o:+02) E+ (k/e) (o1a1—c2@2) gradT 
— (2”—o ys” )hX E 
+ (k/e)[o1(u1"a1+B1)+02(u2"a2+Be) JhX gradT. (8) 


By comparison of (8) with (1’) we find the standard 
results 
1/p=c=oiton, pw? = (cous”—oy")/e, (9) 
and the further results 
Q= (k/e)(o1a1—722)/c, 
and [making use of (9) ] 


B= (k/ec)[ (0102/0) (ur® +2") (arta) 
+ (o:8:+0282)/o]. 


2. NERNST COEFFICIENT 


(10) 


(11) 


The formula (11) is conveniently written 


B= (k/ec)[ Bie o102/0°+B10;/0+B202/c | 
; =By+Bit+B2, (12) 


where 


B12= (ur” +2") (ar+a2) 
= (ux¥+p2")[Td(lognns)/dT+71+-721], 


and the @, are defined in (7). The assumptions on 
which (10) and (11) depend include the assumption 
that m, and m2 are small enough for Boltzmann statistics 
to be applicable.* We then have, by Eq. (28) of Sec. 3, 


nyn2= const.T* exp(—A/kT), (13) 

* This assumption (g) of I is implicit in the use of the Einstein 
relation (3) between D, and y,, and hence in Eq. (5). For the 
“soft” semiconductors (those with a gap A of a few tenths of an 
ev or less) especially, this assumption can effectively limit the 
applicability of the results of the present paper. 
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where A= €o:— €o2 is the energy gap between the bands, 
and hence’ 


Bio= (ur? +u2”)[A/kT+34+714+-72]. (12") 


The term of (12) proportional to o02/o? (i.e. Bis), 
with the expression (12’) for 812, was derived in I (it is 
B— Bo, Eq. (21), there) and a comparison was made 
with the formula for B put forward by Putley,? which 
was evidently derived by the conventional assumptions 
of spherical energy surfaces and of scattering of the 
carriers by Debye longitudinal lattice modes only. (For 
brevity, we will refer to these assumptions as defining 
“the Classical Model.”’) It was noted in I that for the 
classical model, since u,.”=32y,/8 and y,.=4, Biz re- 
duced to the corresponding term of Putley’s formula 
[i.e., to the first term of Eq. (24) in I]. The remaining 
terms, B,+B2, of (12) were not then available for 
comparison with the remaining term of Putley’s result. 
It can be shown that for the classical model \,”=0. 
(This result follows from Eq. (16) of the text: see the 
discussion following Eq. (18).) With this further substi- 
tution, (12) and (12’) reduce to a formula for B which 
is identical with Putley’s formula. Thus Eq. (12), with 
B12 given by (12’) and the 8, by (7), provides a formula 
for the Nernst coefficient, in terms of phenomenological 
transport-equation parameters of the bands, for a model 
more general and more realistic than the classical one. 

To make clearer the relation of (12) to Putley’s 
formula, it may be helpful to give the expressions for 
the phenomenological parameters u,, us”, ys, 42% which 
result from assuming a model of generality intermediate 
between that of this paper and that of the “classical 
model”: namely, in which each band has spherical 
energy surfaces and a carrier scattering kernel S(p,p’) 
sufficiently symmetrical for the transport param:ters 
to be expressed in terms of a relaxation time 7(v) (where 
v is the carrier velocity), but in which the form of the 
function r(v) is not limited to that for the classical 
model, r=const/v. The theory of the transport param- 
eters for this “intermediate model’’ is outlined in the 
appendix. The results are® 


we= (¢/ms)(2,1)./(2,0)., 

wa” = (¢/m,)(2,2)./(2,1)., 
ie (2,0).(2,2).— (4,2), 
(2,0).(2,1).— (4,1), 


(14) 
(15) 


(16) 





Ms 


2 


(17) 


“| (4,1). 


hc. a i} 
(2,0).(2,1). 
Here m, is the band effective mass and (7,7), means the 


7 We do not take into account here the variation with temper- 
ature of the effective energy gap. See note (e) added in proof. 

® The possible infinite value of \,¥ implied by (16) has no 
physical significance, because \,” occurs in the transport equations 
only in the combination y,A,”, which remains finite when the 
denominator of (16) vanishes. 
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average, over the (Maxwell-Boltzmann) distribution of 
carriers in the band, of v‘r,’: 


(,j).=(0'r+).. (18) 


For the classical model, (i,7),=(v*-*),(vr,.)4. Then the 
numerator of (16) vanishes, and hence \,”=0. The 
results quoted for u,” and y, for the classical model 
follow in a similar way. From (16) and (17), we have 
for the 6, of (12) 
3u.7 


(4,2), (4,1), 





‘it rorres ent 


It follows from (19) that if r,.=const v” then the sign 
of 8, is the sign of r,, and that if r, is independent of v 
then 6,=0. 

From (12) it follows (subject to the same general 
conditions as for the “Dunlap ellipse’”®: that the rele- 
vant band mobilities and the forbidden gap A, and for 
our case the y, also, remain independent of doping 
over the range in question) that if the conductivity is 
varied at constant temperature by doping then the 
curve of B versus uy” should be a parabola, with the 
vertex the maximum of B. This result was obtained in 
I for Bi2(u"). For the complete expression (12) it still 
holds, the parabola being displaced (without rotation) 
by the extra terms B,+B,. (See Fig. 1.) By solving 
Eq. (9) for o:/o and o2/o and substituting the results 
in (12), we obtain an expression for B in terms of yu”: 


(ec /k) (ui? +pu2")?B= —Bi2(u")? 
+ [B12 (u2” —yi%)+ (B2—B1) (ur? +y2”) ] uw 
+[Biqur# 2” + (Bye +Bour™) (ur? +2") J. 


The ends of the doping curve are at the points 


B= (k/ec)B;. 


(20) 


wit=Fy,", (21) 


For the parabola Bi2(u”), the vertex (maximum of By2) 
is at the conductivity minimum, where o;=o2. The 
effect of the extra terms, B,+ Bz, in (12) is to shift the 
vertex of the new parabola B(u”) to the point where 


B12(o1—92)=0(81—f2). (22) 


For germanium and silicon this displacement should 
normally be small because the A/T term of (12’) makes 
B12 large compared with 8; and @». As an alternative to 
(20), we may express (12) as a formula for B in terms of 


«= (o0/0)’, (23) 


where oo is the minimum value of o for the given 
temperature. Then 


B= (k/ec) (4812 x }(81—B2) (1—«)#+$(61+ 82) ]. 


By means of (20) or (24) it is possible (for the temper- 
ature range in which the purest available crystals are 
intrinsic or nearly so, and have coefficients 1, 62, and 


(24) 


9 W. C. Dunlap, Phys. Rev. 79, 286 (1950), Sec. 5. 
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Fic. 1. The Nernst coefficient-Hall mobility parabola. The 
full curve is for the complete expression (12). (6; and 82 have been 
assumed to be negative.) The dashed curve is for the first term, 
Bi, alone. The vertex of the latter, A’, is at the conductivity 
minimum. Hence OC’= (u2¥—y:")/2 and 4C’A’/D’E’=A/kT 
+3+71+72. 


B12 not appreciably altered from their intrinsic-state 
values by the levels of impurity concentrations present) 
to determine the 6 coefficients of (12): that is, A being 
known, the combinations y;(A7?7—p1”), yo(A2e¥—p2*), 
vitvy2 of the four unknowns 7, v2, A1”, Ao”. To 
obtain the separate values of the latter, a fourth 
independent combination must be determined. Equa- 
tion (10) indicates that the thermoelectric power in- 
volves the y,, and therefore that there is the possibility 
of obtaining the values of all four unknowns by com- 
bined measurements of the Nernst coefficient and 
thermoelectric power. This possibility is investigated 
in the following section. 

The values of B to be expected, according to (12), 
when B&B, (that is, when B,.>B,+B:2) have been 
discussed in I. For Ge and Si, By. should be a good 
approximation to B for intrinsic or near-intrinsic speci- 
mens,® except at the highest temperatures (near the 
melting points); but for the “soft’’ semiconductors, 
such as were studied by Putley, B;+B, is never really 
negligible compared to Bj. For extrinsic specimens, 
on the other hand, we have 


Bo Bi~(k/ec)Bi= (k/ec)yi(A1® — 1"), 
BY Be~(k/ec)B2= (k/ec)y2(A2® —p2"”). 


(n-type) 
25 
(p-type) (25) 


At the lowest temperatures, (25) may of course be taken 
as an equality. To get an idea of what order of magni- 


Tt is assumed that the wu,” are known, since they may be 
obtained by means of the Dunlap ellipse. (If they are not known 
the @’s may still be obtained by means of (24), but then the A’s 
still involve the u,”.) Even if 812 and the »,” are known accurately, 
the combination y:+~2 is thereby determined with an uncer- 
tainty equal to the uncertainty in A divided by kT: this limitation 
is likely to be a serious one in practice. 
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tudes (25) predicts, we express k/ec in practical units: 
k/ec=0.862X 10-* volt? sec/cm? gauss degree. (26) 


If the combination of mobilities in (25) has a (positive 
or negative) value of order 10* cm?/volt sec, then we 
expect 
71 
|B} ~10-+( ) volt/gauss degree. 
Y2 


Unless the phonon drag effect is important (see Sec. 4), 
yi and y2 can be expected to be of order unity; so 
| B| ~10- in practical units. (In estimating the avail- 
able voltages from this result, it must be remembered 
that values of H should be less than those at which 
effects quadratic in H are appreciable—that is, roughly 
speaking, those at which the magnetoresistance effect 
is appreciable.) 


3. THERMOELECTRIC POWER 


It was concluded in Sec. 2 that the four unknown 
phenomenological transport coefficients, the y, and the 
\.”, cannot be determined completely from experi- 
mental values of the Nernst coefficient, but that there 
is the possibility of obtaining the required additional 
information from measurements of the thermoelectric 
power, which should involve the y,. To investigate this 
possibility, we derive an expression for the absolute 
thermoelectric power, Q, of a semiconductor by means 
of the general formula" 


Q=d(¢/e)/dT—Q(T). (27) 


Here © is the transport coefficient appearing in Eq. (1) 
and ¢ is the chemical potential of the electrons (the 
Fermi level, on the band model) in the substance when 
it is electrically neutral and in equilibrium at tempera- 
ture 7. For a two band semiconductor we have, subject 
to assumptions (d), (fi, (g) of I, 


n= 2(2em,kT/h*)* exp (¢—€01)/kT ], 
n= 2 (2rm2kT /h?)} exp. (€o2— £)/kT], 


where the €9, are the band-edge energies and the m, are 
the density-of-states masses. From the product and 
the quotient, respectively, of the two Eqs. (28), we 
obtain Eq. (13) and the formula 


2¢= €o1+ €o2 + RT [log (m1/n2)—log(m;/mz2)!]. (29) 
By (10) and (7), the second term of (27) is given by 


2Q= (k/e){ (o4 /a)(_Td(logm)/dT+1] 
— (o2/0)[Td(logms)/dT+-2]}. (30) 


1 Equations (27) and (31) will be derived and discussed in a 
forthcoming paper (III of the series) on thermoelectricity. It 
seems worth anticipating this paper with the remark that, 
although of course only the difference between values of Q for a 
pair of substances can be measured, the expression (27) gives the 
“absolute” thermoelectric power of a single substance in the 
sense that it makes TdQ/dT equal to the Thomson coefficient, 
which is defined for a single substance. In I it was implied errone- 
ously that 2 is the Thomson coefficient : the actual general relation 
of the latter to 2 will be derived in the forthcoming paper. 


(28) 
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On substituting (29) and (30) into (27), and making 
use of (13), we obtain 


ki m\ 3 m, 
oes) 
4s ag ae i cae 


An alternative form of this result is 


“LA 


++) 
2 


( 


This last expression for Q reduces for the classical model 
to that given by Johnson and Lark-Horovitz [Eq. (24) 
of reference 3]. (One may see this by setting y1=72=} 
in (32), and noting that ; and m2 in their expression 
are given by (28) here and that ¢ in their notation 
stands for p/p2.) 

We are concerned here with the possibility of deter- 
mining the y, empirically. We consider first the condi- 
tions where the Dunlap ellipse, and the Nernst-coeffi- 
cient parabola of Sec. 2, can be obtained—that is, the 
temperature range where by comparing crystals with 
different dopings at fixed temperature an appreciable 
range of conductivities, centered on the minimum value 
for the temperature, can be covered. The result (31) 
may be written 


o=-{[- le(=*)- (=) (—+3+1+n)] 
-[F me“) + t0e() +27}. ary 


From this formula we see at once that plotting a doping 
curve for Q would be useless for our purpose, since it 
could determine only the combination (A/kT+3+7; 
+2) which is already given by the doping curve forB. 
To obtain yi—72 (and hence, yit+y2 being known,” 
the y, separately) we would have to be able to deter- 
mine the absolute value of Q," as defined by (27). It 
should be possible to locate the point on the doping 
curve where the conductivity o is a minimum: then 
the absolute value of Q, times —e/k, is equal to the 
second square bracket of (31’). The resulting determi- 
nation of yi1—v7z2 is, of course, still only as accurate as 
the knowledge of the other two terms in the bracket 
allows. In the extrinsic range we have, by (32), 


O= (k/e)L(S—€0s)/ATF (y.+4)] (33) 


(where s=1 or 2, according to which band is con- 
ducting). Thus the appropriate y might be determined 
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if the absolute value of Q could be obtained, and if the 
distance of the Fermi level from the corresponding 
band edge were estimated with an error small enough 
compared with k7. Since Eqs. (31), (32) refer to the 
absolute value of Q, as defined by (27), one can hope 
at best to determine experimentally the difference 
between the values of the y, in the semiconductor 
studied and those in reference semiconductors for 
which the classical model or some other simple model 
is known to be valid, so that for the latter the y, can 
be assigned theoretical values. (Alternatively, one 
might hope to use as a reference substance in the 
thermocouple a metal so well understood theoretically 
that absolute values of Q could be calculated for it.) 
In spite of these disappointing conclusions, we shall 
see in the following section how, in the extrinsic case 
where (33) applies, the thermoelectric power can 
provide information of the kind sought. 

A method of determining yi+7y2, independent of 
that of Sec. 2 and possibly more accurate, seems worth 
noting: for a p-m junction, provided the values of the 
y. are independent of conduction type and of doping,’ 
the thermoelectric power of the couple is, by (33), 


e k (€01.— $n) + (Fp— €02) 





a=— 


+3-bortn] (34) 


é 


The left-hand side of (34) is a purely experimental 
quantity (being measured either directly or by com- 
parison of the two semiconductor-reference metal 
couples). The first term in the square bracket on the 
right can be estimated if the impurity concentrations 
and activation energies, and the density-of-states 
masses of the bands, are known. This method of 
determining y:i+72 should be applicable at tempera- 
tures between the transition range and the range where 
the phonon drag effect appears. 


4. PHONON DRAG EFFECT 


The result (25) indicates an effect which seems not 
to have been noticed so far. The Nernst coefficient in 
the extrinsic range is proportional to the appropriate y 
(i.e., v1 for n-type, y2 for p-type), and y measures the 
drift velocity due to the Soret effect: the drift caused 
by a temperature gradient in itself, apart from the 
diffusion caused by any resulting gradient of carrier 
concentration. If, as is normally so, the relaxation 
processes determining the mobility are interactions of 
the carriers with a substrate (lattice plus impurities 
and defects) which itself does not deviate appreciably 
from local thermal equilibrium, then the Soret effect 
arises entirely from the fact that carriers entering a 
given element of volume from different directions 
represent Maxwell distributions for different tempera- 
tures and hence have different mean speeds. In these 

This condition is not satisfied at temperatures where the 


phonon drag effect is appreciable or where the effect of impurity 
scattering on the mobilities is appreciable. 
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circumstances we may expect values of y of order 
unity. [See, for example, Eq. (17).] If, however, the 
substrate equilibrium is appreciably disturbed by the 
temperature gradient, in that the anisotropy of the 
distribution of lattice modes with which the electrons 
interact is appreciable, then the scattering kernel 
S(p,p’) of the carrier relaxation processes will be 
anisotropic, in the sense that S(—p, —p’)*S(p,p’), 
and hence there will be a net rate of transfer of mo- 
mentum (in the direction of —grad7T) from the sub- 
strate to a Maxwell distribution of carriers. This 
transfer of momentum will by itself cause a drift of 
carriers down the temperature gradient, in addition to 
the drift of the normal origin mentioned above, and 
hence it will contribute an extra term to y. The carriers 
are entrained by the flux of lattice modes. Anomalies 
observed in the low-temperature thermoelectric power 
of germanium," and more recently in those of silicon'® 
and of indium antimonide,'® have been interpreted*:'*>'® 
as being due to this effect, termed the “phonon drag 
effect.” The anomaly occurs at low temperatures be- 
cause the contribution to y from the effect is essentially 
proportional to the flux of thermal energy transported 
by the lattice vibration modes, and the “‘lattice-mode 
thermal conductivity” of the single crystal increases 
greatly with decreasing temperature in the range in 
question. Since B is proportional to y, there should be 
an anomaly in the former corresponding to the anomaly 
in Q.!7 From (25) and (33), we have 


kf3 @—-f pi—\8 
Cot rs 

e\2 kT c 
(where ¢€0, wu”, and \” refer to the appropriate band). 
Since the contribution to y due to the phonon drag 
effect is evidently large compared with the value, of 
order unity, to be expected normally, it seems that the 
anomaly in Q and in y can be adequately estimated in 
practice, from measurements on a thermocouple of the 
semiconductor and a reference metal, without one’s 
being able to infer the absolute value of Q from the 
measurements. 

For p-type germanium, enough information is avail- 
able for an attempt to estimate the anomaly in B. Let 
the superscript ph denote the anomalous contribution. 
From Geballe and Hull’s data, as analyzed by Herring 
(reference 4, Fig. 2), it appears that for a high-resistance 
sample y2”"~ 50 at 50°K (and increases to about double 
this value at 25°K). Specifically, for Geballe and Hull’s 
“Sample 7’ Herring finds Q”~~3.0 millivolts/degree. 


(35) 


13 Scattering of a carrier at an impurity atom, properly de- 
scribed, still involves absorption or emission of lattice-vibration 
quanta to take up the recoil momentum. 

“4H. P. R. Frederikse, reference 4; T. H. Geballe and G. W. 
Hull, Phys. Rev. 94, 1134 (1954). 

15 T, H. Geballe and G. W. Hull, Phys. Rev. 98, 940 (1955). 

16H. P. R. Frederikse and E. V. Mielczarek, Phys. Rev. 99, 
1889 (1955). 

17P. J. Price, Bull. Am. Phys. Soc. Ser. II, 1, 47 (1956). 
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From Morin’s published data'* we take y2”~6.3X 104 
cm?/volt sec at 50°K. Corresponding to (35), we have 


BPh= -+-0?*(y#—)HPh)/c, (36) 


where \” »* is the galvanomagnetic mobility appro- 
priate to the anomalous contribution to y. Since no 
value of A,” »* is available, some assumption about it 
or estimate of it is needed. One possibility is to suppose 
it equal to \2” for the normal Soret effect, and to set 
the latter, in turn, equal to zero, the value it has on the 
classical model. In this way we arrive at the estimate, 
for the p-type “Sample 7” at 50°K, given in reference 
17: 


Br'~—2X10~ volt/gauss degree. (37) 


On further consideration, this assumption about 
\2” *, and the resulting estimate of B?*, seem dubious. 
It is implausible that \¥ should be the same for the 
normal and anomalous contributions to y.'* Even for 
the classical model, however, the calculation of \” »* 
in terms of the perturbation of the phonon distribution 
proves to be complicated and delicate; and at the time 
of writing no final conclusions have been reached. 
(The source of the difficulty is that the effect vanishes 
in the zeroth order of the ratio s/v, where s is the 
velocity of sound, and derives from the first order of 
this ratio: that is to say, it originates in what are 
normally neglected corrections in the classical model, 
from the difference between the scattering by absorption 
of phonons and the scattering by emission of phonons.) 
Since in any case a detailed discussion of this problem 
would be inappropriate to the plan of this paper, the 
subject wil! not be followed any further here. The 
result (37) must be replaced by the weaker statement 


| BP*| ~10-* volt/gauss degree (38) 


(for Geballe’s “Sample 7” at 50°K). 

The useful voltages actually available are limited by 
the restriction, mentioned at the end of Sec. 2, of the 
values of H to those for which magnetoresistance and 
other effects quadratic in H are negligible. A rough 
criterion for the allowable fields is that (u¥H)*«c’. 
That is, say, 

wt H/c Zt <1, (39) 


(where ¢ might be a few tenths). We then have, roughly, 
| BP) H<~| Ql ¢. (40) 


This criterion would limit the voltages available from 
the anomalous Nernst effect to those from the anoma- 
lous Seebeck effect times ¢ times the appropriate 
geometrical factor. In our case, this is of order a 
millivolt/degree times the geometrical factor. However, 
actual measurements of the Hall effect as a function of 


18 F, J. Morin, Phys. Rev. 93, 62 (1954). 

In any case the results of the classical model are not even 
approximately correct for P-type Ge, as can be seen from the 
fact™® that yr” /y2 varies strongly with temperature, even in the 
absence of impurity scattering. 
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field H show that for p-type Ge the criterion (39) is 
not stringent enough: the Hall mobility falls off at 
much lower fields.” At 50°K the field is limited to less 
than 100 gauss, for linearity to be preserved, and this 
limits | B?*| H to of order 100 microvolts/degree. 
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APPENDIX: VALUES OF THE TRANSPORT 
PARAMETERS FOR A GENERAL +(v) 


We need only consider a single band, so we drop the 
subscript s. The analysis corresponds to that in I from 
Eq. (16) to Eq. (19) there. Here we adopt the same 
notation, except that w(p)=+(e—¢o) stands for the 
excitation energy of the particle relative to the band 
edge. By retaining the terms in V7 and substituting 

Dfi= fi/r, (Al) 

we obtain, in place of Eq. (19) of I, 
(fi/r)+q(vxXh)- (df:/dp)= fov-[X—wY], (A2) 

where again h=H/c, and 
X= (q/kT)E—V log n+ (3/2T)VT, 

Y= (1/kT?)VT. 

If we denote the right-hand side of (A2) by ¢, then 
the solution of (A2) for f,, as far as terms linear in h, is 

fi=ro—79(vXh)-[4(rh)/dp]. (A4) 


In evaluating the second term of (A4), we make use of 
the facts that dw/dp=v, that r=r(v), and that 
w=mv/2 (where m is the band-edge effective mass). 
Then we find 


fi=r fot (X—wY)- v— (gr/m)[hX (X—wY)]-v}. (AS) 
The drift velocity, u= / f,vd*p, according to (AS) is 
u= X-(rvv)— Y-(wrvv) 

— (q/m)[ (hx X) -(r?vv)— (hX Y)-(wr?vv)], (A6) 
where the brackets { ) denote averages over the 
equilibrium distribution. Since we are assuming spher- 
ical energy surfaces, the four scalar products X-(rvv), 


etc., may be replaced by X(rv")/3, etc. Then, in the 
notation (18), 


3u= (2,1)X—4m(4,1)Y 
— (q/m)hX[(2,2)X—3m(4,2)¥].  (A7) 


On the other hand, Eq. (6) becomes, when written in 
terms of X and Y, 


u,=u,(kT/e)[X— (y+ 3)kTY2u."hX X 
aE (yrs? +$u." )kTHX Y]. (A8) 
» Harman, Willardson, and Beer, Phys. Rev. 94, 1065 (1954). 


(A3) 





TRANSPORT EFFECTS 


Comparing coefficients of (A7) and (A8), remembering 
q=¥e, and substituting 


3kT = m(2,0), 


we arrive at the results (14)-(17). 

Notes added in proof.—(a) The effect predicted in 
Sec. 4 has been demonstrated by Geballe” in his 
measurements of the low-temperature Nernst coefficient 
of germanium. The experimental work is now concen- 
trated on further developments, such as the interesting 
and important question of the effect of strong magnetic 
fields. Dr. Herring is conducting a detailed analysis 
of the Bell Laboratories results. 

(b) The difficulty, mentioned in the passage between 
Eqs. (37) and (38), over the calculation of the Hall 
angle for the phonon drag effect has been clarified, in a 
discussion with Dr. Herring and on further study, as 
follows: The various phonon drag effects are propor- 
tional, for given relaxation rates, to the square of the 
velocity of the lattice modes involved. The difficulty 
explained in the paper appears when one tries to calcu- 
late the Seebeck and Nernst effects, because this 
velocity factor then introduces itself through the elec- 
tron energy change” in electron-lattice collisions, which 
cannot be neglected but rather is the origin of the effects. 
If, however, one calculates instead the Peltier and 
Ettinghausen effects (which are equivalent to the two 
former effects, by the Kelvin and Bridgman formulas 
respectively), thus considering the energy transported 
with an electric current rather than the current induced 
by a temperature gradient, then this velocity-of-sound 
factor appears in the effect of collisions with electrons 
on the lattice mode distribution, in a way that does not 
cause mathematical difficulty. I was trying to work 
by the former method, while Herring used the latter 
one. By the latter method, the Hall angle corresponding 
to the “phonon drag” contribution to the Ettinghausen 
effect may be readily calculated for the classical model. 
If the resulting formula for \” »* on the classical model 
is combined with Geballe’s results, it appears that the 
low-energy phonon relaxation time is proportional 
approximately to the square of the phonon wave- 
length. It seems not worthwhile to give this calculation 


*1 C, Herring and T. H. Geballe, Bull. Am. Phys. Soc. Ser. II. 1, 
117 (1956). This discovery, which was made independently of my 
work, was briefly communicated to me by Dr. Herring while the 
manuscript of the present paper was in the final stages of prepara- 
tion. I thought it best to complete the latter without reference 
to the experimental work, adding this note instead of modifying 
the text. 

2 Tt is convenient here to use the word “electron” to mean 
either conduction electron or hole. 
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and formula, since the real interest is now in the actual 
departure from the classical model, and since my result 
is contained in the far more advanced work of Herring 
on the latter question. It should be mentioned, how- 
ever, that the formulas for the anomalous contributions 
to the Seebeck and Nernst effects which I obtained 
“the hard way” for the classical model do not agree 
with those for the Peltier and Ettinghausen effects 
obtained “the easy way.” It has been pointed out by 
Sondheimer™ that the deviations of the phonon and 
electron distribution functions from equilibrium are 
actually given by two coupled equations such that it is 
incorrect to solve for one deviation by assuming the 
other to be as if the phonon drag effect were absent 
(which is what has been done so far, except in the 
calculation by Herring mentioned below). This criticism 
is quite correct, and bears equally on both kinds of 
calculation described above: on further examination, 
however, it turns out that the present disagreement 
between them is not thereby accounted for. The order 
of magnitude of the necessary correction to the results 
of calculations of the phonon drag effects is the pro- 
portion of relaxation events, for the low-energy phonons, 
which are collisions with an electron. This is normally 
negligible, except for high electron concentrations. The 
existence of this correction was pointed out by Herring 
in his paper (reference 4, the beginning of Sec. VII), 
where he makes an estimate of the correction, as a 
function of electron concentration, for the thermo- 
electric power of germanium. I am indebted to Geballe 
and Herring for communicating and discussing their 
work. 

(c) Reference 8 might usefully be amplified. What 
happens in the circumstance referred to is that the 
component of the Soret drift parallel to the temperature 
gradient vanishes, while the component normal to the 
temperature gradient does not. This is an interesting 
situation, though not evidently of any deep significance. 

(d) A theory in some respects comparable to, and in 
some respects supplementing, the present one has been 
published by Bass and Tzidilkovski.™ 

(e) The results given in Secs. 2 and 3, and Eq. (35), 
depend on the assumption that the band energies are 
independent of temperature. Generalizations to include 
a temperature variation are given in a forthcoming 
paper (III of this series) on thermoelectricity. See the 
paragraph containing Eqs. (47)—(49), Sec. 2, there. 

% FE. H. Sondheimer, Proc. Roy. Soc. (London) A234, 391 
(1956). 


*F. G. Bass and I. M. Tzidilkovski, J. Expertl. Theoret. Phys. 
U.S.S.R. 28, 312 (1955) [Soviet Phys.—JETP 1, 267 (1955) ]. 
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The fine structure spectrum of the Cr+** paramagnetic resonance line in a single ruby crystal has been 
studied at 300°K. From the measurements it is found that the zero-field splitting of the spin levels is 2(0.193 
+0.001) cm and the spectroscopic splitting factors are gu=2.003+0.006 and gi =2.00+0.02. 





I. INTRODUCTION 


AGNETIC resonance absorption at 9309 Mc/sec 
has been observed in a single ruby crystal at 
300°K as a function of the static magnetic field for 
several orientations of the crystalline c-axis relative to 
the magnetic field. The resonance absorption has been 
interpreted as due to Cr*** ions in a crystalline electric 
field of trigonal symmetry. From the measurements 
the splitting of the ground state has been inferred along 
with g,, and g,. 

Resonance absorption due to transitions between the 
split ground-state levels of the Cr*** ion was also 
observed in approximately zero field at 11 593 Mc/sec. 

The basic structure of ruby is rhombohedral! in 
which all Cr and Al atoms are in equivalent sites whose 
symmetry is trigonal; consequently the internal 
electric fields also have trigonal symmetry about the 
crystalline c-axis. The effect of the crystalline field 
perturbation on the ‘F; state of the free chromic ion 
is to split this state into two twofold orbitally degenerate 
states and three onefold orbital states all of which are 
(2S+1)-fold degenerate with respect to the spin. In 
the interpretation of the data it has been assumed that 
an orbital singlet is the lowest energy state and that the 
\(L-S) perturbation then removes partially the spin 
degeneracy giving two twofold degenerate spin levels 
in zero magnetic field. On the basis of these assumptions 
a spin Hamiltonian can be deduced which must show 
the same symmetry as the crystalline electric field. 
For the case of trigonal symmetry’ it takes the form 


H=DS?+6[g,S,H.+g.(S:-H:+S,H,) |, (1) 


provided that the effect of \(L-S) is taken into account 
only as far as second order and that all nuclear inter- 
actions are neglected. The 3-axis is chosen in (1) to 
coincide with the trigonal axis of the electric field; 
therefore, (1) can be written in the convenient form 


H=DS?+6H[g,,S; cosd+g, sind{ te*(S,—iS,) 
+}e-#(S.+iS,)} J, (2) 
where @ is the polar angle between the z-axis of the 


*This work was supported in part by a contract between the 
Office of Scientific Research of the Air Research and Development 
Command, Baltimore, Maryland and The Ohio State University 
Research Foundation. 

1R.W. Wyckoff The Structure of Crystals (The Chemical Cata- 
log Company, Inc., New York, 1931). 

( 8 ot eaney and K. W. H. Stevens, Rept. Progr. Phys. 16, 108 
1951). 


crystal and the externally applied magnetic field and 
@ is the azimuthal angle about the z-axis. The 
parameters D, g,,, and g, can be obtained from measure- 
ments for 2=0° and = 90°. 


Il. EXPERIMENTAL METHOD 


The experimental arrangement used is shown in 
Fig. 1. The method consisted in detecting the change 
in Q value of a rectangular cavity excited by a reflex 
klystron oscillator. The absorption of the microwave 
energy by the sample reduced the Q value of the cavity 
and this was detected as a change in the dc voltage 
across the crystal diode detector. This dc voltage was 
amplified and put onto the vertical plates of an oscillo- 
scope. A small voltage proportional to the current 
through the magnet coils was applied to the horizontal 
plates of the oscilloscope, so that as the magnetic field 
was varied through a resonancea plot of absorbed power 
versus magnet current was made. A proton resonance 
flux meter was used to measure the magnetic field at 
the center of a line by superimposing the proton reso- 
nance on the paramagnetic resonance line. This was done 
by feeding the output of the fluxmeter into the time 
marker channel of the oscilloscope. During the meas- 
urements the klystron was monitored and measured 
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Fic. 1. Block diagram of the paramagnetic resonance spectrograph. 
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by a secondary standard calibrated in terms of WWV. 

The essentially zero-field measurements were made 
using an X-13 Varian klystron. In this situation the 
magnetic field was swept from +100 gauss to —100 
gauss and the frequency shifted until the two oscillo- 
scope traces of the low magnetic-field line, one corre- 
sponding to the positive value of the resonance field 
and the other corresponding to the negative value of 
the resonance field, were made to coincide. 

The single crystal used in the experiments was held 
in the magnetic field by means of a device incorporating 
a divided circle directly readable to one minute of arc. 
The crystal was cemented to a polystyrene rod whose 
axis coincided with the axis of the divided circle and in 
such a manner that the c-axis was perpendicular to the 
axis of the graduated circle. The crystal and crystal 
mount were lined up with respect to the magnetic 
field by optical means so that the c-axis could be 
oriented parallel to and perpendicular to the field by 
rotations about the axis of the graduated circle. 


Ill. EXPERIMENTAL RESULTS 


Two crystals were used in the measurements. One 
was a natural ruby crystal, which contained probably 
less than 1% of chromium, whose c-axis was 
determinable by visual observation. The other crystal 
was a synthetic ruby in the form of a slender cylindrical 
rod whose c-axis made an angle of 56° with the axis 
of the rod. The latter contained approximately 2% 
of chromium. 

The position of the fine structure lines for both 
samples agreed rather well with one another; however, 
the measurements on the natural ruby were more 
reproducible because of its narrower lines. The data for 
both samples could be best fitted with the Hamiltonian 
in (1) by setting 

D=0.193+0.001 cm~, 


£1, = 2.003+0.006, 
g,=2.0040.02. 


@@ EXPERIMENTAL POINTS 
44 CALCULATED POINTS 


i 


F sai 


i 


3 


MAGNETIC FIELD IN Gauss 


H 








30 =~ 40~SCS«~SO 60 70 #0 90 
DEGREES 


Fic. 2. A plot of the resonance fields at 9309 Mc/sec of the 
Cr*** fine-structure spectrum as a function of the polar angle @. 
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Fic. 3. A typical oscilloscope trace of one of the fine-structure 
lines observed in a single natural ruby crystal. 


This value of D agreed with the value obtained from 
the zero-field measurements. The agreement between 
experimental and calculated values of the resonance 
fields were within experimental error for @=0°; how- 
ever, for 0=90° the agreement was only good to within 
1 percent of the measured value. To check the agree- 
ment at intermediate angles, numerical tables compiled 
by Parker’ were used. For all angles the measured 
values agreed with calculated line positions to within 
1 percent of the measured value. The variation of the 
fine-structure lines with polar angle @ is shown in 
Fig. 2. Some calculated points for the low-field line 
are shown at orientations where the intensity of the 
line was too small for observation. The line widths 
observed in the case of the natural ruby were roughly 
45-70 gauss. A typical resonance line in the natural 
ruby is shown in Fig. 3. 


IV. CONCLUSIONS 


The resonance spectrum of the Cr*+** ion seems to be 
generally described by (1); however, some of the 
discrepancies between experimental and calculated 
values, which cannot be attributed to experimental 
error, may be due to the fact that fourth order terms 
of the spin operators have not been included in (1). 
It is felt that probably the addition of these higher 
order terms will not change appreciably the value of D 
obtained in these experiments but may shift the g 
values slightly. 
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The magnetoresistance of 11 ohm-cm m-type germanium has been measured from 77°K to 320°K. Analysis 
of the results indicates that the data are consistent with the model which assumes that the energy surfaces 
are (111) ellipsoids. The most consistent analysis indicates that the mass ratio is approximately constant 
(about 11.9) in this temperature range but that the scattering mechanism is temperature-dependent. The 
relaxation time may be approximated by r=/e*, where s=s(T). 


I. INTRODUCTION 


HE magnetoresistance effects in n-type germanium 

have been found to be anisotropic.'* Abeles and 
Meiboom® have shown that the existing anisotropy 
agrees with a model which assumes that the energy 
surfaces are ellipsoids oriented along the (111) direc- 
tions in k-space. By assuming that the ellipsoids are 
prolate with the masses characterizing the ellipsoids 
being in the ratio 20:1 and by assuming lattice scatter- 
ing (re), they were able to obtain quantitative 
agreement with the room temperature measurements 
of Pearson and Suhl.' The assumption that the energy 
surfaces are ellipsoids oriented along the (111) directions 
has been verified by low-temperature cyclotron reso- 
nance experiments. Kittel‘ finds a mass ratio of about 
15:1 while Lax, Zeiger, and Dexter report a mass 
ratio of about 17:1. 

Abeles and Meiboom found that the magneto- 
resistance effects observed at liquid nitrogen tempera- 
ture by Pearson and Suhl did not agree with their 
assumptions as well as the room temperature measure- 
ments. This could be due to a temperature dependence 
of the mass ratio or the scattering mechanism. The 
measurements of the temperature dependence of the 
magnetoresistance effects being reported here were 
undertaken in an attempt to determine whether the 
mass ratio or the scattering mechanism was tem- 
perature dependent. 

The current carried by a cubic semiconductor in the 
presence of weak magnetic fields is® 


i=oo9E+aEXH+fSEH*+~7H (E-H)+éME, (1) 


where M is a diagonal tensor with elements H,’, H.?, 
and H;?; the subscripts 1, 2, and 3 refer to the axes of 
cubic symmetry. The coefficients oo, a, 8, y, and 6 are 
integrals which can be evaluated, in principle, if 
assumptions are made concerning the equilibrium 
distribution function and the dependence of relaxation 
time and energy upon the wave vector k. The reciprocal 

* Present address: Westinghouse Electric Corporation, 7325 
Penn Avenue, Pittsburgh 8, Pennsylvania. 

1G. L. Pearson and H. Suhl, Phys. Rev. 83, 768 (1951). 

2 C, Goldberg and R. E. Davis, Phys. Rev. 94, 1121 (1954). 

3 B. Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954). 

4C. Kittel, Physica 20, 829 (1954). 

5 Lax, Zeiger, and Dexter, Physica 20, 818 (1954). 

6 F, Seitz, Phys. Rev. 79, 372 (1950). 


of Eq. (1) is! 

E= po i+ 4iXH+ Bi’?+CH(i-H)+DMi], (2) 
where 
(3a) 
(3b) 
(3c) 


po=1/o0, 
A=—apo, 
= — (B+ pra") po, 
C= — (y—pra)po, (3d) 
= —5po. (3e) 


It can be readily shown! that the fractional change of 
resistivity in the presence of a weak magnetic field can 
be expressed in terms of the coefficients of Eq. (2): 

(px—p0)/po= Ap/po= H*[B+C(Zm)*-+Dz ex], (4) 
where ¢1, t2, «3 and m1, 2, m3, are the direction cosines with 
respect to the axes of cubic symmetry of the current 
and the magnetic field respectively. 

We shall adopt the notation Ap/po= M),:""*’"’, where 
the subscript kl refers to the crystallographic direction 
of the current and the superscript h’k’i’ refers to the 
crystallographic direction of the magnetic field. Using 
(4), we find that 

Mi,0"'= BH’, 
M0 = (B+-D/2) 7’, (Sb) 
M0!" = (B+C+ D/2)H?. (5c) 

All of the above equations are phenomenological 
and no assumptions are involved other than assuming 
weak magnetic fields. Because of this assumption, 
(M xr’ *’"’ /H*) means lim y40(M yur’ *’" / A). 

If one assumes that the energy surfaces are ellipsoids 
oriented along the (111) axes in k-space and that the 
relaxation time is a function of the energy alone, 
i.e. t=7(e), then the magnetoresistance coefficients 
of Eq. (1) are 

B=cK (2K+1)(K+2)/, 
vy=—-B, (6b) 
$=2cK (K—1)7/, (6c) 


where K is the mass ratio, c is independent of K, and 


(Sa) 


(6a) 


(7) 
de 


fo being the equilibrium distribution function. The 
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consequences of (6b) are B= —C and 
M0! = M130" + M i10!". (8) 
If it is assumed that r=/e*, the integral (7) can be 
evaluated and from Eqs. (6), (3), and (5) the magneto- 
resistance effects can be evaluated. 
(M110 / H?)/ (Rooo)? 
=[b,(2K+1)* 
(M 310!” H?)/(Rooo)* 
=b,(K—1)?(2K+1)/3K(K+2)?, 


where R, is the zero-field Hall coefficient and 


CCH) 
Pl 


The quantity M110!" is, of course, still given by (8). 

Abeles and Meiboom analyzed the data of Pearson 
and Suhl by use of Eqs. (8) and (9), assuming s= —}. 
The same procedure will be followed here but an addi- 
tional method will also be used.? From (6) it is seen 
that 


K(K+2) |- (9a) 


(9b) 


bd, = 


6/B=2(K—1)?/(2K+1)(K+2). (11) 


This relation, which assumes only that r=7(e), can 
be used to determine the mass ratio experimentally 
and (9a) and (9b) can then be used to determine s if 
the data can be consistently described by a relaxation 
time of the form r=le*. 
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Fic. 1. Temperature dependence of zero-field 
resistivity and Hall coefficient. 

7 This method is, in part, that used by Herring in analyzing 
the magnetoresistance of n- type silicon [C. Herring, Bell System 
Tech. J. 34, 237 (1954); G. L. Pearson and C. Herring, Physica 
20, 975 (1954) ]. 
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Fic. 2. Temperature dependence of magnetoresistance. The dashed 
line is the sum of the two solid lines. See Eq. (8). 


II. EXPERIMENTAL RESULTS 


n-type rectangular samples were cut from an 
antimony doped germanium ingot grown by the method 
of Teal and Little.* The crystals were cut so that the 
current would be carried in either the (100) or (110) 
directions. The resistivity was approximately 11 ohm 
cm at room temperature. Measurements were made of 
po, the resistivity in the absence of a magnetic field, Ro, 
and Myjo!, Miyo!®, Myo, Mio, and Myo. from 
77°K to 320°K. Measurements of G, the planar Hall 
coefficient,” were also made. 

Measurements were made as a function of field from 
500 to 3700 gauss. All values reported here have been 
obtained by extrapolation to zero field. 

Figure 1 shows the Hall coefficient and resistivity 
for a sample carrying current in the (110) direction. 
The Hall measurements were made with the field 
in the (001) direction. Figure 2 shows the magneto- 
resistance effects for the same sample. The dashed 
line through the Mj,0° data has been calculated from 
the M0 and Mj,0!"° data by means of Eq. (8). 

The good agreement with (6c) is indicative of the 
presence of (111) ellipsoids. The effects of the intrinsic 
holes present around room temperatures can be seen 
in the Hall coefficient and magnetoresistance effect 
data. The observed effect due to the holes agrees 
qualitatively with the magnitude and sign of the room 
temperature magnetoresistance coefficients for p-type 
germanium.” The observed temperature dependence of 
the resistivity in the extrinsic region may be expressed 
as approximately 7'-*, This is in agreement with pre- 
vious measurements of resistivity’ and drift mobility.” 

The data given in Fig. 2 is sufficient to determine the 
three magnetoresistance coefficients of Eq. (2) so that 

8G. K. Teal and J. B. Little, Phys. Rev. 78, 647 (1950). 


®P. P. Debye and E. M. Conwell, Phys. Rev. 93, 693 (1954). 
1 M. Prince, Phys. Rev. 92 681 (1953). 
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Fic, 3. Temperature dependence of the quantities (M /H?)/ 
(Rooo)?*, (a) for My™, (b) for Mi", and (c) for Mio. The 
values of the mass ratio K given on the right of each figure have 
been calculated from Eqs. (8) and (9) for r=/e™-. 


additional measurements will not give new information 
but can only be used to check the accuracy of the 
measurements shown in Fig. 2. The planar Hall 
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coefficient can be expressed in terms of Mj,0', Mii0™, 
and M;,0'"°. This is also true of the magnetoresistance 
of a sample with current being carried in the (100) 
direction. Measurements have been made of G10, 
Goo", M yoo, and M j90"°. The results of these measure- 
ments are in agreement with the data shown in Fig. 2. 


III. DISCUSSION 


As previously stated, the measurements of Mi10!!°/H® 
are seen to be in good agreement with Eq. (8) which is 
based on the (111) ellipsoid model. In Figs. 3(a), 3(b), 
and 3(c) the temperature dependence of the quantity 
(M/H?)/(Rooo)? is plotted for M40", Mio", and 
M0. The values of K shown on the right-hand side 
of these figures have been calculated from Eqs. (8) 
and (9) for s= —} and indicate the values of the mass 
ratio that correspond (for this relaxation time assump- 
tion) to the values of (M/H*)/(Roso)? shown on the 
left hand side of each of these figures. The measure- 
ments of Pearson and Suhl are also shown. At 77°K, 
there is an appreciable difference between their measure- 
ments and the ones being reported here. 

The large values of (M/H*)/(Rooo)? found at 320°K 
are due mainly to the fact that at this temperature the 
intrinsic holes present have caused an appreciable 
decrease in the Hall coefficient (see Fig. 1). Despite 
this fact, or perhaps because of it, the values found 
around 300°K are in approximate agreement with a 
mass ratio of 20 as found by Abeles and Meiboom. 

Below room temperature our data could not be 
consistent with their model unless the mass ratio 
slowly decreases as the temperature is lowered. More- 
over, in any case, at any given temperature the three 
mass ratios indicated by the three parts of Fig. 3 are 
not mutually consistent. For example, at 77°K a mass 
ratio of 1.5 is obtained from (3a), 8 from (3b), and 5 
from (5c). It would seem that a changing mass ratio 
alone cannot account for the variation with temperature 
of the quantities (M/H*)/(Rooo)? since the measure- 
ments cannot be explained consistently at a given 
temperature by use of a single mass ratio. 

It is more likely that the difficulty is with the 
relaxation time assumptions. The model assumes, e.g., 
Taste I. Experimental values of the quantity 6/8 and the values 

of K deduced from these measurements by means of Eq.(11). 
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0.675 11.2 

12.1 
11.4 
10.9 
11.4 
12.5 
13.0 
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that there is no intervalley scattering’ (scattering 
from one ellipsoid to another) and no ionized impurity 
scattering. If intervalley scattering is present, its 
relative importance probably changes with temperature 
so that the relaxation time does not follow the same 
simple power law at all temperatures. As indicated in 
Sec. I, the ratio 6/8 should be independent of the 
scattering mechansim as long as the relaxation time 
is a function of the energy only. In Table I are shown 
the experimental values of the ratio 6/8 and the mass 
ratios deduced therefrom by means of Eq. (11). It is 
seen that throughout the temperature range from 
77°K to room temperature the data are consistent with 
a mass ratio of about 12. There is an indication in 
Table I that the mass ratio increases as room tempera- 
ture is approached. This may be caused by a change 
in the ratio 6/8 due to the presence of intrinsic holes. 
(The effect of these holes can be seen most clearly in 
Fig. 1 in the decrease in the Hall coefficient as room 
temperature is approached.) Furthermore, excluding 
the measurements at 7 =292.3°K, the ratio 5/8 given 
in Table I varies only a few percent throughout the 
temperature range. It is felt that this variation is not 
large enough, considering experimental uncertainties 
in the necessary extrapolations to zero field of the 
quantities M/H?, to state definitely that the mass 
ratio changes with temperature. 

Excluding the value given for T= 292.3°K, the values 
of K given in Table I have a mean value of 11.9 with a 
standard deviation of 0.8. By assuming that this mean 
value is the correct value at all temperatures the data 
given in Fig. 3 can be used to evaluate the parameter 
s as a function of temperature for a relaxation time 
7=le*. For this mass ratio (9a) yields 


(Mi10™)/ (Rooo)?= 1.2360; —1, (12) 


where 6, is given by (10). The values of s determined in 
this way are shown in Fig. 4. This curve can be used 
to determine (Mj,0!°/H?)/Rooo)? and (M4,0!!°/H?)/ 
(Roo)? by means of (9b) and (8). The solid lines in 
Fig. 5 show the values of these quantities calculated 
using a mass ratio of 11.9 and a relaxation time of the 
form r=le* with s being given by Fig. 4. Also shown 
are the experimentally measured values previously 
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Fic. 5. Comparison of measured values of (M/H*)/(Roco) 
with values (solid lines) calculated by assuming K=11.9 with a 
temperature-dependent relaxation time described by Fig. 4. 


given in Fig. 3. While the agreement between the 
calculated and experimental values is not perfect, it 
nevertheless indicates that the observed temperature 
dependence of the quantities (M/H*)/(Rooo)” can be 
explained by assuming that s=s(7). 

The slow decrease in Ry as the temperature is lowered 
can also be shown to be consistent with a mass ratio 
of 11.9 and the relaxation time described by Fig. 4. 
For r=/e*, the zero-field Hall coefficient is 


Ro= (9n'b2/4)K (K+2)/(2K+1), 


mC) 


IV. SUMMARY 


The measurements of the magnetoresistance of 
n-type germanium are in agreement with the model 
that assumes that the energy surfaces are ellipsoids 
oriented along the (111) directions in k-space. The 
most consistent agreement is found by assuming that 
the mass ratio is constant above 77°K but that the 
scattering mechanism changes with temperature. 

Note added in proof.—The authors wish to call atten- 
tion to two papers which have appeared since this 
manuscript was written. Benedek, Paul, and Brooks 
[Phys. Rev. 100, 1129 (1955) ]} have pointed out the 
large effects that small amounts of impurity scattering 
will have on the integral J defined by Eq. (7). This 
could explain the temperature dependence of the relax- 
ation time (Fig. 7) as being due to a small amount: of 
impurity scattering which increases as the temperature 
decreases. C. Herring and E. Vogt [Phys. Rev, “101, 
944 (1956) ] have shown that if the anisotropy of the 
relaxation time is considered, the quantity K is actually 
the mass ratio multiplied by the ratio of transverse to 
paralla] relaxation times. This could explain the dis- 
crepancy between our experimental value of K= 11.9 
and the mass ratio as measured by cyclotron resonance. 


(13) 
where 
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The effect of O2 on the photoconductive response of evaporated PbS films has been experimentally in vesti- 
gated. The dark conductance g, the photoconductance Ag, and the time constant 7 for the photoconductive 
response of PbS evaporated films vary when the films are exposed to oxygen. Initially g decreases several 
orders of magnitude when an outgassed film is exposed to oxygen; it reaches a minimum and then increases. 
The thermoelectric power changes from negative to positive at the minimum in conductance. Ag and r are 
given as a function of g. Ag decreases with increasing oxygenation, reaches a minimum near the minimum in 
g and then increases as g increases after the film becomes p-type; Ag/g is a maximum, however, near the 
minimum in g. On the other hand, 7 increases steadily as the film changes from n- to p-type. 

These results are attributed to the effect of two oxygen surface states. A low-lying O~ state alters the Fermi 
level of the originally n-type film. The surface charge thus formed lowers the effective carrier mobility. A 
higher energy O~~ state, when empty, traps photoelectrons and hence enhances the hole photoconductivity. 


INTRODUCTION 

T is generally accepted that the photoconductive 
effect in PbS-type films can be attributed to the 
creation of excess current carriers by the action of light. 
Reeently, Rittner and Fine! and Humphrey’ have sug- 
gested that high sensitivities and long time constants in 
these films might be explained by a mechanism whereby 
the photocarriers are trapped. Minden’ has pointed out 
that oxygen adsorbed onto the microcrystalline surfaces 
of a PbS film can act as an electron trap. He has also 
shown how such traps can produce the changes in 
conductivity and thermoelectric power, which are ex- 
perimentally observed when PbS films are exposed to 
oxygen.‘ The notion that adsorbed oxygen can act as an 
electron acceptor is not new. Gibson® has attempted to 
explain the photoconductive effect in PbS films by 
assuming the light excites electrons out of the oxygen 
surface traps, thereby lowering the surface space charge 
barrier to conduction. This particular barrier modula- 
tion theory has been disproved on a number of points, 
but there is still evidence that oxygen surface states play 

an active role in the photoconductive process. 

The present paper reports experiments in which 
evaporated PbS films were treated with O2. The conse- 
quent changes in the magnitude and time constant of 
the photoconductive response were observed. Changes 
in the dark conductance and the sign of the thermoelec- 
tric power were simultaneously measured, and a definite 
correlation was made between the dark conductance and 
the photoconductive response. A theory for the correla- 
tion is proposed in terms of the effect of adsorbed 
oxygen. Although oxygen acts to reduce the effective 
carrier drift mobilities, it also enhances the lifetime of 
the photoholes by trapping the photoelectrons. 


* This work was supported in full by the United States Air 
Force through the Office of Scientific Research of the Air Research 
and Development Command. 

1 E. S. Rittner and S. Fine, Phys. Rev. 98, 545 (1955). 

27. N. Humphrey, Naval Ordnance Laboratory Report 
NAVORD-3922, 1955 (unpublished). 

3H. T. Minden, J. Chem. Phys. 23, 1948 (1955). 

4H. T. Minden, J. Chem. Phys. (to be published). 

5 \. F. Gibson, Proc. Roy. Soc. (London) B64, 603 (1951). 


Experimental Methods and Results 


The apparatus and the general procedures of evapo- 
rating lead sulfide films have been described previously.’ 
Films evaporated in vacuum and through oxygen were 
investigated. The cell was kept in a circulating water 
bath at room temperature during the evaporation. The 
oxygen pressure was kept constant kinetically at about 
500 4 during evaporation for the oxygen evaporated 
films. Both the fresh vacuum and fresh oxygen evapo- 
rated films were p-type as determined from thermoelec- 
tric measurements. The films were quite easily made 
n-type by outgassing in vacuum at temperatures usually 
less than 250°C. Once a film was n-type, it was exposed 
to oxygen and the changes in the dark conductance and 
photoconductance were observed as the film went from 
n- to p-type. It was possible to follow these changes at 
room temperature when oxygen was added to a n-type 
oxygen evaporated film. However, the vacuum evapo- 
rated films sometimes had to be heated gently in the 
presence of oxygen in order to obtain significant changes 
in the film conductance. Alternatively, a p-type film 
may be outgassed in steps. That is, by heating the film 
in vacuum for brief periods of time and then cooling it, 
the variations in the film conductance and photocon- 
ductance can be observed as the film goes from p- to 
n-type. 

The photoconductive response was measured by ex- 
posing the cell (see Fig. 1) to light square-wave modu- 
lated at 90 cps. The signal developed across the load 
resistor was amplified and measured with a vacuum tube 
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voltmeter. The light source used for the oxygen evapo- 
rated films was a 2-watt tungsten filament lamp, and a 
microscope lamp was used for the less sensitive vacuum 
evaporated films. 

The cell time constant was prewar ers using a concen- 
trated arc source. The light was modulated at a fre- 
quency comparable with the reciprocal of the time 
constant. The signal was displayed on an oscilloscope 
screen after it was passed through a wide band amplifier. 
Photographs of the oscilloscope trace were taken and 
analyzed. 

The photoconductive circuit is shown in Fig. 1. The 
photocurrent, Ai, is given by 


Ai= Eg1?Ag/(g+gxr)(gt+Agt+gz), (a) 


where Ag=the photoconductance, g=1/R=the cell 
dark conductance, g:=1/R,=the load conductance, 
and E=the bias voltage, usually 45 v. The signal or 
photovoltage, Av, developed across the load is 


Av= Ai/gi= EgiAg/(g+gr)(gtAgtegr).  (b) 


Experimentally, it has been found that Ag is very much 
less than g or gr so that Eq. (b), solving for Ag reduces to 


Ag=Av(g+g1)*/Eg. (c) 


The photoconductance was calculated from Eq. (c). 

Figure 2 shows plots of Ag vs g for a vacuum evapo- 
rated film and for two oxygen evaporated films. The 
absolute values of g and Ag changed from run to run for 
the oxygen evaporated films. Moreover, their sensitivity 
tended to decrease from run to run. These changes were 
associated with the heating of the film during the oxygen 
treatment. The curves were normalized at the point of 
minimum Ag. Figures 2(A) and 2(C) have the same 
general shape. When the film was n-type and oxygen 
was added, Ag decreased steadily to a minimum at the 
minimum conductance. Once the minimum in g was 
passed and the film was p-type, Ag increased as the film 
became more p-type, and this increase was greater than 
when the film was n-type. On the other hand, in 
Fig. 2(B) when the film was n-type and oxygen was 
added, Ag initially decreased, then increased slightly, 
before it decreased again to a minimum near the mini- 
mum in g. After the film became p-type, Ag increased 
regularly like the films described above. For still another 
film Ag was constant in the m range. 

Figure 3 shows a plot of the sensitivity, Ag/g vs g. The 
maximum sensitivity may occur either on the - or the 
p-type side of the conductance minimum. The sensitivity 
always decreased more slowly with increasing g in the p 
range than in the x range. In fact, it was observed that 
the sensitivity can be constant for a considerable range 
of p-type conductivity. It should be emphasized that the 
signal Av is proportional to Ag/g and not Ag. Therefore, 
with constant bias voltage, the signal is a maximum at 
the maximum sensitivity. This maximum sensitivity at 
the minimum conductance has also been observed by 
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Fic. 2. Photoconductance versus conductance. Open points indi- 
cate n-type conductivity; filled points, p-type. Arrows indicate 
direction of increasing oxygenation. (A) Vacuum-evaporated film 
V-9. go=3.3 umho, Ago=650 yumho. (B) Oxygen evaporated 
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film A-19. Circles, go=0.72 wmho, Ago==20 uumbho; squares, 
go= 1.0 umho, Ago=27 wumho. (C) Oxygen evaporated film A-18. 
Circles, go= 0.065 umho, Ago= 5.7 yumho; squares, go= 0.059 mho, 
Ago=7.1 wumho; triangles, go=0.46 umho, Ago= 58 pumho. 


others. Moreover, the oxygen evaporated films were 
about 10 to 20 times more sensitive than the vacuum 
evaporated films. However, the most sensitive oxygen 
evaporated films were about 100 to 1000 times less 
sensit ve than an Eastman Kodak cell. 

Analysis of the oscilloscope traces showed that the 
signal decay was exponential. Therefore, the time con- 
stant was taken as that time where the signal had 
decayed to ¢~ of its maximum value. Figure 4 shows 
how the time constant changed as an oxygen evaporated 
film was converted from m- to p-type as a result of 
oxygen treatment. For this film Ag was constant when 
the film was n-type and rose as the film became p-type. 

6 Sosnowski, Starkiewicz, and Simpson, Nature 159, 818 (1947). 


For the same effect in PbTe films, see D. Bode and H. Levenstein, 
Phys. Rev. 96, 259 (1954). 
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Fic. 3. Sensitivity 
Ag/g versus conduc- 
tance; oxygen evap- 
orated film A-18. 
So= Ago/go, [see Fig. 
2(C)]. Open points 
indicate n-type con- 
ductivity ; filled 
points, p-type. Ar- 
rows indicate direc- 
tion of increasing 
oxygenation. 
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The time constant increased on the n-type side until the 
film became intrinsic, then it increased still further and 
became constant when the film was very p-type. 
Smollet and Pratt’ also have observed that for p-type 
films the time constant increases initially, then remains 
practically constant as the film becomes very p-type. 


DISCUSSION ye 


The basic concept used to explain the above results is 
a duality in the nature of photoconduction in PbS films. 
First there is what might be called the conventional 
_intrinsic photoconductivity associated with pure PbS. 
In addition, there is an excess hole photoconductivity 
due to the trapping of photoelectrons in oxygen surface 
states. Besides providing surface traps, oxygen adsorbed 
onto the microcrystalline surfaces of the film also lowers 
the Fermi level much as do conventional bulk acceptors. 
Finally the adsorbed oxygen somehow blocks the trans- 
mission of current carriers from one microcrystal to the 
next, reducing the effective carrier mobilities. 
To develop the theory, assume first the simplest 
model of a semiconducting photoconductor. The con- 
ductivity and the photoconductivity are given by 


7=q(untot+uppo) (1) 
and 


Ao=q(undn+upAp), (2) 


respectively, where m» and po are the dark free electron 
and hole concentrations and An and Ap are the changes 
in the-concentrations caused by the action of light. 

Outgassed evaporated PbS films are always n-type. 
The adsorption of oxygen changes not only mo and po,? 
but also the effective mobilities u,, and uy». The reduction 
in mobilities by oxygen adsorption affect o and Ac alike. 
On the other hand, the effect of changing mo and fo on 
An and Ap is more complex, but it can be explained in 
terms of conventional recombination theory when the 
film is m-type. The generation equations for electrons 
and holes are 


(dAn/dt)= —(An/r,)+f, (3) 
(dAp/dt)= —(Ap/r,)+f, (4) 


7M. Smollet and R. G. Pratt, Proc. Roy. Soc. (London) B68, 
300 (1955). 
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where f is the rate of electron hole pair creation by the 
light. For low light levels the time constants r may be 
assumed independent of An and Ap. ‘The steady-state 
solutions are 

An= fra, (3a) 


Ap= frp. (4a) 


The Shockley-Read theory of recombination via bulk 
traps® concludes that r,=7,= 7. Substituting Eqs. (3a) 
and (4a) in Eq. (2), 


Ao=qfr(untuy). (5) 


As pointed out above, the reduction in mobility caused 
by the adsorption of oxygen reduces do. On the other 
hand, according to the Shockley-Read theory, as the 
Fermi level is lowered (in this case by the surface oxygen 
acceptors) r remains fairly constant while the material is 
still strongly m-type, rises to a maximum near the 
intrinsic range, and finally decreases to a constant value 
in the p-range. Hence while the film is still -type, u and 
7 have opposite effects on Ao with increasing oxygena- 
tion. For vacuum evaporated PbS films yw decreases 
faster than r increases, so that Ao decreases steadily as 
shown in Fig. 2(A). For films evaporated through oxy- 
gen, wu initially decreases faster than r, but there is a 
slight maximum in Ao near the intrinsic point corre- 
sponding to a maximum in r. This effect is shown in 
Fig. 2(B). In general, for oxygen evaporated films the 
variation of Ag with g when they are n-type seems to be 
less reproducible from film to film than the variation 
when they are p-type. Figure 2(C) shows a case where, 
with increasing oxygenation, » decreases faster than r 
increases throughout the whole » range. On the other 
hand, for film A-21 of Fig. 4 the increase in 7 just 
balances the decrease in « so that in the m range Ag is 
constant. 

In any case, according to the present theory, the 
sensitivity Ag/g is not affected by changes in the 
mobility. Since r either increases or remains fairly con- 
stant when the Fermi level is lowered from E, to Ej, 
while mo decreases exponentially as the Fermi level goes 
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~ §W. Shockley and W. T. Read, Jr., Phys. Rev. 87, 835 (1952). 
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down, Ag/g should increase with increasing oxygenation 
in the # range. This is shown in Fig. 3. 

The proposed mobility decrease with increasing oxy- 
genation is somewhat of a mystery. Crude calculations 
indicate that the barrier height of the negative surface 
ion layer predicted by Minden’ is only 10~ volt. Even if 
the oxygen layer is assumed to be polarized, the dipole 
barrier is 0.01 volt, unless an unusually large polariza- 
tion occurs. In this connection, Goldberg and Mitchell® 
have observed that the work function of a PbS film 
rises from about 5 ev when outgassed to over 6 ev upon 
exposure to oxygen. 

Even if the oxygen acceptors are absorbed into the 
interior of the microcrystals, the predicted mobility 
change based on impurity scattering theory is not 
enough to account for the experimental results on 
conductivity. This question has already been discussed 
by Minden.‘ Finally, it is not at all certain that scat- 
tering from the surfaces of the microcrystals significantly 
reduces the mobility. The indications are that the mean 
free path is about 75 that of the particle size. Perhaps 
the best suggestion that can be offered at present is that 
a surface negative ion layer strongly scatters those 
important carriers which transmit current from one 
microcrystal to another. 

To return to the discussion of photoconductivity, it is 
assumed here that PbS films are composed of small 
spherical microcrystals on the surface of which oxygen 
acceptors are adsorbed. Each oxygen atom has two 
acceptor levels. The O- level has an energy in or below 
the valence band; this level is assumed to be occupied 
always. The O— level is assumed to be somewhere in the 
forbidden zone, presumably below the mid-energy (see 
Fig. 5). As noted above, the films are strongly -type in 
the absence of oxygen. Adsorbed oxygen traps electrons 
from both the conduction and valence bands into the 
deep O~ state. The Fermi level in each small PbS 
particle is lowered as oxygen is adsorbed. While the 
Fermi level is above the O— energy, the O— states are 
also occupied; but when the Fermi level drops below 
this energy, these upper states are emptied. These 
empty states can then trap photoelectrons. It is assumed 
that recombination does not readily take place from 
these states. For recombination of electrons trapped in 
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these states to occur, they must first be liberated into 
the conduction band where they can then recombine 
fairly quickly. This trapping of electrons gives rise to a 
long hole lifetime, and therefore an enhanced hole 
photoconductivity. The O— states are not unlike the 

“activating centers” described by Rose." 

Let u,=the surface concentration of occupied o— 
states, and J, the total surface density of these states. 
The rate of liberation of electrons from these states is 


g= Bunny, (6) 


where 2,= NV ,e~(#<-£0/*?, F,=the energy of the O— 
levels, and V,=2(2rm,kT/h?)!. The trapping rate is 


r= B(N,—n,)n, (7) 


where w=the free electron concentration near the 
surface. In the dark, 


Bnom=B(N, 
In the presence of light 
(dAn,/dt) 


=r—g 


=B(N, 


— N40) No. (8) 


—no— An,)(no+An)— B(ngot+An,)m. (9) 


The steady-state solution is g=r, or, using Eqs. (8) 
and (9), 
An,= (N.— m0) An/(my+0+ An). 


Substituting Eq. (3a) for An, 
An,= (N.— 0) frn/(m+not fra). 
For low levels of excitation, this becomes just 
An,=[(N.—M0)/(mi+no) ]frn. (11b) 


Assume that the potential variation within the 
microcrystals is small. The requirement of charge 
conservation is 


(4/3)mra’ (Ap— An) = 4ra?An,, 


(10) 


(11a) 


Ap=An-+ (3/a)An,, (12) 


where a is the radius of the microcrystalline sphere. 
Substituting Eqs. (3a) and (11b) for Am and An,, 
respectively, 


Ap= frn(it+a), 
a= (3/a)(Ns—M0)/ (+0). (12b) 


If the Fermi level is several kT above E,, N.—n.»o=0 
and Ap=An, as was assumed above. When the Fermi 
level drops several kT below £,, N,—n o=N, and 
Ap>An. To estimate the magnitude of this effect, 
assume a= 5X10-* m, V,=10'* m~, and that E,= E,, 
the mid-energy of the forbidden zone. The microcrystals 
are strongly p-type under these conditions, so that 
noKn, and m= N,e~@e-F0/kT=y =~ 10"; a~ 10°. This 
large rise in a as the Fermi level drops below the trap 


” A, Rose, Phys. Rev. 97, 329 (1955). 
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energy is thought to account for the rise in photocon- 
ductivity in the p-range of conductivity. This rise can be 
seen in Fig. 2. Owing to the mobility decrease discussed 
below, the rise in Ag is not as rapid nor as great as is 
calculated from the trapping theory. Since the rise in 
Ag occurs when the film is p-type, it is concluded that 
the O— level lies slightly below Z;. Further evidence 
for this is shown in Fig. 3. In the p-range Ag/g decreases 
more slowly with increasing g than in the -range, and it 
may even remain constant in the p-range. 

Woods quantitatively measured the effect of illumina- 
tion on the Hall coefficient and resistivity of sensitive 
PbS films." It can be concluded from his experiments 
that the photoconductivity might be explained by a 
one-photocarrier model. This observation corroborates 
the above theory which predicts that for sensitive films 
Ap>dAn. Equation (11a) predicts that at high light 
intensities there should be a saturation effect in sensitive 
films (for which 2;+p is small). This effect has indeed 
been observed in Eastman Kodak chemically deposited 
PbS photocells.” 

In the p-range, the time constant for the decay of the 
hole photocurrent is just the time it takes for the excess 
electrons to be liberated from the traps after the light is 
turned off. To evaluate the transient decay in photocur- 
rent, we expand Eq. (9) and use Eq. (8). 


(dAn,/dt)= BL (N,— 40) An— (m,+m0+An)An, ]. 


An may be neglected as small compared with n,;+m». 
Assuming A? is not large enough to alter r, appreciably, 
Eq. (3) can be solved. 


An= frne~!™, (3b) 


Substituting Eq. (12) for An,, and Eq. (3b) for An, one 
can solve for Ap. To a good approximation, 


Ap= fra(e-! "+ ae—""*), 


(9a) 


(13) 
where 


T.=[B(mo+m) }. (14) 


For film A-21, there could be distinguished oniy one 
time constant, and this steadily increased with increasing 
oxygenation as shown in Fig. 4. When the film is »-type, 
a= 0 as discussed above and the time constant is 7, As 
the film becomes intrinsic, 7, increases. Eventually, 
however, a and r, become appreciable, apparently be- 
fore r, decreases in the p-range. Since only one time 
constant was observed, evidently r,~7, when a~1. As 
the film becomes more p-type, 7, becomes dominant 
because of its own large value and also because of the 
large value of a which masks the intrinsic photoeffect. In 
the limit, r,—(Bm)". 


uJ, F, Woods, Phys. Rev. 99, 658 (1955). 
1 Kodak’ Pamphlet No. U-2, Eastman Kodak Company, 
Rochester, New York. 
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Rittner and Fine observed that the photoeffect in 
PbS films is highly localized. Although the time con- 
stants they measure were large, the photocarrier drift 
lengths they measured were about an order of magni- 
tude shorter than they calculated from the time 
constants.' The time constant in sensitive films is pre- 
dicted to be high by the above theory. Furthermore, a 
very low mobility for both electrons and holes in a 
sensitive film is essential to the argument of the present 
work. It appears, then, that in estimating the drift 
length, Rittner and Fine merely assumed too high an 
effective mobility. 

The trap depth £, may vary from one film to another. 
If the microcrystalline surfaces of a given film are fairly 
perfect, then one would expect the O— levels to be 
fairly high on the average, because the ions would be 
relatively loosely bound to the surface.’* On the other 
hand, if the surface is very imperfect the traps will have 
a fairly low energy. It can be shown that a« e~#+/*?; 
hence, high-energy traps contribute little to the en- 
hancement of the photoeffect. It is the difference in 
energy of the surface traps, then, which is thought to 
account partly for the variation in sensitivity from film 
to film. 


CONCLUSION 


Pure PbS is a poor photoconductor, both in bulk and 
in film form. The carrier mobilities are low and the life- 
times of the photocarriers are short. The presence of 
oxygen is necessary to render a PbS film appreciably 
photosensitive. Moreover, oxygen is a unique sensitizing 
agent for PbS type films. According to the theory 
presented here, oxygen alone has two trapping levels 
which are properly situated with respect to the valence 
and conduction bands so that the hole lifetime can be 
enhanced. It is doubtful whether oxygen would sensitize 
any but a limited group of compounds which now in- 
cludes PbS, PbSe, PbTe, and TI.S. In fact, the sensitiza- 
tion of PbS type salts by oxygen seems so coincidental, 
that it is improbable that a similar sensitizing agent 
could be found for other semiconductors. Generally, 
semiconducting films have high extrinsic carrier concen- 
trations, while the mobility and lifetimes are small. In 
order to prepare a photoconductor to rival PbS-type 
films, single crystals would probably be necessary. In 
the absence of traps the “intrinsic” lifetimes and the 
mobilities would have to be high compared to those 
found at room temperature for bulk PbS or Ge in order 
even to approach the sensitivity of an oxygen-treated 
PbS-type film. So far these conditions have begun to be 
realized only in single crystals of InSb and of Au-doped 
Ge at low temperatures. 


8 See reference 4 for a discussion of the relationship between 
oxygen binding energy and trap depth. 
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Heat Capacity of Titanium between 4°K and 15°K* 


M. H. Aven, R. S. Craic, T. R. Waite, AND W. E. WALLACE 
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(Received January 27, 1956) 


The heat capacity of high-purity annealed titanium was determined in the temperature range 4 to 15°K. 
Results obtained can be represented by the equation C/T (joules/g atom deg*) =3.38X 10-*+-2.60X 10° °7° 
with an average deviation*of 1.57%. From this y, the electronic specific heat coefficient, and the De 
bye @ are evaluated to be (3.38+0.04) X10™ joule/g atom deg* and 421+2°K, respectively. 





N connection with a program for the study of the 

energetics of metallic systems at the University 
of Pittsburgh, the heat capacity of titanium has been 
measured from 4°K to 15°K. The calorimeter in which 
the measurements were carried out has the following 
features: (1) a gas thermometer is used as the working 
thermometer; (2) the sample is enclosed in the ther- 
mometer chamber so that the thermometric gas also 
serves as the heat exchange gas; (3) the calorimeter is 
surrounded by an adiabatic shield in order to minimize 
heat losses. A complete description of the apparatus 
and the experimental method will be published 
elsewhere.! 

The sample consisted of 384.39 grams or 8.029 gram 
atoms of crystal bar made by the Van: Arkel process. 
Its purity was represented by the manufacturer to 
be 99.95 to 99.99%. The heat-capacity determina- 
tions were made in the following sequence: 16 measure- 
ments from 5.69°K to 15.55°K, five measurements 
from 3.95°K to 5.87°K, five measurements from 
11.69°K to 14.29°K, and nine measurements from 
6.35°K to 15.76°K. After the first 26 measurements the 
sample container-thermometer bulb was evacuated and 
a new quantity of thermometric gas introduced into 
the system. There was no systematic deviation in 


TABLE I. Heat capacity of titanium (unsmoothed data). 








100Cp 
joules/deg g atom 


1.98 
2.19 
2.56 
7.98 
8.98 
10.17 
10.92 
12.6 
2.90 
3.28 
3.87 
4.36 
4.90 
5.54 
6.33 
15.3 
16.7 


T°K 


4.917 
5.381 
5.867 
11.691 
12.344 
12.998 
13.648 
14.287 
6.348 
6.984 
7.618 
8.253 
8.898 
9.559 
10.242 
15.129 
15.757 


Pp 
joules/deg g atom 


2.30 
2.75 
3.16 
3.70 
4.26 
4,98 
5.71 
6.12 
7.15 
8.17 
9.20 
9.87 
10.68 
12.4 
14.0 
15.5 
1.45 
1.71 





measured heat capacity between different fillings. The 
temperature increments employed in the measure- 
ments were approximately 0.5 degree. 

The unsmoothed data are listed in Table I and the 
plot of C/T versus T? is shown in Fig. 1. A least squaring 
procedure applied to the data below 13°K gave the 
following relationship: 


C/T (joules/g atom deg*) = 3.38X 10-*+- 2.60 10-°7°. 
J x 


This equation is represented as the straight line in 
Fig. 1. For 26 points below 13°K the average deviation 
between the measured heat capacity and the values 
computed from this equation is 1.57 %.* From the 
above equation and the experimental scatter one 
evaluates y, the electronic specific heat coefficient, 
to be (3.38+0.04)X10~ joule g atom™ deg~ and the 
Debye characteristic temperature to be 421+2°K. 
These values may be compared with those of Ester- 
mann, Goldman, and Friedberg? who made measure- 
ments on a sample of titanium from approximately 2 
to 4°K. They find that y=3.35X10~ joule g atom™ 
deg~’, in excellent agreement with the present results. 
Their value for 0, however, is 280°K which is consider- 
ably lower than the value found in this study. The 
variation in Debye @ may originate in differences in the 
chemical and physical states of the samples used. The 
sample used in the present work was of higher purity 
and was annealed in a helium atmosphere at 500°C for 
3 hours before being studied. The measurements by 
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Fic. 1. C/T versus T? for titanium. 








* This research was supported by a grant from the National 
Advisory Committee for Aeronautics. 
1 Aven, Craig, and Wallace, Rev. Sci. Instr. (to be published). 
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2 These were first data obtained with the new calorimeter. In 
later experiments a precision of about 0.5% has been attained. 
( cca Friedberg, and Goldman, Phys. Rev. 87, 582 

1952). 
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Estermann ¢ al. were made on a sample in the “as 
received” condition.‘ 

The heat-capacity work of Kothen and Johnston® 
at temperature above 15°K indicates a Debye @ for 
titanium in excess of 280°K but somewhat less than has 
been found in the present study. The values of 0 
computed from their measurements show a variation 
with temperature, as is generally the case, ranging 
from 354°K at 100°K to 360°K at 20°K. The trend 
with temperature is toward the higher value obtained 


‘Dr. Friedberg (private communication). 
5C. W. Kothen and H. L. Johnston, J. Am. Chem. Soc. 75, 
3101 (1953). 
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in this study. On the other hand, below 20°K the data 
of Kothen and Johnston lead to @ values which decrease 
with decreasing temperatures to a value of 335°K at 
15.4°K, the lowest temperature studied. Thus the 6 
values in this range are tending toward the lower value 
of 6. However, the measurements of Kothen and 
Johnston are least reliable between 15 and 20°K and 
the @ values in this range are too uncertain for one to 
consider a trend to lower values to have been estab- 
lished. In fact, the data obtained in the present study 
over the upper limit of the measurement suggest just 
the contrary; namely, that at temperatures around 
15°K, @ decreases with increasing temperature. 
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Association Energy of Vacancies and Impurities with Edge Dislocations in NaClt 


Franco BAssANI* AND RoBB THOMSON 
Department of Physics, University of Illinois, Urbana, Illinois 
(Received January 3, 1956) 


Calculations have been made of the energies of association of Sr** ions, Cd** ions, and positive-ion 
vacancies with the core of a (110) edge dislocation in NaCl. It is found that the vacancy has an association 
energy of 0.4 ev, but that other impurities have smaller association energies. On the basis of this energy 
of association, the numbers of vacancies and divalent ion-vacancy complexes pinned in the cores of the 
(110) edge dislocations in a well-annealed crystal were calculated. These numbers are large enough at 
room temperature to suggest that impurity and vacancy pinning might be the agent determining the 
critical yield stress in annealed NaCl. The elastic field interaction between point defects and a dislocation 
is tabulated and compared with the interaction obtained within the core. It is shown that the elastic energy 
of interaction does not necessarily project into the core in a smooth fashion, but that in the case of the 
vacancy, an elastically “large” inclusion behaves like a “small” inclusion in the core. Several possible sug- 
gestions are made which may explain the strong hardening effect of divalent impurity additions to NaCl. 


I. INTRODUCTION 


N this paper we shall discuss some aspects of the 
association of vacancies and various types of 

impurities with the active edge dislocations in NaCl. 
Since it is found that NaCl glides most easily in the 
[110] direction on (110) planes, the edge dislocations 
-with [110] Burgers vectors and (110) slip planes are 
the active dislocations.' It is found that NaCl will also 
glide on (100) planes under certain conditions, but we 
have not discussed the dislocations responsible for such 
flow in detail. 

In a model due to Cottrell,? impurity atoms are 
attached to a dislocation because the misfit of the 
impurity in the lattice may be relaxed somewhat by 
the strained region around a dislocation. In cases where 
the major misfit is due to a simple difference in size 
between the impurity and lattice atoms, there is an 
interaction with edge dislocations. In other cases, the 


{ This research has been supported by the Office of Naval 
Research and the U. S. Air Force. 

* On leave of absence from the University of Milan, Italy. 

1E. Schmid and W. Boas, Plasticity of Crystals (Hughes and 
Company, London, 1950). 

2 A. H. Cottrell and B. A. Bilby, Proc. Phys. Soc. (London) A6@2, 
49 (1949). 


misfit is due to the wrong “shape” of the impurity, and 
there is an interaction with screw dislocations.’ Perhaps 
the two greatest successes of the model are the prediction 
of the sharp yield point observed in some systems, and 
the dependence of the yield point on temperature.‘ 
Most of the work on dislocation pinning has been 
concerned with metals. However, there are several 
respects in which the alkali halides are of special 
interest. First, it is obvious that the theoretical dis- 
cussion of the core of a dislocation in a metal is very 
difficult because the law of force between the atoms is 
quite complicated. In the alkali halides, on the other 
hand, there has been a history of successful attack on 
various problems involving atomic forces by use of the 
simple Born-Mayer central force ionic theory. Mott 
and Littleton® calculated the energy of formation of a 
Schottky defect in these crystals. Impurities have been 
treated by Reitz and Gammel,® Bassani and Fumi,’ and 


*C. Crussard, Métaux"et corrosion 25, 203 (1950). 
4D. S. Wood and D. S. Clark, Proc. Am. Soc. Testing Materials 
49, 717 (1949). 
( 5 N. F. Mott and M. J. Littleton, Trans. Faraday Soc. 34, 485 
1938). . 
6 J. R. Reitz and J. L. Gammel, J. Chem. Phys. 19, 894 (1951). 
7F. Bassani and F. G. Fumi, Nuovo cimento 11, 274 (1954). 





ASSOCIATION ENERGY OF VACANCIES AND 


Brauer,’ and dislocation cores have been studied by 
Huntington and Dickey.’ 

A second point of interest in connection with the 
alkali halides is the fact that monovalent and divalent 
impurities behave in essentially different ways in the 
crystal. At lower temperatures, e.g., room temperature, 
the divalent impurities tend to form complexes with the 
positive-ion vacancies. The monovalent ions go into the 
lattice in a simple substitutional way. There is a very 
interesting set of experimental results concerning the 
possibility of interactions of dislocations and the two 
different types of impurities. Well before the modern 
idea of a dislocation became accepted, Edner, Schonfeld, 
and Metag” published a series of papers which showed 
a very clear dichotomy between the effects of the two 
types of impurities on the elastic limit of NaCl. They 
showed that the divalent impurities were more effective 
pinning agents by two orders of magnitude than were 
the movalent impurities. 

There is some evidence that vacancies can pin edge 
dislocations in NaCl. Frankl and Li have suggested 
such a mechanism in connection with experiments in 
NaCl crystals irradiated with x-rays." Pratt!? has 
reviewed other experiments regarding the pinning 
effects of vacancies. 

In view of these considerations, we felt that a 
theoretical discussion of the pinning of dislocations in 
NaCl would be of interest. In the next section, we have 
made detailed calculations of the energy of association 
of a positive ion vacancy and two representative 
divalent ions, Cd** and Sr*, to a position in the core 
of the (110) edge dislocation. From the results of this 
work we have been able to draw some general conclu- 
sions regarding the association of other types of im- 
purities. The calculations were based on the techniques 
worked out in references (5) to (9). In Sec. III we have 
considered certain statistical matters concerning the 
collection of defects by the dislocations, and have 
developed a formula which gives their densities along 
the core of the dislocation. The formula includes the 
competing influences between single vacancies and 
complexes. In Sec. IV we have discussed the elastic 
interactions of point defects and divalent ion-vacancy 
complexes when they are outside the region of the core. 
Finally, in Sec. V, we have made some general state- 
ments correlating the experimental facts with our 
calculations. 


II. ENERGY CALCULATIONS FOR THE CORE 
OF THE DISLOCATION 


The association energy between a vacancy and a 
dislocation is the difference between the energy required 


8 P, Brauer, Z. Naturforsh. 7a, 372 and 741 (1952). 

® Huntington, Dickey, and Thomson, Phys. Rev. 100, 1117 (1955). 

10 A. Edner, Z. Physik 73, 623 (1931); H. Schonfeld, Z. Physik 
75, 442 (1932); W. Metag, Z. Physik 78, 363 (1932). 

DZ). R. Frankl, Phys. Rev. 92, 573 (1953); Y. Li, Acta Metal- 
lurgica 1, 455 (1953). 

12P, L. Pratt, Report of the Conference on Defects in Solids, 
Bristol, 1954 (The Physical Society, London, 1955). 
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to create a vacancy in the prefect lattice and the energy 
required to create the vacancy at a site near the dis- 
location line. In the”same way, the association energy 
between an impurity and a dislocation is the difference 
between the energy necessary to create a vacancy at an 
impurity site in the perfect crystal and the energy 
necessary near a dislocation line, added to the energy of 
association between a vacancy and a dislocation. (Of 
course, there are many lattice sites near a dislocation in 
a crystal, but we shall postpone a discussion of which of 
these we choose till a later paragraph.) Hence the ener- 
gies of association are 


Ey? =W,-W?, 
E, P= = Wii tWyP+Ey)?. ~ 


E> is the energy of association between the defect and 
the dislocation, and W is the energy necessary to 
extract to infinity outside the crystal a given ion from 
some point either near the dislocation or in a perfect 
region of the lattice. In this way, our problem is reduced 
to the evaluation of the work done when we extract 
various positive ions from their positions within the 
crystal. 

If there were no polarization and no relaxation of the 
surrounding lattice, the work of extraction of an ion 
from a given site would be simply the lattice energy 
associated with that site. However, in reality one must 
consider both relaxation and polarization effects. In 
order to take these into account, we calculate the ex- 
traction energy in the following way: 


(1) 


0 
oe £ V (q)dq=40(VotV a). (2) 
Q 


[In (2) we have assumed that the potential V at a 
point due to the polarization, etc., is linear in the 
effective charge g at the point. ] We have also used a 
formula similar to (2) for the repulsive contribution, 
i.e., the (repulsive) energy of extraction is simply the 
mean of the repulsive potential at the point before and 
after extraction. When we evaluate the potential ener- 
gies, we include, in agreement with all the previous 
investigators, only the contribution due to the electro- 
static and repulsive terms since the Van der Waals and 
dipole-quadrupole interactions affect the lattice energy 
less than 5%. The association energies are probably 
affected by about the same factor. 

The relaxation and the electronic dipole moment of 
the nearest neighbor ions of the point defect are deter- 
mined by the condition of equilibrium between electro- 
static and repulsive forces acting on them. The dis- 
placements and dipole moments of the more distant 
ions are given by M’'r°/r?, M,’er'/r?, and M_'er¢/?r’, 
respectively, where M’, M..’, and M_’ are determined 
from the continuum dielectric constant and the ionic 
polarizabilities. Mott and Littleton have shown the 
validity of this approximation.’ The numerical values 
we used for M’, etc., are given by Bassani and Fumi.’ 
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Fic. 1. Ion row configura- 
tion I in the core of a (110) 
edge dislocation. Each ion 
row extends in a [100] di- 
rection normal to the paper. 
The row is constructed of 
ions of alternating sign 
along the row. The site of 
the impurity in the core is 
indicated by 0. The rows 
of ions whose positions were 
relaxed from the positions 
given by the elastic solution 
are labeled with their final 
relaxed coordinates. The 
anisotropic elastic solution 
for the positions of all the 
other ion rows were suf- 
ficiently accurate not to 
require relaxation. 
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In the perfect lattice there is a spherical symmetry in 
the relaxations about the impurity or vacancy. The 
energy of extraction of a positive-ion vacancy is given 
in reference 7. The formula for the energy of extraction 
of an impurity is 


Wii=3(Wat+Wo) 


2é &; f, 
wire 
To 1+&; i+: 


mM; My 


_ _ —3bC 
(1+é)? Sj o 


xo) ) 


i a (1+£,)ro 
+exp(——"") . (3) 
p 


ro is the lattice constant, e¢ is the charge of the electron, 
ay is Madelung’s constant, &» is the displacement of 
the nearest neighbors and the subscripts i and v denote 
the impurity and vacancy cases. The electronic dipole 
moment on one of the nearest neighbors is given by 
mero. The parameters (+£) and (—m) are always 
positive for the vacancy and negative for impurities. 
The constants C,, _, r**, r-, 6, and p are those of the 
original Born-Mayer form of the repulsive energy 
between two ions ¢(r)= bey. exp[ (r+r—r)/p], and 
are given in the paper by Bassani and Fumi. The 
quantities € and m have been evaluated by the same 
authors. Substituting their values in (3), we obtain for 
Cd, W,,= 18.24 ev and for Sr, Wi,=16.12 ev. 

Near the dislocation line, the lattice has lost most 
of its symmetry, retaining only the periodicity along 
the direction of the dislocation line itself. There is also 
a plane of symmetry which contains the dislocation line 
and lies vertical to the slip plane. Huntington has cal- 
culated the positions of the ion rows in the core of the 
dislocation adjacent to the slip plane by minimizing 
the lattice energy of the core.’ In deriving these posi- 
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tions, he used an isotropic elastic solution. In order to 
make a smooth transition from the core positions to the 
true anisotropic positions of the ions in the elastic 
region, we have had to re-evaluate the positions of the 
ions near the core, starting from the anisotropic elastic 
displacements. The result shows that the only ions 
which must be relaxed are a few near the center of the 
core itself. The anisotropic solution was obtained in the 
manner of Eshelby, Read, and Shockley." For a (110) 
edge dislocation, we have the following displacements: 


b By By 
=—j tan! ) +tan 
4 x—dy x-+ary 


Piha kiedilial? (| b 
4yu +? — Day 


4 
b Ci2\ 1 MY 
thy = —| (14° + —- *) | tan ( ) 
dor 2r x—dy 
~*) 1 
ini tani + (i= eS 
x+rAy 7 


XIn[ (2?-+-y+ 2Apy) (2?-+y?— 2rxy) ] } 








rA+i ; ’ ‘ C12" + 2¢66612— C11" 
yu=e'*, a= COS” \ 
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The arctangent function is restricted to the range from 
0 to x. The elastic constants’ are taken in a system of 
coordinates where the X and Y axes are in [110] 
directions, and the Z axis is in a [100] direction. In 
order to achieve the necessary symmetry near the core, 
we have used the stratagem of Nabarro, and have begun 
with an undistorted crystal for which the lattice below 
the slip plane has been shifted $5 with respect to the 
lattice above the plane. 

There are two equilibrium configurations of the ions 
in the core. The final arrangements of the ions we used 


Y 


Fic. 2. Ion configuration 
II in the core of a (110) edge 
dislocation. The impurity 
site in the core is 0. 
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"48 Eshelby, Read, and Shockley, Acta Metallurgica 1, 251 
(1953); J. Eshelby, Phil. Mag. 40, 903 (1949). 
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are represented in Figs. 1 and 2. From them it is easy 
to see that the work necessary to extract an ion depends 
strongly upon the particular position chosen relative 
to the dislocation. The elastic theory of Cottrell 
predicts that the position of maximum binding for a 
large impurity is in the expanded portion of the lattice 
immediately below the center of the dislocation, and 
for a small impurity in the compressed region immedi- 
ately above the center. We have two configurations 
from which to choose, and an inspection of Figs. 1 and 
2 shows that the region of greatest distention is at the 
ion site just below the center on the plane of symmetry 
in configuration II, and the region of greatest com- 
pression is just above the center on the symmetry plane 
in configuration I. We shall see that in ionic crystals 
the effect of size is not so important as the effect of 
charge, but in any case since these two points represent 
opposite conditions, we have made calculations of the 
association energy of both impurities and vacancy for 
each position. The result of our calculation is that for 
the position in configuration II, the binding is not larger 
than the probable error of the calculation. In performing 
the calculation, we discovered that the only positions 
for which the association energy is appreciable are 
those for which the basic lattice symmetry has been 
disturbed. If the lattice is simply expanded or con- 
tracted, electrostatic and repulsive force terms tend to 
cancel one another. We shall dwell on this point at 
greater length at the end of the section, but for this 
reason we shall report only the details of the calculation 
on configuration I. 

In order to evaluate the extraction energy of an 
ion, we have to calculate the displacements and dipole 
moments of the nearest neighboring ions both when the 
ion is in position (if it is an impurity) and when it has 
been removed. In general, we must solve the system 
of equations 


F.+F,=0, aF,=—merp. (5) 


The first equation is the equilibrium condition on the 
neighbor; the second relates the polarizability a_ to 
the electronic polarization of the nearest ions mero. In 
the case of the dislocation, — and m are not purely 
radial, but may have other components. In addition, 
there is a separate set of equations (5) for each neighbor. 
Let us label the ions in the nearest shell, and designate 
the distance to any one of them from the defect position 
by R:=Kyo. Thus K; will be less than one for three 
neighbors in the compressed region in configuration I. 
It is equal to one for the two neighbors lying in the +Z 
direction from the defect. It will be convenient for us 
to label one of the latter ions by the number 1. 
Equations (5) as they stand are intractable, and it is 
necessary to simplify them by some approximations. 
It would appear that one could obtain reasonable solu- 
tions by neglecting the small nonradial relaxations, 
since they should not contribute greatly to the energy 
or the force. In addition, we assume that the displace- 
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ment relaxations and electronic dipole moments for 
the different ions may be written in the form 


§:= Kié, m;=m/K?. (6) 


Now & and m may be determined by solving just two 
equations of the form (3) for one of the neighbors. We 
have chosen to write the equilibrium equations for 
ion 1. 

The assumptions involved in (6) regarding the dis- 
placements are based on the fact that in a crystal with 
large lattice parameter, the forces about equilibrium 
are softer than they are in a crystal with small lattice 
parameter. Neighbors in the expanded region of the 
lattice are effectively in a “large” crystal, while the 
neighbors in the compressed region are in a “small” 
crystal. Thus we are left with only two equations (5) 
for the two parameters £ and m. If we include the 
repulsive forces up to the next nearest neighbors of 
ion 1, then the repulsive force becomes 

b 
F,=-- 
p 


rt+ri—ni; 
Cie exp( ) cos(z,¥41) 
i p 
b r+rtt+— (1+£,)ro 
—C44- exp( ) 
p 





p 
impurity case (7) 
\0 vacancy case. 


Note that if there is an impurity at the defect position, 
then there will be a contribution to F, due to it, while 
if there is a vacancy, then there is no contribution. In 
this formula, the Z axis is taken to lie in the direction 
of the dislocation line. The variable r‘ is the ionic radius 
of the ion i, and 7;, is the distance of the ion i from the 
ion 1. The sum is taken over all ions which are either 
neighbors or next neighbors to ion 1. The electrostatic 
force is 


(a 1 
r=—| Jo2s+ i; 
roel (148)? T(A+KAN (248) 
(+ om 
TCKA+(i+e"}) (1+8)" 








[025+ a ea EEO 
t K,(1i+K?)5? 


+e 
re —1/(1+¢)? 


The summations are to be taken on the ions of the first 
shell for which K,;~1. The two terms p,M,’ and p_M_’ 
give the contribution to the electrostatic force due to 
the dipole moments induced on the far ions. As before, 
§, m, M’, M..', M_’ are of opposite signs in the vacancy 
and impurity cases. 


[esate pat 


vacancy case 
(8) 


impurity case. 
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TaBLE I. Relaxation of the nearest neighbor ions and energy of 
extraction of the defect from the core of the dislocation. 








W® (ev) 


17.61 
15.27 
4.25 


gE m 


—0.0710 +0.0923 
—0.0297 +0.0965 
+0.0701 —0.0746 
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The Z component of the force on ion 1 due to the 
dipole on the ion i, determined by the coordinates z; 
and p;, both expressed in units of 79, is 


r M,! 
F,;= {p; —2s Lp; 2+2:(2:+1) }}, (9) 


re r1,°702 


where 2; is the Z component of the distance of ion i 
from the ion 1, and p; is the distance of the row con- 
taining the ion from the row containing the impurity. 
We must sum (9) over enough ions and rows to provide 
adequate convergence. The sum over the positive 
lattice yields p,, while the sum over the negative lattice 
yields p_. In order to obtain convergence, we used a 
digital computer (ILLIAC), and obtained the follow- 


ing results: 
$4=2.397, p_=0.554. 


The values of and m for the various cases are ob- 
tained by a numerical solution of Eqs. (5) and are 
tabulated in Table I. From these values, it is now pos- 
sible to obtain the energy of extraction of a divalent 
impurity with the use of the sige 
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The summation is over all the nearest ions. aj? is the 
equivalent of Madelung’s constant evaluated at the 
position of the defect. We have used Madelung’s 
original treatment, in which the potential of a row of 
equally spaced positive and negative charges con- 
tributes a potential g(p) to a point off the axis of the 


row. 
2e > 
¢(p)=— tt ”) coo (11) 
ro eos =1 
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where Hy is the zero-order Hankel function, p is the 
distance from the row, and z is the distance along the 
row in the direction of the dislocation line. The value 
we obtain for ay” in the position we have chosen is 
1.718. Note that in Eq. (10) there are no terms due to 
the long-range dipole moments. These terms cancel 
out exactly when one adds the potential of the doubly 
charged ion to that of the vacancy. 

The energy of extraction of a Na* ion from the defect 
position requires the explicit consideration of the con- 
tribution to the electrostatic energy of the dipoles at 
greater distances than the nearest neighbors. The con- 
tribution to the electrostatic potential at the defect 
position due to a positive or a negative ion is ¢4(r;) 
=M,'er#/ré. Since in the Z direction the ions are 
regularly spaced, it is convenient to write first the 
potential at the defect position of a line of equally 
spaced dipoles. Let us consider the plane perpendicular 
to the dislocation line and containing the defect. For 
those rows of ions which have a positive ion on the 
plane, the total potential at the defect is 

oe 1 
; 


e 
9+(p)=——} M. aponsee 
bs 16ro . ts (n?+-a")* 


+M_! (12) 


a Leto 
a=p/2. 


When there is a negative ion in the plane of the defect, 
we merely interchange the positions of M,’ and M_’ 
in (12). It is possible to obtain an analytic expression 
for the two sums by integrating the function 
x (cot~rz)/(2*+-a?)? on a closed path in the complex 
plane containing the real axis with the use of the 
residue theorem. The expression (12) finally becomes 
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where a=p/2 is the parameter which depends on the 
distance to the row we consider. In order to obtain 
the total potential at the defect position, one must now 
sum the contribution of each ion row over all the rows 


TaBLe II. Energy of association of defects with dislocation 
P) in ev. 








— 425 
+17.61 
+15.27 


= +0.40 
-= —0.23 
== —0.45 


Ey)2= 4.65 
Eca**? = —18.24 
Eq,t*= —16.12 


+0.40 
+0.40 
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in the lattice containing the dislocation. Again the con- 
vergence is slow and the ILLIAC was employed to do 
the summation over the lattice until sufficient accuracy 
was obtained. The results are shown below as the 
coefficients of M,’ and M_’ in the formula for the 
energy of extraction of a Na* ion: 
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The summation indicated in (14) is over all the nearest 
ions. 

The numerical results for all the energies of extraction 
described above are displayed in Table I. From these 
quantities, and with the use of formula (1), association 
energies of the impurity and the positive ion vacancy 
to the dislocation can be calculated. The results are 
given in Table II. 

It is difficult to estimate the order of the approxi- 
mations involved in this type of calculation. We think 
that the values for the energy of extraction of the 
positive ion or of the impurities may be in error by as 
much as } ev or more, but the final result is the dif- 
ference between several terms which have presumably 
the same systematic error. Hence we believe that the 
final energies of association have about the same 
accuracy as the ionic calculations made by previous 
authors, namely about 0.2 ev.’ 

The most important effect that is responsible for an 
association energy is the variation in the electrostatic 
energy and the repulsive energy from their values in 
the perfect lattice. The contribution due to the change 
in polarization and relaxation of the lattice around the 
point charge is a second order effect. In order to point 
out the relative importance of the various terms, we have 
broken down the different contributions in Table III. 

From an inspection of this table we can see that in 
the position of greatest disorder near the dislocation 
line, in the case of the vacancy, the Madelung and the 
repulsive contributions supplement one another in 
their contribution to the association energy. The inter- 
action energy of the divalent impurities tends to be a 
repulsive one in the core above the slip plane, and it 
increases as the ionic radius of the impurity increases. 
In other positions farther from the center of the dis- 
location, the symmetry of the perfect lattice is gradually 
restored, i.e., the distortion may be expressed as merely 
a slight dilatation or compression. Then the variations 
of the Madelung and repulsive terms from their values 
in the perfect lattice tend to cancel each other, and one 
expects a much smaller energy of interaction which can 
be treated by an elastic approximation. (See Sec. IV.) 
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TABLE III. Details of the energy contribution of various terms. 








Positive ion vacancy 


W,(ev) W,? (ev) E(x)? =W, —-W7 ev) 





Coulomb term 
(Madelung 
energy) 

Repulsive term 

Relaxation and 
polarization term 
(including nearest 


neighbors) 
Total 


8.788 
— 1.069 


8.936 
—0.798 


—0.019 
0.40 


E,4,2? = —Wi.+W,,2 
+ 


—3.488 — 3.469 
4.65 4.25 


Cd** impurity 
W.+ W452 





W.-W,” 





Coulomb term 
(Madelung 
energy 

Repulsive term 

Relaxation and 
polarization 
term (including 
nearest neigh- 
bors) 1.408 


Total 18.24 


Sr++ Impurity 
W+ W,,? 


—0.148 
—0.081 


17.575 
— 1.390 


17.872 
— 1.038 


1.428 
17.61 


0.001 
—0.23 





E442 = —-W.i4+W.4? 
+W,.-W,? 





Coulomb term 
(Madelung 
energy) 

Repulsive term 

Relaxation and 
polarization term 
(including near- 
est neighbors) 


Total 


17.575 
—2.788 


—0.148 
—0.436 


17.872 
—2.081 


0.129 
—0.45 


0.334 
16.12 


0.482 
15.27 








In the dilatation position indicated in configuration IT 
for instance, we were not able to find any interaction 
energy larger than 0.2 ev for the vacancy or for the 
impurity. We note further that, since along the slip 
plane there is a gradual increase of symmetry over 
several ions, one expects a correspondingly gradual 
decrease of the interaction energy for those positions. 
Though we have not made detailed calculations for 
the monovalent impurity, its energy of interaction with 
the dislocation may be inferred in a similar way from 
Table III. Here the Coulomb and polarization con- 
tributions to E;” are zero, and hence the only contri- 
bution is from the repulsive energy (including some 
small relaxation repulsive energy). Thus in configura- 
tion I in the indicated defect position one expects a 
repulsive force for ions larger than Na* and a small 
attraction for smaller ions. From lines 2 and 3 in Table 
III we see that the association energy of even the 
smallest monovalent ions is always less than ~0.25 ev. 
At greater distances from the dislocation, the inter- 
action energy again approaches the elastic value. 


III. DENSITIES OF IMPERFECTIONS IN THE CORE 


When divalent ions are added to the crystal in very 
small amounts, the results of the last section show 
that the vacancies are very strongly attracted to the 
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dislocation line, while the divalent ion itself has only a 
rather weak attraction. The situation is complicated, 
however, by the fact that the divalent ions and the 
positive ion vacancies attract one another because of 
their effective charge and tend to form a complex. 
Theoretical calculations predict that at room tem- 
perature the divalent impurities should be present 
almost entirely in the form of complexes. The difficulty 
of calculating the association energy between such a 
complex and the core of the dislocation is very great, 
but one would suspect that it is probably of the order 
of the association energy of the vacancy by itself. 

In this section we shall develop some formulas for the 
actual number of vacancies and complexes present 
along a stationary dislocation line. We shall for the 
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present continue to ignore the elastic effects. We shall 
assume that vacancies and complexes are attracted to 
the lattice site of maximum binding, and have no inter- 
action at any other lattice sites in the neighborhood of 
the dislocation. This approximation should provide a 
reasonable value for the number of impurities pinned in 
the core, although it does not tell what densities to 
expect in the elastic region. Some curves showing the 
effect of the long-range attraction on the number of 
associated particles have been given by Lidiard.“ They 
show that the neglect of the long-range force and the 
assumption of one-point binding does not markedly 
change the gross physical behavior of the system. 

If we call Fo the free energy of the system neglecting 
the long-range interactions, then 


Z™2"(4Ni+N;,)! 





My !Nae!(Q— ty — Mac) ! ™ 1(4N,+N;—n,)! 


(N4+2N;—2n,)! 





x 3 
(N4+2mact me) !(N i —2,— My — Mac) !(Ni—n-— Nac)! 


The first three terms are the various energies of forma- 
tion, and the last term is the addition to the entropy 
of the crystal due to the defects. The first product of 
the last term represents the combinations of the pinned 
sites on the dislocations, the second the combinations 
of complexes, and the third the combinations of the 
single vacancies and impurities. We have not included 
in this expression the energy of creation, nor the 
entropy associated with the bare dislocations, since 
they are not in equilibrium at temperatures appreciably 
removed from the melting point. The quantities m,, ., 
and mq- are respectively the total number of vacancies 
attached to the dislocation lines, number of complexes 
in the lattice, and number of complexes attached to 
the dislocation. E is the energy of association between 
the various types of imperfections (E>0). Q is the 
total number of positive ion sites available in the 
cores of all the dislocations, NV, is the total number of 
positive ion sites in the crystal excluding those in the 
cores of dislocations, NV; is the number of impurity 
divalent ions added to the crystal, and Z is a symmetry 
number, which is 12 in the case of the NaCl lattice. The 
volume of the crystal is assumed to be unity. 

There are two types of electrostatic interaction which 
should not be left out of the expression for the free 
energy. Since the positive-ion vacancies represent a 
charge in the lattice, the dislocation acquires a net 
charge when it begins to pick up the vacancies. Since 
the additional electrostatic energy due to this charge 
may very easily become comparable with the total 
energy of association between the dislocation and the 
vacancy, we must include it in the free energy. We 
shall also include the dipole-dipole interaction of the 
complexes with one another. 


(iS) 





Consider a dislocation line with a certain density of 
vacancies along its core. The charged dislocation line 
will attract to itself a cloud of opposite charge in the 
form of positive divalent impurity ions in the manner 
discussed by Debye-Hiickel for strong electrolytes. The 
potential of the charge distribution is given by the 
cylindrically symmetric solution of the Poisson-Boltz- 
mann equation: 


—4r 6 
wet Eaen(—-) 


8re’n( co ) rn 
eT = (x), 
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where ¢(x) is the potential at a point x from the dis- 
location line, V is the volume of the material, and e is 
the static dielectric constant. The summation is taken 
over all the free vacancies and divalent impurities in 
the cloud. The constant 1/x is the Debye length asso- 
ciated with the charge cloud and is a measure of its 
radius. In view of the approximations already made, 
and in the interest of keeping the equations simple, we 
shall not try to obtain a rigorous solution of the added 
free energy due to the charge cloud and its effect on 
the line of charge along the dislocation. Instead, we 
note that any one vacancy is screened from the other 
vacancies at a great distance by the charge cloud. Thus 
in calculating the energy of the configuration, we need 
include only the Coulomb repulsions of ions which are 
less distant from one another than 1/x. We shall call 


“4 A. B. Lidiard, Phys. Rev. 94, 29 (1954). 
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We have taken N=1,/2roQx. Strictly speaking, this 
formula will be expected to apply only for N>>41. It 
certainly breaks down completely when JN is less than 
one. 

It is reasonable to suppose that ma-/Q will be close 
to one for many situations of interest. Under these 
conditions, the dipole-dipole electrostatic repulsion of 
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the complexes with one another along the core may 
become appreciable compared with the energy Eg”. 
Hence, we should like to include a term in the free 
energy to account for this effect. If we assume that the 
dipoles are spread out on the dislocation line at equal 
intervals, at a distance depending on m4./Q, the electro- 
static energy of the configuration is 


nae ~ {1 1 enact 
U:= -> j-- = 0.3044 
n (n*+na?/2Q*)! 


. (17) 
erg 1 ero? 


The free energy including the electrostatic effects is 
simply F=Fo+U;+U2. We obtain the equilibrium 
numbers n,, etc., by minimizing F with respect to the 
same quantities. Thus we finally obtain 


kT 
4ero (N; ———)/ } 


1.2176¢? fa’ 


ef? 
car i al 
4ery ——— 
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where f,=,/Q, fac=Mac/Q, and f-=n-,/N;. In deriving 
these formulas, we have made the assumptions that 
Ni>nae, m% and N;—n,.>nactm,. The expressions for 
f. and fa contain terms in the exponentials which will 
decrease the fraction of complexes when the number of 
dislocation sites becomes large enough to compete 
appreciably for the vacancies. The decrease will not 


occur even for very pure crystals, however, until the. 


number of dislocation lines per cm? becomes of the 
order of 10%. In the formula for fa. there is in the 
exponential a term proportional to (f4.)*. This term 
arises from the dipole-dipole interaction, and we see 
that it becomes appreciable only for values of fa. of 
the order of 0.5 to 0.6. However, due to the high power 
of fae occurring, it has the effect of cutting off the 
value of fae very sharply once it becomes significant. 
Thus we can expect that within the physically possible 
range of NV, fae will not increase beyond approximately 
0.6. We see that the expression for f, is quite compli- 
cated and must be solved numerically. 

The formulas (18) are essentially the expression of 
the mass action law for three solutes, and are generali- 
zations of expressions used by Lidiard“ for impurities 
and vacancies only and by Cottrell'® for impurities and 
dislocations only. Because of the approximations we 
have made, it is to be expected that a quantitative 
application of these expressions may lead to densities 
somewhat different from the ones to be found experi- 
mentally, but it is hoped that the general magnitudes 


16 A. H. Cottrell, Dislocations and Plastic Flow in Crystals 
(Oxford University Press, London, 1953). 





of the densities are correct, and certainly the variation 
with temperature and amount of impurity is correct. 

We have solved the formulas (18) for physically 
reasonable parameters representing a well-annealed 
crystal. We have used the values E;,;?=0.40 ev and 
Ec?=E,,;**+£y;". Also we have assumed that 
Q= 10/cc represents a well-annealed NaCl crystal. In 
Table IV we have listed the values of f, and fa. at room 
temperature for two choices of the total divalent im- 
purity content. An impurity molar concentration of 
10-* represents a highly purified crystal, and 10~ is 
not far from the probable maximum amount of divalent 
impurity that will go into solution. We have used the 
total number of free vacancies predicted in the formulas 
given by Lidiard (since the dislocation density is 
assumed to be too low to affect the total number of 
free vacancies), which include the long-range Coulomb 
interaction. We have assumed that E;,)++=0.38 ev, 
which is the calculated association energy of the Cd 
impurity with the positive-ion vacancy. We note that 
at room temperature there is a considerable conden- 
sation of complexes and vacancies in the core even in 
a very pure crystal. The condensation of the complexes 
is, of course, dependent on the assumption that the 


TABLE IV. Density of vacancies and complexes in the core. 








_ Divalent-ion 
impurity molar 
concentration 


10° 
10-* 
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complexes are attracted to the core by the vacancy 
association. If this assumption were false, the vacancy 
condensation would be very slightly increased, and the 
only divalent ions in the neighborhood of the core 
would be the ones in the Debye cloud of the vacancies. 

If the vacancies are useful as pinning agents for the 
dislocation, they must not follow the dislocation when 
it moves under a stress. The geometry of an edge dis- 
location pinned by a series of vacancies suggests that 
the vacancies may be thought of as jogs which can 
move with the gliding dislocation without the produc- 
tion of interstitials, etc. However, the vacancies are 
only attracted appreciably to configuration I. Seitz has 
pointed out that the dislocation, as it moves, pro- 
ceeds from configuration I to configuration II, and 
must perforce leave the vacancy behind until it gets 
to configuration I once again. Thus the only way the 
vacancy can follow the dislocation is by the process of 
ordinary diffusion over a barrier, i.e., observable only 
in a microcreep experiment. 


IV. IMPURITIES AND VACANCIES IN THE 
ELASTIC REGION 


To complete the discussion of the interaction of im- 
purities with a dislocation, we shall now consider the 
interaction of an impurity, a vacancy, and an impurity 
complex with the elastic field of a dislocation. It was 
found, when the ion rows of the core were relaxed in 


order to find the positions of minimum energy (see 
Sec. II), that the anisotropic elastic solution was valid 
at greater distances than two atomic shells from the 
center of the dislocation. Hence it is reasonable to 
suppose that even in the third shell, the elastic theory 
of impurity binding should be a reasonable approxi- 
mation. 

In Cottrell’s theory of the elastic interaction between 
an impurity and a dislocation,’ it is necessary to know 
the misfit of the impurity in the lattice of the solvent. 
This misfit must be inferred rather indirectly in many 
systems. In NaCl, however, the work listed in references 
5 to 8 has provided us theoretical evaluations of the 
relaxations of the atoms in the immediate neighborhood 
of vacancies and divalent impurities. Indeed, Brauer® 
has made an estimate of the long-range elastic misfit 
around an impurity, and Pratt” has discussed the 
elastic distortion around a vacancy. These two authors 
have assumed, however, that the elastic distortion is a 
simple ‘isotropic elastic propagation of the total dis- 
placements of the nearest neighbors. We feel that this 
assumption makes an overestimate of the effect. 

We believe that the relaxation of the nearest shell 
is only partly elastic for the case of the simple divalent 
impurity or the vacancy, since the defect possesses a 
net charge. Hence part of the relaxation is a result of 
the polarization of the lattice. The proper way to 
proceed for an ion far from the defect is to obtain the 
exact displacement of the ion and subtract from it the 
expected polarization displacement. The result is the 
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elastic displacement. We have applied this procedure 
to the nearest shell. 

There is a second effect that is important. When a 
spherical inclusion is substituted for one of the spheres 
in a cubic lattice of hard spheres, the next nearest shell 
of spheres suffers no displacement at all in first approxi- 
mation. The displacement around the inclusion is thus 
essentially anisotropic in nature. We have approximated 
the situation with an isotropic solution in which we 
have simply averaged the elastic displacement of the 
first shell with zero displacement of the next shell. In 
this way, we have obtained a rather crude estimate of 
the elastic effect of vacancies and single divalent ions 
in NaCl. 

In the case of the monovalent impurities, the assertion 
concerning the lattice polarization does not hold, but 
that regarding the hard sphere approximation still does. 

We should like now to compare the strength of the 
elastic interactions of the various types of defects. In 
Table V we have tabulated the effective isotropic 
elastic displacements of the nearest neighbors in the 
manner explained above. The polarization displacement 
is given by M’ro (Sec. II). The isotropic elastic dis- 
placement of an ion at a distance r from the point defect 
is £(r)=1°5/r’. The total displacement of the first shell 
for Cd** and Sr** is taken from Bassani and Fumi.’ 
We obtained the value for K* by a relaxation technique 
similar to that of Sec. II or that of the Bassani-Fumi 
paper, but since there is no polarization effect, the 
calculation is very much simpler. 

In the isotropic approximation, the energy of inter- 
action is given by Bilby (see Cottrell,!® p. 57): 


U=4ybér,? (sind) /r, (19) 


where 6 is the effective elastic displacement of the 
nearest shell tabulated in Table V, uw is an average 
shear modulus, and @ is the angle at the impurity 
measured from the slip plane. 

We note that the monovalent impurity, K+, produces 
a distinctly larger elastic singularity in the lattice than 
the divalent impurities do. We also see an interesting 
effect in the behavior of the vacancy as one goes from 
the elastic region into the core. In the elastic region, the 
vacancy is a “large” defect, preferring regions of 
positive dilatation, but in the core it is a “small” 
defect, since it is attracted to the lower edge of the half 


TABLE V. Effective isotropic elastic displacements of the neigh- 
boring ions about various defects. 








Effective elastic 
isotropic dis- 
placement of 
nearest shell, 

(6), in units of ro 


Polarization 
displacement of 
nearest shell 


Total displace- 
ment of nearest 
neighbor shell 





Positive-ion 

vacancy +0.068 ro 
ee —0.070 ro 
Sr*+ —0.030 ro 


Kt +0.045 ro 


+0.0451 ro 

—0.0451 To 

—0.0451 To 
0 


+0.0115 
—0.0125 
+0,0076 
+0.0225 
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plane. This effect simply shows the highly nonelastic 
behavior of the material in the core of a dislocation in 
an ionic crystal. 

In Table VI we have compared the elastically pre- 
dicted energy of association at the defect position in 
configuration I with that already calculated in Sec. II. 
It is seen that in the core there are large errors in the 
elastic approximation due to the charge-symmetry 
effect discussed at the end of Sec. II. We have chosen 
an average yw to be 1.810" cgs units. Energies of 
binding are positive. 

We have mentioned previously the fact that at lower 
temperatures the divalent ions tend to form complexes. 
Clearly, such complexes cannot be treated as spherical 
inclusions in the lattice in the manner of the previous 
paragraph. Although a rigorous treatment of the 
complex in the core of the dislocation is an exceedingly 
difficult problem, it is possible to discuss the interaction 
of the complex with the elastic field of the dislocation. 
From Table V we see that the Cd** ions are effectively 
“small”? defects in the lattice, and the vacancies are 
“large’’ defects. Hence we will treat the complex as a 
combination of an elastic monopole and elastic dipole. 
The monopole strength of the complex is simply the 
algebraic sum of the individual elastic strengths (see 
Table V), and the dipole strength is half the algebraic 
difference of the individual strengths. We note from 
Table V that it is only the divalent ions of small ionic 
radii which have appreciable dipole effects. Large ions 
like Sr** are large inclusions elastically, and the 
monopole term of the complex masks the dipole effect. 

The total energy of creation of a dislocation in an 
elastic medium is 


U=} 3 [ricrur2raas; (20) 
ij 


Here b; is the Burgers vector, and dS; is a surface element 
in any surface which contains the dislocation line as the 
boundary. 7,; is the total stress tensor which is com- 
posed of the stress 7;,;° produced by the dislocation 
itself, and the stress 7;;’ produced on the surface by an 
interacting particle. We assume that the interacting 
particle (in our case the complex) is rigid, and that 7;;’ 
does not change as the dislocation is formed in the 
lattice. We shall also assume that the material is 


TABLE VI. Association energy of defects with a dislocation 
predicted by isotropic elasticity theory and the more exact theory 
of Sec. II. 








Energy of binding (ev) 
Elastic Table II 





Positive-ion 
vacancy 
Cd*+ 
Srtt+ 


—0.32 
+0.33 
—0.20 


+0.0115 
—0.0125 
+0.0076 


+0.40 
—0.23 
—0.45 
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Fic. 3. A dislocation in 
the field of an elastic dipole. 
The centers of dilatation are 
ogee by the vector e. 
The dislocation is at the 
point (x0,¥o) in a coordinate 
system centered on one of 
the centers of dilatation. 
The slip piane of the dis- 
location is assumed to be 
the y= yo plane. 





isotropic so that the interaction energy becomes simply 


(21) 


C +00 
Ur= uf ax f dz(t2,1+&1,2), 
z0 20 


in which we have chosen the coordinate system illus- 
trated in Fig. 3. The &; are the displacement functions, 
and the comma denotes differentiation. 

The elastic solution of a single spherical inclusion 
which causes a change of volume AV in an infinite 
isotropic medium is 


4a vi 
—ti(x)= (22) 
AV (xjarj)} 

We have indicated summation by repeating indices. In 
our case, AV = 4xr96, in which the value of 6 for a given 
case is taken from Table V. If we assume that we have 
two spherical inclusions of the same strength, but of 
opposite sign situated a distance e from each other as 
in Fig. 3, then the elastic solution for the two of them 


is, to first order, 


dr Xi— €; x; 


a 


ai -§;= Sad ~ 
Ab L(«j;—«;) (xj;—e;) }* (ajxj)! - 


When we substitute Eq. (23) into Eq. (21) and perform 
the necessary differentiations and integrations, we 
finally obtain 
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U=———{e, cos20—e, sin26}. (24) 
R' 


From Fig. 3, we see that the vector e is allowed to point 
in only the [110] directions because of the geometrical 
requirements of the crystal lattice. The energetically 
favored positions are with e in either the X or the Y 
direction of Fig. 3. The form of Eq. (24) is suggestive 
of multipole electrostatics in the sense that the de- 
pendence on distance is greater than for monopoles and 
the angular dependence has been increased. The 
strength of the interaction, reflected in the constant 
term 4ybér,’, is precisely the same as in the monopole 
case. Thus at distances of a few atom shells from the 
dislocation center, the effects of the dipole term can be 
appreciable in those cases where the monopole terms 
of the complex nearly cancel out. 

There is one additional interesting feature of the 
elastic solution for complexes. We note that when e is 
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in the Y direction, one of the energy lobes is along the 
slip plane. Thus, whereas the monopole elastic solution 
predicts that there are no impurities spread out on the 
slip plane, the dipole term of the complexes predicts 
that there are. 

Equations (19) and (24) are both based on the 
assumption of isotropy, whereas NaCl is most cer- 
tainly anisctropic. The general anisotropic equations of 
elastic equilibrium are intractable when one attempts 
to obtain a solution corresponding to Eq. (22). 
Leibfried’* has developed a perturbation technique for 
handling such problems, and his expansion shows that 
the way in which Eq. (24) is altered is by the addition 
of higher order lobes to the angular depencence. How- 
ever, the perturbation approximation for NaCl does 
not converge very well and, even in first order, is quite 
complicated. Thus since the elastic anisotropy does not 
change the essential results of this section, we shal] not 
discuss it further. 


Y. CONCLUSIONS AND COMPARISONS WITH 
EXPERIMENTAL RESULTS 


We shall review here the main conclusions to be 
drawn from the considerations of the previous sections. 

(1) Positive-ion vacancies are pinned in the core 
with a maximum binding energy of about 0.4 ev. Cal- 
culations have not been performed for negative-ion 
vacancies, but their pinning energy should be at least 
as large as that of the positive ion vacancies, since the 
relaxation of the repulsive energy for the negative ions 
is larger than for the positive ions. Single divalent ions 
and monovalent ions have much less energy of inter- 
action with the core than the vacancies. Our calcu- 
lations were not sufficiently accurate to discover 
energies of association different from zero, except for 
possibly very small monovalent ions like hydrogen. 
The effect of the tendency of the divalent ions to form 
complexes with positive ion vacancies is unknown. A 
reasonable estimate suggests that it may be of the order 
of the interaction energy of the vacancy. 

(2) Statistical considerations show that at room 
temperature, even in very pure crystals, the cores of 
the (110) dislocations are filled with positive-ion 
vacancies to a density of about 0.05 if we assume that 
the complexes are attracted to the core. As impurities 
are added, the density increases to a maximum of 
about 0.1. If the complexes are attracted to the core 
with about the same strength as the vacancies, the 
density of complexes along the core is about 0.2 in very 
pure crystals, and as more impurity is added, the 
density approaches a maximum of about }. Under the 
assumption that the complexes are not attracted to the 
core, the density of vacancies is still very nearly the 
same—about 0.05 in very pure crystals. 

(3) Elastic calculations show that in the elastic range, 
the monovalent impurities have a slightly greater 


16 G. Leibfried, Z. Physik 135, 23 (1953). 
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energy of pinning than the divalent impurities and 
vacancies. The divalent-ion complexes are elastic 
dipoles which have a shorter range interaction with the 
dislocations, but whose strength of interaction at small 
distances is the same as that of the monopoles. 

In view of the large pinning energy of the vacancies 
and complexes, we believe that it is possible that the 
critical shear stress of even very pure NaCl is deter- 
mined by the impurity pinning mechanism. One of the 
most clear-cut effects due to dislocation pinning is the 
sharp yield point observed in some metal systems. 
However, such effects have not as yet been observed in 
NaCl. 

Mott!” has made an estimate of the increase in the 
critical shear stress at 0°K due to the imperfections. 
He assumed that the energy of interaction between the 
line of impurities and the dislocation varies with the 
distance between the two in the manner predicted by 
the elastic theory. However, this results in a critical 
stress an order of magnitude greater than that actually 
observed at low temperature. This discrepancy is also 
observed in metal single crystals where it is explained 
as being due to centers of stress concentration. (See 
reference 16, p. 145.) 

Perhaps a more critical test of the pinning hypothesis 
is the dependence of the critical shear stress of the pure 
crystal upon the temperature. At temperatures greater 
than 0°K, thermal fluctuations help the dislocation 
pull away from the line of pinning impurities with a 
lower stress than that predicted by Mott. Fisher,'® in 
a version of the original theory of Cottrell and Bilby,? 
shows that the critical stress of a pinned dislocation is 
given as a function of temperature by the simple rela- 
tion 7-7’ =const except at low temperatures. 

The experimental evidence on this point is confusing. 
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Fic. 4. Experimental results of the critical shear stress on (110) 
planes and (100) planes as a function of temperature. The lower 
solid line is the theoretical curve of Fisher for slip on (110) planes 
normalized to one of the room temperature experimental points. 
The upper solid line is the theoretical curve for slip on (100) 
planes normalized to one of the experimental values. The experi- 
mental points are labeled as follows: O—Ekstein; (110) slip. 
@—Points due to several authors—see A alitimeng 4 Bice 4 ; 
(110) slip. +—Stepanow-Milkovanovitch; (100) slip. @—S. 
Dommerich, Z. Physik 90, 189 (1934); (100) slip. 


17N. F. Mott, Imperfections in Nearly Perfect Crystals (John 
Wiley and Sons, Inc., New York, 1952). 

18 J. C. Fisher, General Electric Research Report No. RL-910, 
The Knolls, Schenectady, New York, 1953 (unpublished). 





ASSOCIATION ENERGY OF VACANCIES 


Some unpublished work of H. Ekstein reported by 
Schmid and Boas! seems to show, at room temperature 
and below, the temperature dependence predicted by 
Fisher. However, some work reported by Stepanow and 
Milkovanovitch” shows only a very small temperature 
variation in the critical shear stress, although the high 
temperature points reported lie in the same range as 
those of Ekstein. The different experimental findings 
and the theoretical curve normalized to fit the room 
temperature critical stress are given in Fig. 4. 

We have also plotted in Fig. 4 the temperature 
dependence of the critical shear stress on (100) planes. 
The experimental points are due to Stepanow and 
Milkovanovitch,” and the theoretical curve of Fisher 
is fitted to one of the experimental points. If the 
pinning hypothesis suggested here is correct, it would 
appear that the reason the (100) planes are not ordi- 
narily active for slip is due to a stronger binding of the 
vacancies and impurities with the (100) dislocations. 
However, no calculations have been carried out in this 
case, because of the more complicated nature of the 
forces in the core.” 

Perhaps the most direct experiment available on the 
effect of impurities on the shear stress is the work 
reported in the three papers by Edner, Schonfeld, and 
Metag.” They found that the addition of divalent 
impurities has an extreme effect on the critical shear 
stress of the material as compared with the addition 
of monovalent impurities. Their results show a remark- 
ably similar behavior for all the divalent impurities as 
a group, and likewise for all the monovalent impurities. 
The only exceptions to the general rule appear to be 
Bat*+ and Mg**, which have very little solubility in 
the NaCl matrix. 

There are several possible explanations of their 
results of which we shall mention two. 

(a) In Sec. 3, we have shown that as the impurity 
concentration is increased from 10~* to 10~, the density 
of pinning vacancies and complexes in the core increases. 
It is possible that the increase in density is solely 
responsible for the hardening effect of the divalent 
addition. 

(b) An interesting possibility is connected with some 
precipitation effects in NaCl with divalent impurity 
additions that are just beginning to be studied. At 


19 See paper by A. V. S. Stepanow and E. A. Milkovanovitch, 
J. Theoret. Exptl. Phys. (U.S.S.R.) 18, 769 (1948). The authors 
are indebted to P. L. Pratt for pointing out this paper to them. 
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higher concentrations (>10~*), needle-like or plate-like 
inclusions in the crystal have been observed which are 
presumably divalent ion precipitates.” It is possible 
that the formation of the precipitates, nucleated along 
the dislocation lines by the interaction between the 
dislocations and vacancies and complexes, cause the 
rapid increase in hardening observed. If the precipitates 
are the cause of the hardening, however, it is necessary 
that some precipitation formation along the dislocation 
lines occur at rather low concentrations of divalent 
addition. The curves of Edner, Schonfeld, and Metag 
begin to show the strong rise in hardening typical of 
the divalent impurities at molar concentrations of the 
order of 10~*. It has already been observed that there 
are anomalies in the interpretation of the ionic con- 
ductivity of the alkali halides that may be connected 
with precipitation phenomena.”! 

There are several hardening phenomena connected 
with the introduction of vacancies into the crystal. For 
example, x-irradiation and the bleaching of F-centers 
increase the critical shear stress. Pratt” has given an 
excellent review of these effects, and we shall refer to 
his paper for the details. Pratt has suggested that it is 
consistent with the experimental findings for the 
hardening coincident with x-irradiation to be due to a 
disturbance of the initial (and easily slipped) dislocation 
configuration. While it is impossible on the basis of 
the present experimental and theoretical information 
to come to a firm conclusion regarding this point, we 
believe that the very strong interaction shown in Table 
II between the edge dislocations and vacancies points 
rather toward the older concept of simple vacancy or 
small-cluster pinning. Indeed, we would expect the dis- 
locations in the initial annealed state to be pinned by 
vacancies and divalent impurities. If the dislocations 
climb away from the line of impurities, we might 
expect the dislocations to become much more mobile, 
rather than less, unless vacancy pinning were invoked. 
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By use of an ultrasonic pulse technique the elastic constants of AgBr have been measured between room 
temperature and the melting point. Resonance techniques have also been used to measure 5S, in the same 
temperature range. The results of the two different methods are the same within the limits of error. It is 
found that C4, decreases only slightly with increasing temperature; C,, and C2, however, show a marked 
decrease, being reduced from their room temperature values by more than a factor of two at 400°C. 

The effect of lattice imperfections on the elastic constants is discussed. 





INTRODUCTION 


NTEREST in the physical properties of AgBr stems 
from the high density of Frenkel-type imperfections 
near the melting point. Thus, at 400°C, the density’ 
of interstitial Ag+ ions (and associated vacancies on 
normal silver sites) is approximately 1%. This un- 
usually high density of imperfections leads to easily 
observable anomalies in the thermal expansion co- 
efficient®* and the specific heat at constant pressure.®.® 
One may expect that, associated with these anomalies, 
there should be a corresponding anomaly in the be- 
havior of the elastic constants. The purpose of this 
paper is to report theoretical estimates of such anom- 
lies as well as to report actual experimental data on the 
elastic constants of AgBr as a function of temperature. 
If the measurement of the elastic constants reported 
below had been made by static techniques which in- 
volved times long enough to ensure complete equilibra- 
tion of the lattice and imperfections with a temperature 
bath, the data so obtained would be isothermal elastic 
constants for a relaxed system in which the concentra- 
tion of imperfections is allowed to change to a value 
consistent with the applied stress. In principle, at least, 
we can imagine an experiment in which temperature 
equilibrium is achieved in a time short compared to the 
duration of the experiment which, in turn, could be 
short compared to the time required for readjustment 
of the concentration of imperfections. Under these 
conditions, the data obtained would be the isothermal 
elastic constants for an unrelaxed system. In the next 
section, on the basis of a simple model, we shall derive 
an expression for the difference between the isothermal 
compressibility of a completely relaxed and a com- 
pletely unrelaxed system. 

In fact, however, the data reported below are deter- 
mined by dynamic measurements of the velocity of 
sound, in some cases at 50 kc/sec, and in others at 10 
Mc/sec. It is easily established that the elastic constants 
so measured are adiabatic in the sense that the time 


1 J. Teltow, Ann. Physik 5, 63 (1950). 

2S. W. Kurnick, J. Chem. Phys. 20, 218 (1952). 

3 P. G. Strelkow, Physik. Z. Sowjetunion 12, 77 (1937). 

4 A. W. Lawson, Phys. Rev. 78, 185 (1950). 

5R. W. Christy and A. W. Lawson, J. Chem. Phys. 19, 517 


(1951). 
°T. E. Pochapsky, J. Chem. Phys. 21, 1539 (1953). 


required to smooth out the crests and troughs of the 
temperature variations associated with the sound waves 
is long compared to the period of the wave at either of 
the frequencies involved in this discussion. The next 
question is whether the elastic constants observed 
pertain to a relaxed lattice or an unrelaxed lattice, i.e., 
one in which the concentration of imperfections is 
always in full thermal equilibrium with the local tem- 
perature or one in which the number of imperfections 
is essentially constant at all times and equal to the 
value which pertains to the unstressed lattice at its 
initial temperature. The answer to the preceding ques- 
tion is complex. Certainly at very low temperatures we 
expect the times involved in readjusting the concen- 
trations of imperfections to be very long compared to 
the period of vibration and hence for the 10-Mc/sec 
measurements, at least, we expect our results at room 
temperature to be for an unrelaxed system. The dif- 
ference between the relaxed and unrelaxed elastic 
constants is proportional to the concentration of im- 
perfections. At room temperatures the equilibrium 
concentration is so low that no difference between the 
two types of constants could be observed. Just below 
the melting point of AgBr, however, where the con- 
centration of defects is high and they are extremely 
mobile, one might expect that the measurements would 
pertain to the completely relaxed situation. However, in 
the next section, we derive a formula for the difference 
between the relaxed and unrelaxed adiabatic com- 
pressibilities. We show that the difference between the 
two adiabatic compressibilities is an order of magnitude 
smaller than that between the two isothermal com- 
pressibilities. In fact, we conclude that the difference 
to be expected between the two adiabatic compressi- 
bilities is so small that the expected dispersion between 
the values observed at 50 kc/sec and 10 Mc/sec at some 
intermediate temperature (say 200°C) would be con- 
siderably less than our experimental error. In short, 
the elastic constants given below can be used to de- 
scribe equally well the relaxed or unrelaxed adiabatic 
case over the whole temperature range studied. 
Associated with the dispersion of the elastic con- 
stants, one may expect to find an increase in the internal 
friction of the sample. Although efforts were made to 
observe the internal friction at both 50 kc/sec and 10 
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Mc/sec, the results obtained can only be considered as 
semiquantitative. These results are discussed below. 


THEORY 


To obtain a theoretical estimate of the magnitude of 
AKsg, the difference between the relaxed and the un- 
relaxed adiabatic compressibility, we begin with the 
well-known thermodynamic relation, 


Kr—Ks=TVe?/C,, (1) 


where Kr is the isothermal compressibility, Ks the 
adiabatic compressibility, T the absolute temperature, 
V the specific volume, a the volume coefficient of ex- 
pansion, and C, is the specific heat at constant pressure. 
All quantities listed in Eq. (1) above refer to the 
completely relaxed lattice in which, in the limit of zero 
frequency of applied stress, the defect concentration 
follows readily all changes of applied stress. 
We now assume that a similar relation, 


Kr'—Ks'=TV(e')?/C,’, (2) 


applies to the unrelaxed lattice in which the defect 
concentration is effectively “frozen in” and does not 
follow sufficiently rapid stress variations. By subtrac- 
tion of Eq. (2) from Eq. (1), we obtain 


; ft?’ (@’) 
Ak,—aKs=T7|— — | (3) 


Oy ON 


To obtain AK gs from Eq. (3) we now derive expressions 
for AKr=Kr-Kr’, Aa=a—a’, and AC,=C,—C,’ in 
terms of experimentally measured parameters. 

The isothermal compressibility is given by 


Kr=—(1/V)(0V/dP)r, (4) 
where for V we write 
V=Votcv*. (5) 


Here V~ is the specific volume of the perfect lattice, ¢ 
is the defect concentration, and V* is the added volume 
per mole of defects. Hence 


Kr/(relaxed) 


AG) Gel ae © 


As the frequency is raised, (dc/8P)r — 0 so that 
AKr=— (V*/V) (0¢/0P) 1 (m0). (7) 
Now the concentration is given by 
c=A exp(—G*/2RT), (8) 


where A is 4 constant determined by the ion type and 
mechanism of defect formation, and G* is the Gibbs 
free energy per mole of defects. Combining Eqs. (7) 


1277 


TaBLE I. List of thermodynamic quantities of interest 
evaluated at 7=673°K. 








Value 


30.6 cm*/mole 
v* 16 cm*/mole 

27 500 cal/mole 

0.01 


Quantity Reference 





5.0 10-4 °C 

19.5 cal/mole— °C 

27.0 cal/mole— °C 
0.75X 10-" cm?/dyne 
0.80 10-4 °C- 

4.2 cal/mole— °C 
0.10X 10-” cm?/dyne 
—0.01X 10-" cm?/dyne 


6+Eqs. (3) and (10) 
5+ Eqs. (3) and (10) 








and (8) gives 
AK r= (cV*/2RTV) (dG*/dP)r. (9) 
From thermodynamics, dG*= V*dP—S*dT, so 


AKr=c(V*)?/2RTV. (10) 


In similar fashion we write 


V* / 0c —cV*f a /G* 
ane set eth, 
V\OT/ p 2RVLOT\T/ Ip 


From thermodynamics, we have 
d(G*/T) = (V*/T)dP—(H*/T*)dT, (12) 
where H* is the enthalpy per mole of defects. Hence 
Aa=cV*H*/2RT’V. (13) 
Finally, we have 


AC,=H* (ac/8T) p= c(H*)?/2RT?. (14) 


The experimentally determined values of the pa- 
rameters appearing in Eqs. (3), (10), (13), and (14) 
are listed in Table I together with the quantities AK, 
Aa, AC, and AK 5 calculated from them. 

It is observed from Table I that two estimates are 
given for AK s. The discrepancy between these values 
arises from the disagreement between the reported 
values®® of the specific heat at constant pressure. In 
this connection it should be remarked that a negative 
value for AK s does not appear possible. This statement 
may be proved by considering a relaxing medium with 
a single time of relaxation r. If one calculates the energy 
dissipated per cycle in such a medium one finds that 
this dissipation is only positive if AK is positive. We 
are indebted to Professor A. B. Pippard for suggesting 
this line of reasoning. 

In any case, both values given for AK gs in Table I are 
appreciably smaller than the value given for AK r. The 
reason for this may be understood as follows. Consider 
the adiabatic application of a pressure to a medium 
containing imperfections. The increase in pressure 
causes a decrease in the equilibrium number of defects 
if V* is positive as is observed in AgBr. On the other 
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hand there is a concomitant increase in temperature 
which tends to increase the number of defects. Since 
these two effects oppose each other AKs may be ex- 
pected to be less than AKr although according to the 
theorem mentioned above it must be greater than zero. 

The greatest chance of observing a dispersion in the 
compressibility should occur at high temperatures 
where ¢ is large. However, even at 400°C, using the 
larger of the two values for AK and the value of F s 
given in Fig. 4 below, we find that AK s/K is less than 
2%. Since the error in compressibility measurements is 
about 3% we cannot expect the data presented here to 
discriminate between a relaxed and an unrelaxed 
situation. 


EXPERIMENTAL PROCEDURE 
(a) High-Frequency Measurements 


The AgBr crystals and the measuring technique used 
have been described previously.’ The only significant 
difference was in the method of attaching the transducer 
for which a mixture of beeswax and rosin was used 
previously. No cement was found which would give 
adequate pulse transmission at the higher temperatures. 
The transducers were therefore attached to the AgBr 
crystals by local melting of the surface of the latter. 
The method is shown in Fig. 1. The transducer was set 
upon a metal plate heated with a flame from below; the 
crystal was then pressed to it by means of a vertical 
movement mechanism (drill press) until local melting 
of the AgBr occurred. The alignment of the transducer 
axis could thus be kept within $° parallel to the crystal 
axis. Some elastic deformation of the transducer was 
observed which was due to the difference in the thermal 
expansion coefficients of the quartz and AgBr. The 
binding thus achieved gave barely adequate pulse 
transmission ; the echoes were so weak that their peaks 
had to be measured rather than their leading edges as 
previously. The number of echoes visible above noise 
level varied from ten or more at room temperature to 
one or two near the melting point. 

The specimen holder used is shown in Fig. 2. The 
main innovation is in the use of two concentric coil 
springs to take up the thermal expansion of the AgBr 
(2.3% at 400°C). 

7D. S. Tannhauser and A. W. Lawson, J. Chem. Phys. 22, 
2092 (1954). 


(b) Low-Frequency Measurements 


The Young’s modulus, Z, and hence S;,=1/E, of 
AgBr was measured by the well-known method*" of 
observing the resonant frequency of a composite piezo- 
electric oscillator consisting of a longitudinally vibrat- 
ing X-cut quartz cylinder, to the end of which was 
attached a cylinder of AgBr of the same cross section. 
The specimen used was a single crystal grown from the 
melt. The [100] direction was parallel to the cylinder 
axis and the alignment error did not exceed 2°. The 
diameter of the quartz rod and AgBr specimen was 
4.75 mm; the nominal frequency of the quartz oscillator 
alone was 58.7 kc. It was found that for the small cross 
section used, a satisfactory bond between the quartz 
and AgBr could be obtained using a porcelain cement 
(Sauereisen No. 1). 

The composite oscillator was suspended in a tem- 
perature controlled furnace in such a way as to mini- 
mize damping due to mounting loss. The composite 
oscillator was driven by means of a calibrated signal 
generator (General Radio—Type No. 805-G). Reso- 
nance was observed by measuring the voltage drop 
across a 5000-ohm resistor placed in series with the 
oscillator. A logarithmic-type vacuum-tube voltmeter 
was used for this purpose. 


(c) Temperature Measurement 


The temperature was measured in all cases by a 
chromel-alumel thermocouple placed in close proximity 
to the AgBr sample. The thermocouples used were 
calibrated at the melting points of Pb and Zn. The 
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TABLE II. The variation of the elastic constants of AgBr with temperature. All values in this table are interpolated since the amount 
of random scattering is small. The first four columns of the table are pure high-frequency constants, C1: being calculated from Vi, Cu 
from V3, Ci2(I) from V1, V2 and V3 and Ci2(II) from V; and V4. Ci2(III) is a mixed constant, being calculated from the high-frequency 
Ci: and the low-frequency 1/51; which is given in the sixth column. The last column lists the thermal expansion values which have been 


used in calculating the elastic constants. 
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measured temperature can be considered accurate 
within +1°C. 
RESULTS 
(a) High Frequency 
Four sound velocities were measured : 


Vi= (Ci:/p)*= velocity of longitudinal waves in (100) 
crystal in [100] direction. 

Vo=[(CutCiet 2C44)/2p |*= velocity of longitudinal 
waves in (110) crystal in [110] direction. 

V3= (Cus/p)'=velocity of transverse waves in (100) 
crystal in [010] direction. 

Vs=([(Cu—C12)/2p }'= velocity of transverse waves 
in (110) crystal in [110] direction. 


The elastic constants were calculated from these 
velocities using the room temperature density of AgBr 
of 6.473 g/cm* and the thermal expansion data given 
by Strelkow.? Cy; and Cu, were calculated directly from 
V, and V3. For Cy. two sets of values were calculated, 
one from V; and V4, the other from V;, Vo, and V3. 
The results are given in Table II and plotted in Fig. 3. 
Interpolated values are given in the table since the 
scatter of the measurements is very small, and 
the velocities were not measured at corresponding 
temperatures. 


(b) Low Frequency 


In the calculation of 1/51, full account of the varia- 
tion of the resonant frequency of the quartz crystal 
alone with temperature and of the thermal expansion® 
of AgBr has been taken. The results are given in Table 
II, column 7 and presented graphically in Fig. 3. 

A set of values of Ci. has been calculated from this 
1/Si, and the high-frequency Cu, by solving the 
equation 





1 (Cu—C2)(Cu+2C 2) 


Su (Cut+Ciz) 


This C2(III) is given in the sixth column of Table I, 
and plotted in Fig. 3. 


DISCUSSION OF ERRORS 
(a) High-Frequency Measurements 


The room-temperature values of Cy, and Cu meas- 
ured in this experiment agree with those previously 
reported’ to within 1%. The two room-temperature 
values for Ci: quoted here are within 3% of the previous 
result. The measurements undoubtedly become less 
precise at higher temperatures due to the increased 
damping and consequent reduction in the number of 
observable echoes. At 400°C there were only two or 
three weak echoes visible when measuring V2 and V4, 
whereas five or more were available for V; and V3. 
This is probably the reason for the large difference in 
the two values of Cj: near 380°C. Since the error is due 
mainly to distortion of the echo pulses, it is partly 
systematic in nature, and probably tends to decrease 
the measured elastic constants. 

Another source of error is the layer of AgBr near the 
surface of the transducer which, because of melting and 
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Fic. 3. The variation of the elastic constants of AgBr with 
temperature. C11, Cas, Ci2(I) and Ci2(II) have been computed 
from high-frequency measurements (see Table I). Ci2(III) has 
been computed from the high-frequency Ci, and the low-frequency 
Si. Actual measured points are shown for Cu1, Cus, and 1/S1: to 
indicate the amount of scattering. 
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recrystallization, did not have the nominal orientation 
of the crystal. This effect tends to decrease the ratio 
(Cu—C12)/2C a4, which measures the elastic anisotropy, 
between room temperature and 280°C (the temperature 
of elastic isotropy) and increase it above 280°C. From 
this consideration the values of C12 given in curve I of 
Fig. 3 are more nearly correct than those given in 
curve IT. 


(b) Low-Frequency Measurements 


The scatter of the values of 5); indicates a maximum 
random error of about 2%. In the high-temperature 
range it was found necessary to reduce the length-to- 
radius ratio of the AgBr cylinder to as low as 3.5. The 
correction to S,; due to this factor in no instance ex- 
ceeded 5%. It is doubtful whether higher order correc- 
tions would change the final results significantly. The 
resonant frequency of the composite oscillator was 
always kept within 2 kc of the resonant frequency of 
the quartz crystal alone. 


(c) Summary 


Cu, Cas, and Sy, can be considered accurate to within 
+2% over the entire range of measurement. Of the 
three curves given for Cy2, the one labeled III is prob- 
ably the most accurate, especially near 400°C, being 
calculated from Cy; and Sy). Cy2(I) and C,2(II) are less 
accurate, for reasons stated above. 


DISCUSSION 


It is evident from the data presented above that the 
elastic constants measured at 10.7 mc are consistent 
with the values of S;; measured at 58 kc/sec within the 
limits of error. From the theory presented above we 
conclude that these constants are an appropriate de- 
scription of either the relaxed or unrelaxed lattice 
within experimental error. There can be no question 
that, over part of the temperature range, the high- 
frequency measurements are so fast that the local con- 
centration of defects does not correspond to the equi- 
librium value for that particular local temperature. At 
the highest temperature the readjustment of the con- 
centration of defects is sufficiently rapid so that the 
equilibrium condition is satisfied at all times. 

Of particular interest is the determination of the 
frequency at which the transition from relaxed to un- 
relaxed behavior occurs. The work of Pochapsky® on 
the heat capacity and thermal diffusivity of AgBr 
indicates that interstitial Agt—vacancy equilibrium is 
established in less than 10~ sec at temperatures above 
350°C. Hence we conclude that the lower limit for the 
transition frequency in this range is of the order of 10* 
sec, To estimate the maximum frequency at which 
the transition from relaxed to unrelaxed behavior could 
occur we estimate the defect recombination time 7+ 
from the Einstein equation: 


7=e(2")n/2kT yp, (15) 


BRUNER, AND LAWSON 


where (x*),, is the mean square distance between lattice 
defects and yu is the mobility of interstitial silver ions. 
We have 

(x*)w=[V/2cA }}, (16) 


where c is the defect concentration and A is Avogadro’s 
number, so 
t= (e/2kTyu)[V/2cA }}. (17) 


By extrapolating Teltow’s' data for wu we calculate 
7=10- sec at 400°C. Hence the maximum transition 
frequency is of the order of 10" sec~. This calculation 
assumes in effect that the defect formation and re- 
combination rate is determined only by the time re- 
quired for an interstitial to move through the lattice 
a distance equal to the mean distance between vacancies 
which are assumed fixed. The time required for a Agt 
ion occupying a Agt lattice site to surmount the energy 
barrier separating it from a nearby interstitial position 
is neglected. This calculated transition frequency will 
be the maximum one only if the effect of short-circuiting 
paths such as grain boundaries is negligible. 

Friauf" has made an estimate of the vacancy forma- 
tion and recombination rate based on the formula 


v= vo exp[ — ($£r+U,)/RT], (18) 


where » is the rate, vo is the vibration frequency of a 
silver ion in the lattice, estimated at 10" sec, Ep is 
the energy required to form a pair of Frenkel defects, 
and U; is the interstitial mobility energy. Using the 


experimentally determined values? for Zr and U;, we 
find from Eq. (18) that »=10" sec at 400°C, con- 
siderably less than the maximum value of 10 estimated 
above. 

A record was kept of the number of observable 
echoes as a function of temperature for the high-fre- 
quency measurements and in all cases a broad attenua- 
tion maximum was observed around 200°C. The 
maximum transition frequency corresponding to this 
temperature as calculated from Eq. (19) is of the order 
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Fic. 4. The adiabatic compressibilities of AgBr and NaCl and the 
isothermal compressibility of AgBr as a function of T/T». 


1 R. J. Friauf, J. Chem. Phys, 22, 1329 (1954). 
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of 10° sec~'. Since the attenuation maximum was 
observed at a frequency of 10’ sec! it would seem that 
the barrier effect, corresponding to }£r in Eq. (18), 
which is neglected in the calculation of the maximum 
transition frequency cannot be ignored. On the other 
hand Friauf’s rather arbitrary estimate of the barrier 
appears too high. On the basis of the above result one 
might hope to observe the transition from relaxed to 
unrelaxed behavior at a frequency of about 10® sec 
at 400°C. Our attenuation measurements were not 
precise, however, and the remarks based upon them 
should be regarded as suggestive only. No attenuation 
maximum was observed at 58 kc/sec. 

In Fig. 4 we have plotted the adiabatic compressi- 
bility of AgBr as a function of the absolute temperature. 
Using Eq. (1) we have computed the isothermal com- 
pressibility” which is also shown in Fig. 4. The 


12 The value stated for K 7 in reference (7) was incorrect because 
of an error in calculation. Ky should have read 2.69X10-" 
(dyne/cm*). 
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isothermal curve is based on the specific heat data of 
Pochapsky.® Since his data are lower than the data of 
Christy and Lawson,° it is possible that Kr is over- 
estimated near the melting point. The adiabatic com- 
pressibility of NaCl as determined by Hunter and 
Siegel’® is included for comparison. It should be noted 
that the point of inflection in Kgs found by Hunter 
and Siegel in NaCl does not appear in AgBr nor does 
the turnover near the melting point. On the whole the 
behavior of AgBr appears to be much more nearly 
what one might expect for this type of lattice than 
appears to be the case for NaCl. 
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Temperature Dependence of the Hall Coefficients in 
Some Copper Nickel Alloys* 


F. E. ALLIsont AND Emerson M. PuGH 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania 
(Received February 27, 1956) 


The two Hall coefficients and the resistivity of Cu--Ni alloys containing 80%, 70%, and 60% Ni have 
been measured from 4°K to 400°K. These alloys were chosen because early measurements had indicated 
that conduction in the 3d bands of these ferromagnetic alloys could be neglected. The values of Ro*, from 
precise Hall measurements at high fields, are in excellent agreement with the predictions of the band model 
that divides the conduction band into parallel and antiparallel bands. The data on all three alloys fit the 
predicted curve at temperatures below their Curie points and also fit the predicted Curie point anomaly 
due to 2M /dB0 at high fields in this temperature region. The dependence of R,* upon resistivity is in 
agreement with the law R,*=Ap". For 80% and 70% Ni the coefficient A and the exponent m agree with 
the values obtained for pure Ni. A significant departure from the pure Ni value is observed, however, in 
the 60% Ni alloy. Evidence is presented that indicates this law should be extrapolated through the temper- 
ature region above the Curie point where the alloys are paramagnetic. 


T is now well known that the Hall effect in ferro- 
magnetic materials is described by the equation 


en= E,/iz= RoH.t+4rRiM,. (1) 


In a recent paper Smit! suggests that this equation 
accurately describes the effect only when the material 
is magnetically saturated, otherwise the equation is 
only approximate. It should be pointed out that Eq. (1) 
was first suggested? to explain data taken far below 


* This research was supported by the Office of Naval Research. 

+ Submitted by one of the authors (FEA) in partial fulfillment 
of the requirements for the degree of Doctor of Philosophy at 
Carnegie Institute of Technology. 

1J. Smit, Physica 21, 877 (1955). 

2 Emerson M. Pugh, Phys. Rev. 36, 1503 (1930). 


saturation in the region where 4rM,>H,,. Since also 
R,>Ro, the first term of Eq. (1) could not be detected, 
even though precise measurements were made simul- 
taneously of the Hall voltage and of both B and H in 
bars of material where such measurements were pos- 
sible. In those tests several different*® materials were 
measured. Observations made at the time, but not 
published, showed that the first hysteresis loops, of 
materials having no previous magnetic history, did not 
close for either M, versus H, or E, versus H,. In all 
cases the E, was so exactly proportional to M, that 
the coefficient R; could be obtained within a few per- 
cent by dividing the closing discrepancy in E, by the 


3 E. M. Pugh and T. W. Lippert, Phys. Rev. 42, 709-710 (1932). 
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closing discrepancy in M,. More recently‘ it has been 
shown that the existence of a domain structure should 
not hinder but in fact should contribute to the propor- 
tionality between macroscopically measured Hall volt- 
ages and magnetization below saturation. We know of 
no evidence that Eq. (1) is not an exact relationship at 
all fields. 

Following the first® accurate identification** of the 
Ro term, the majority of our efforts have been concen- 
trated upon obtaining accurate values for Ro. This has 
been done for two reasons: first, values of Ro provide 
much information concerning band structures; second, 
due to the relative ease with which it can be obtained, 
considerable information is already available concerning 
R,. Our efforts have also been concentrated largely on 
alloys of ferromagnetic elements whose atomic numbers 
differ by 1 or 2, since the band structures of these have 
been presumed to be well established. If the Hall effects 
in these can be understood, less well understood band 
structures can be investigated with more confidence. 

Recent measurements®:’ of the Cu-Ni alloys at 4°K, 
20°K, 77°K, and room temperature show such large 
negative Ro’s for the ferromagnetic alloys at the low 
temperatures that there can be only 0.3 electron per 
atom sufficiently mobile to influence the Hall effect. 
A band model proposed by one of us* following ideas 
given by Mott® appears to explain this data. At low 
temperatures the parallel d band is full and the anti- 
parallel d band is partly empty. Therefore the parallel 
s electrons cannot be scattered into the d band while 
the antiparallel s electrons can. Thus the 0.3 electron 
per atom in the s band which have spins parallel to the 
field have much higher mobility. The band model® can 
be used to make detailed predictions for the temperature 
dependence of the Ro’s in any of these alloys in which 
the Ro at low temperature corresponds to 0.3 electron 
per atom. 

The extraordinary effect is much more strongly 
temperature dependent than the ordinary effect, and 
until recently its origin had remained obscure. In 1950 
Samoilovich and Kon’Kov"™ proposed that the extra- 
ordinary effect was due to a spin-orbit interaction, but 
it was not until 1954 that Karplus and Luttinger" 
demonstrated that the spin-orbit interaction could 
account for the strong temperature dependence. The 
theory predicts that the extraordinary Hall coefficient 
will vary with temperature as p”, where p is the electrical 

* Pugh, Rostoker, and Schindler, Phys. Rev. 80, 680 (1950). 

5A. TIT. Schindler and E. M. Pugh, Phys. Rev. 89, 295 (1950). 

® Some fine measurements of the Hall effect in ‘ferromagnetic 
materials were made before 1920 from which good values of Ro 
can now be obtained, Agen 7 their significance was not recognized 
at the time. See A. W. Smith, Phys. Rev. 30, 1 (1910). 

7P. Cohen, Office of Naval Research Technical Report, June, 
1955 (unpublished); thesis, Carnegie Institute of Technology, 
1955 (unpublished). 

8 E. M. Pugh, Phvs. Rev. 97, 647 (1955). 

*N. F. Mott, Proc. Roy. Soc. (London) A153, 699 (1936). 

” A. Samoilovich and U. Kon’Koy, J. Exptl. Theoret. Phys. 


(U. S.S.R.) 20, 782 (1950). 
UR, Karplus and J. M. Luttinger, Phys. Rev. 95, 1154 (1954). 
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resistivity. Using the data of Jan and Gijsman,” Karplus 
and Luttinger showed that R; varies as p", with n= 1.94 
for Fe and n= 1.42 for Ni. 

The present investigation was undertaken to examine 
in more detail the temperature dependence of both Hall 
coefficients in those Cu-Ni alloys for which the low 
temperature data indicated an effective number of 
electrons of the order of 0.3 per atom. 


EXPERIMENTAL METHOD AND DATA ANALYSIS 


The samples that were used in this investigation are 
the same samples that were used in the earlier work.*:’ 
These samples are nominally 2 cm wide and 1 mm 
thick with 4.5 cm exposed between copper lugs that 
are soldered to each end. Small holes were drilled in 
the copper lugs for wires and thermocouples to measure 
the longitudinal electric field and temperature gradient. 
The resistivity was then determined by p:= E,A/I, and, 
although this is not the most ideal experimental 
arrangement for this determination, it is sufficiently 
accurate for the present purpose. 

To obtain the detailed temperature dependence, Ro 
must be determined in the temperature range from 
77°K to room temperature. For accuracy the inter- 
mediate temperatures must be maintained for a con- 
siderable length of time. This requirement was satisfied 
by using baths of liquid methane, ethylene, and pro- 
pane, which have normal boiling points of 111.6°K, 
169.2°K, and 230.9°K, respectively. Measurements were 
first made with a liquid nitrogen bath. When the 
nitrogen was removed, the Dewar and sample were 
cold, so that methane could be transferred with a 
minimum loss of liquid, and a correspondingly small 
amount of gaseous methane in the laboratory to present 
an explosive hazard. This process was repeated with 
the other liquids until room temperature was reached. 

When measurements above room temperature were 
desired, a furnace was made by sealing a Pyrex tube 
at the bottom end and a heating element of Nichrome 
ribbon was wound around the bottom half. This 
element was wound noninductively to eliminate the 
magnetic field that would normally be produced by 
the heating element. The sample was set inside and - 
covered with a low-viscosity silicone oil (Dow Corning 
D.C. 200, 1.5 centistokes). Since a temperature gradient 
can be produced in the oil bath when the top is heated 
more than the bottom, the windings of the heating 
element were made closer together at the bottom. 

The measuring techniques have been described" 
previously. The Hall coefficients are calculated from 
the data by means of Eq. (1). Since the quantity that 
is normally measured is the magnetic induction B 
instead of the magnetic field H, it is more convenient 
to take account of the demagnetizing factor for a thin 


2 J.-P. Jan, Helv. Phys. Acta = 677 (1952); J.-P. Jan and 
H. M. Gijsman, Physica 18, 339 (1952). 
13S. Foner and E. M. Pugh, Phys. Rev. 91, 20 (1953). 
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sample and write this equation in the form 
en=RoB+(Ri—Ro)4anM=R.B+RAnM. (2) 


The derivative with respect to B of the above equation 
is 
dey/dB=Ry+RArdM/OB, (3) 


which gives the ordinary Hall coefficient directly when 
the term involving 0M/0B can be neglected, as it can 
at sufficiently high fields and at temperatures well 
below the Curie point. Coefficients calculated by Eq. 
(3) will be designated by Ro*=dey/dB. The Ro* may 
not be even approximately equal to Ro when the sample 
is not magnetically saturated because 9M/0B is multi- 
plied by R,; which is normally much larger than Ro. 
Fields up to 15.5 kilogauss were used for the Cu-Ni 
alloys studied in this investigation. Even fields this 
large are not sufficient at temperatures in the neighbor- 
hood of the Curie point, and great care must be exer- 
cised in interpreting the results. The effect of this term 
on Ro* can be clearly observed in the experimental 
results. 

The extraordinary Hall coefficient can be obtained 
from the experimental data by extrapolating the high- 
field linear region to B=0. If the intercept at B=0 is 
designated by (e)o, Eq. (2) shows that 


(ex)o= (Ri— Ro) 44M, (4) 


where 47M, is the saturation inductance. In most cases 
of interest Ro can be neglected in comparison with Ri, 
and coefficients computed from experimental data by 
this method will be denoted by Ri*= (e)o/41M.. 

It is well known" that accurate Hall coefficients 
cannot be obtained without taking account of the 
spurious transverse potential produced by the combined 
Ettingshausen and Seebeck effects. An exact opposite 
set of effects also exist, and errors due to them appar- 
ently have not been investigated. As shown in Fig. 1, 
the sample S is normally connected between two heavy 
copper leads. In practice, the sample is never in contact 
with an infinite heat reservoir, and the two junctions 
I and II will be heated unequally by the Peltier effect. 
A temperature gradient will then exist between the 
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Fic. 1. Experimental arrangement for measuring the Hall effect. 
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TABLE I, Summary of the Hall coefficients and resistivity data. 








Ro*¥ X108 R.* X10" 
(volt cm/amp gauss) (volt cm/amp gauss) 
60% Ni-40% Cu 
34.86 
36.00 
39.19 
44.89 


p X108 


T(°K) ohm-cm 





34,12 
35.34 
37.76 
42.00 
44.57 
45.33 


64 20.3 
77 18.7 
112 17.5 
169 18.0 
210 19.7 
231 22.2 
250 21.6 
271 17.4 
281 16.7 
300 ae 
310 15.0 
313 15.5 
325 14.9 
342 15.5 

70% Ni-30% Cu 
32.0 
34.4 
38.6 
47.1 
53.7 
57.3 
269 . 69.4 
291 79.1 
$1.6 
92.7 

203 


46.91 
47.29 


64 19.6 
77 18.6 
112 16.9 
169 14.8 

14.1 


80% Ni-20% Cu 
18.5 
20.6 
25.4 
31.5 
47.4 








ends of the sample, and a transverse potential due to 
the Nernst effect will be superimposed upon the Hall 
potential. Just as the potential due to the Ettingshausen 
and Seebeck effects reverses with reversal of either the 
magnetic field or the primary current, so also does the 
potential due to the Peltier and Nernst effects. It should 
be noted, however, that in ferromagnetic materials the 
Ettingshausen and Nernst effects exhibit a behavior 
similar to that of the Hall effect and should therefore 
be formulated in terms of an ordinary and extraordinary 
coefficient. Recently Genkin and Priporawa™ have 
made measurements on the Nernst effect that were 
very similar to those made by Pugh? on the Hall effect. 
From their results they conclude that the Nernst 
potential must contain a contribution that is propor- 
tional to the intensity of magnetization. On this basis 
K. Meyer'® proposed that the Nernst effect should 
obey the relation 


Ey= — (QoH+Q1M)dT/ dx. (5) 


44 N. M. Genkin and G. P. Priporawa, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 26, 323 (1954). 
16K. Meyer, Z. Naturforsch 10a, 166 (1955). 
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Fic. 2. Observed values of Ro* versus T/T, showing the tempera- 
ture dependence of Ro and the anomaly near the Curie point. 


A similar relation was also proposed a short time later, 
although independently, by the authors.’* 

The total transverse electric field is the sum of that 
due to the Hall and Nernst effects. For ferromagnetic 
materials this will be given by 


E,= (RoH+Ri4aM)j2+ (QoH+Q144M)qs, (6) 


where j, and q, are electric and thermal current densi- 
ties respectively. The transverse electric field per unit 
electrical current density will be 


ey= (Rot+Qoge/j2)B 
+[(Ri— Ro) + (Qi—Qo)q2/j24rM, (7) 


where B—4rM has been substituted for H. The 
derivative of e, with respect to B is given by 


de,/dB= (Rot+Qogz/ jz) 
+[(Ri—Ro)+ (Qi-Qo)q2/ jz 49M /dB. (8) 


Above saturation where terms involving 0M/dB can 
be neglected, the above equation reduces to 


de,/dB= RotQogz/ jz. (9) 


This shows that de,/dB, which is normally associated 
with Ro*, is a linear function of g./j. whose intercept 
is Ro and whose slope is Qo. In the limit of B=0, Eq. 
(7) reduces to 


(ey)o [ (Ri i Ro) + (Qi ves Qo) «/jz4rM,. 


Again Rp and Q» can usually be neglected in comparison 
with R, and Q; so that the above equation reduces to 


(€y)o/4eM .=Rit+Qige/ je. (11) 


Thus (e,)o/4eM,, which is normally associated with 
R;*, is also a linear function of g./j2, but whose inter- 
cept is R,; and whose slope is Q;. To investigate the 
influence of the longitudinal temperature gradient, 
accurate measurements were made on one sample 
(80% Ni) for different values of g./j, at room temper- 


16 F, E. Allison and E. M. Pugh, Phys. Rev. 99, 1642 (1955). 
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ature. The anticipated effect, as outlined above, was 
easily observed in the experimental results. 


EXPERIMENTAL RESULTS 


The experimental results are summarized in Table I 
for all three alloys. Since it was anticipated that the 
temperature dependence of Ro* below the Curie point 
would arise from the ferromagnetic properties of the 
samples, Ro* is shown as a function of 7/7, in Fig. 2. 
In order to complete the curve at low temperatures, 
the results obtained by Cohen’ are also included. There 
are three features of special interest : 

(i) For both alloys in which measurements were 
completed above the Curie temperature, a peak in Ry* 
is observed at T/7T.,~1.05. Such a behavior was antici- 
pated and is due to the fact that the term involving 
8M/90B in Eq. (3) is not negligible in comparison with 
Ro* when the sample temperature is near its Curie 
point. 

(ii) The peak for the 60% Ni is considerably broader 
than the peak for the 70% Ni; and, although the peaks 
are not sharply defined, the peak for 60% Ni appears 
to be shifted toward a slightly larger value of T/T,. 

(iii) The ordinary Hall coefficient, Ry*, as a function 
of T/T. below 0.7 does not vary greatly with alloy 
composition for the three alloys measured. Although 
there is considerable scatter, the agreement among the 
three alloys is sufficient to indicate that the hypothesis 
of a ferromagnetic origin for the temperature depend- 
ence in this region is correct. 

The intercept at absolute zero for Ko* is 23X10" 
which corresponds to an effective number of electrons 
n* =1/Ro*Nec of about 0.3. The minimum value of Ro* 
of 14X10~* corresponds to an n* of about 0.5. These 
are in good agreement with predictions in the band- 
model paper* where it was pointed out that gyromag- 
netic ratios now indicate that the 4s band electron/atom 
ratio may be as low as 0.54 for the whole band and 
0.27 for the parallel half of this band. 
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Fic. 3. Extraordinary Hall coefficients plotted against the 
resistivity for 70% Ni-30% Cu on a log log scale showing the 
apparent deviation from linearity beyond the Curie point. 
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The dependence of R,* upon p for 70% Ni is shown 
on a log-log plot in Fig. 3. The dependence is similar 
for the other two alloys. A linear dependence is not 
observed between logR,* and logp at the high-tempera- 
ture end. This is not of fundamental significance, but 
rather a consequence of the method used in calculating 
R;*. In calculating R,*, the magnetization of the sample 
was assumed to follow a reduced magnetization curve 
that corresponds to the limit H=0. This condition is 
not satisfied by the measurements of the Hall effect, 
and, if one wishes to calculate R,*, one must know 
4rM, in fields of the order of 12 kilogauss. Since such 
data is not readily available, it was decided to assume 
that the linear relation between logR,* and logp would 
be obeyed at these higher temperatures and to compute 
the reduced magnetization curve for H¥0. This was 
done for 70% Ni and 60% Ni. The results are shown 
in Fig. 4. The “tail” on the magnetization curve 
appears to be quite reasonable when compared with a 
similar curve obtained by Weiss and Forrer'’ for pure 
Ni, thus substantiating the hypothesis. 

The general character of the Curie point anomalies 
in Ro* are in qualitative agreement with the magneti- 
zation curves in Fig. 4. The relatively broader peak at 
a slightly higher 7/7, for the 60% Ni alloy corresponds 
to the somewhat longer “‘tail” in the magnetization 
curve for this alloy. 

It has recently been pointed out by Schindler and 
Salkovitz'* that, when the room-temperature data for 
the Cu-Ni alloys are plotted as log R,* versus logp, the 
result agrees with the pure Ni data obtained by Jan 
and Gijsman.” Such a plot of the data obtained in this 
investigation is shown in Fig. 5. The results for 80% Ni 
and 70% Ni do indeed agree with the pure Ni curve; 
however, 60% Ni, which is normally not ferromagnetic 
at room temperature and therefore not included in the 
analysis of Schindler and Salkovitz, shows a significant 
departure from the pure Ni curve. If the extraordinary 
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Fic. 4. Reduced magnetization curves for two Cu-Ni alloys 
showing the ‘‘tails” due to H¥0 calculated with the aid of the 
extraordinary Hall coefficients. 


17 P, Weiss and R. Forrer, Compt. rend. 178, 1670 (1924). 
18 A, I. Schindler and E. I. Salkovitz, Phys. Rev. 99, 1251 
(1955). 
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Fic. 5. Extraordinary Hall coefficients for Ni and three Cu-Ni 
alloys plotted against the resistivity on a log log scale. 
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coefficient is written as R,;*= Ap", it is apparent that 
neither A nor m changes appreciably when Cu is alloyed 
with Ni up to at least 30% Cu. It is not immediately 
apparent why this should be the case, and, in fact, 
similar results are not obtained when Co is alloyed 
with Ni. As Co is added to Ni, the resistivity does 
increase but the extraordinary coefficient actually 
decreases."* 

The effect of the longitudinal temperature gradient 
on the Hall potential is illustrated in Fig. 6. The Hall 
coefficients computed from these data are presented in 
Table II, and the anticipated linear dependence of R,* 
and Ro* upon q:/jz is shown in Fig. 7. The results 
clearly demonstrate that the Peltier and Ettingshausen 
effects can give rise to an experimental error that must 
be taken into consideration when precise determinations 
of the Hall coefficients are to be made. In this particular 
case they introduce an error of about 5% under condi- 
tions that were previously thought to be favorable. 
This error is not easily eliminated experimentally, and, 
since it is not too large, no attempt was made to 
correct any of the other data. 

It has been demonstrated that the extraordinary 
coefficients for the Hall, Ettingshausen, Nernst, and 
Righi-Leduc effects obey to within a factor of three 
the relationships that are theoretically predicted for the 
ordinary coefficients. Since the agreement is no better 
than this for the ordinary coefficients themselves, these 
results strongly suggest that the extraordinary effects 
bear a constant ratio to the ordinary effects. According 


19 FE, H. Butler and E. M. Pugh, Phys. Rev. 57, 916 (1940). 
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Fic. 6. Transverse potential per unit current —_ against the 
magnetic induction for 80% Ni-20% C 


to the results presented in Table II, 44%M,(Rj/Ro) 
=10.8X10° gauss and 47M,(Q:/Qo)=8.8X10* gauss. 
The difference between these two values is about 20%. 
Since the Nernst potential was only approximately 5% 
of the Hall potential, (Q1/Qo) is subject to considerable 
experimental error, which could account for the ob- 
served discrepancy. 


DISCUSSION 


When d-band conduction is neglected and the 4s 
band regarded as consisting of two sub-bands, the Hall 
coefficient will be given by® 


#Ro= > 5 77 Roj, (12) 


and the conduction in both s bands will be electronic. 
Thus the Hall coefficient can be written as 


1 [/op\? 1 Ta\? 1 
CZ) +) 

NecL\o/ v, of 
The subscripts p and a refer to electrons whose magnetic 
moments are aligned respectively parallel and anti- 
parallel with the field. For conduction (s band) elec- 


trons, the two orientations are equally probable, and 
hence 


Ro= (13) 


¥e=¥p=M,/2. (14) 


TABLE II. Influence of a longitudinal temperature gradient 
upon the Hall coefficient.* 








4xM.Ri* X10° 
(volt cm/amp) 


Ro* X10" 


(8T/dx)/I X10* 
(* (volt cm/amp gauss) 


/amp cm) 





13.80 147.8 
2.48 14.16 151.7 


1.13 14.38 152.9 


Corrected Ro* = 14.54X 10—* volt cm/amp gauss 
Corrected 44M ,R,* = 154.6X 10-* volt cm/amp 
xwtQo* = 14.95 10-8 
xwi4erM ,0,* = 131.3X10-* 


5.04 








* «x is the thermal conductivity, w and / the sample width and thickness 
ively. 
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Under these conditions the Hall coefficient reduces to 


eres I | 
Need (1+8)')’ 


where 8 is ¢,/oy. From the last equation it is observed 
that the Hall coefficient depends only upon the ratio 
of the conductivities in the 4s sub-bands. 

In discussing the temperature dependence of the 
resistivity of ferromagnetic material, Mott obtained 


the relation 
B= Tq/Tp= (V,/Na)}, 


where , and NV, are the number of holes in the parallel 
and antiparallel halves of the 3d band, respectively. 
These can be related to the total number of holes Nz 





(15) 





arm, RL X10 
(Volt cm/ Amp) 
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(2T/ax)/I x 10% (°C7Amp em) 
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Fic. 7. Experimentally determined values of Ro* and R,* 
plotted against the longitudinal temperature gradient per unit 
current for the 80% Ni-20% Cu sample at room temperature. 


in the 3d band and the magnetization by the relations 
N,=3Na(i—M/uNa), 
Na=3Na(1+M/pN,). 

-(—~. scene -(— =) 

1+M/uNa 1+dm/ ’ 

where m=M,(T)/M,(0) and \wVa=M,(0), ie., Au is 

the effective magnetic moment associated with a hole 

in the 3d band. 
Above the Curie point anomaly the Hall coefficient 
will be given by Ro=—1/Nn,ec, since the probability 


for scattering the s electrons will be independent of 
their spin orientation. This value of Ro will be referred 


(16) 


(17) 
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to as the paramagnetic Hail coefficient and will be 
designated by Ro(para). Equation (15) can now be 
expressed as 


Ro(T)/Ro(para)=r=2[1—26/(1+6)*], (18) 


where £ is given in terms of m by Eq. (17). The curves 
in Fig. 8 have been calculated by means of Eqs. (17) 
and (18) for \=1.0 and A=0.9. The experimental 
values of r for 70% Ni and 60% Ni are also shown in 
Fig. 8. Experimental values of Ro* (para) were obtained 
by extrapolating the data across the Curie point 
anomaly; however, this should not be a serious limi- 
tation since Ro, as opposed to Ro*, should vary only 
slowly with temperature in this region. Again, Cohen’s’ 





@ 70% Ni 


5h O 60% NI 











Fic. 8, Observed values of Ro* relative to their paramagnetic 
values for two Cu-Ni alloys versus the reduced magnetization. 
The solid lines have been calculated from the band model. The 
curve for \=1 assumes that at 0°K the parallel d band is com- 
pletely full whereas the curve for \=0.9 assumes it is 90% full. 


results are included in order to complete the curve for 
low temperatures (large values of m). 

The theoretical curve for \=1 (no holes in the 
parallel half of the d band at absolute zero) is in rather 
remarkable agreement with the experimental results. 
The disagreement between the theoretical curve for 
\=0.9 and the experimental results is sufficiently large 
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to indicate that there is at most an extremely small 
fraction of the d band holes in the parallel half at 
absolute zero. For these alloys the simple band model 
(with A=1) unambiguously predicts a temperature 
dependence of Ro* that is in good agreement with 
experimental results. 

Smit’s paper’ contains measurements on Ni and 
many Ni alloys at 20°K, 77°K, and 290°K. In most 
cases where the alloys are similar his results agree 
roughly with ours. However there are some discrep- 
ancies. In fact, every measurement on pure Ni seems 
to yield different Ro’s with different temperature 
dependencies. This is what should be expected from 
the band model explanation, which presumes that the 
small Ro found in Ni is caused by a positive Hall effect 
from the holes in the d band almost cancelling the 
negative Hall effect from the electrons in the s band. 
Small amounts of impurities could easily upset this 
delicate balance. 

Smit’s data! on ‘‘pseudo-nickel” (2.5% Fe, 92.5% Ni 
and 5.0% Cu) suggests that with the same total number 
of electrons per atom as in Ni but with sufficient 
impurities (2.5% Fe and 5.0% Cu) the contribution to 
the Hall effect from the holes in the d band can be 
ignored. His Ro’s for this alloy correspond roughly to 
n*’s of 0.5 and 0.3 at high and low temperatures, 
respectively, just the same as has been found here for 
the three Cu—Ni alloys in which the d-band contribution 
is negligible. One cannot be certain of the behavior for 
this pseudo-nickel sample until a complete temperature 
dependence curve has been obtained. 

The only real discrepancy existing between the data 
obtained by Smit and that obtained here is in the Ro’s 
at room temperature for three Co-Ni alloys, which 
have been mentioned by Foner.” It is our belief that 
some systematic error in either one or the other set of 
data must be responsible, for it is hard to see how 
small impurities in such alloys could produce results 
that differ this much. 
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Dependence of Electron Reflection on Contamination of the Reflecting Surface 
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Measurements of the reflection of electrons from a tungsten target have been made using electron energies 
from 3 to 1000 volts. It was found that the reflection of electrons changed considerably during the formation 
of the first monolayer of contamination on the surface and thereafter remained constant. Whether the change 
was an increase or a decrease depended on the energy of the electrons. 





N the course of measurements of the energy dis- 
tribution of secondary electrons from tungsten 
targets,’ it was found that the elastic reflection of pri- 
mary electrons depended on the amount of contamina- 
tion present on the target surface. Furthermore, it was 
found that the entire observed change in primary elec- 
tron reflection beginning with a clean target, occurred 
during the formation of the first monolayer of con- 
tamination on the surface. The length of time involved 
was of the order of 100 seconds at a pressure of 5 10-8 
mm of Hg. Subsequent changes in primary reflection 
over a period of one hour were negligible. 

A few measurements of the type on which the fore- 
going statements are based are shown in Fig. 1. Seven 
different curves labeled (a) to (g) are shown, some being 
measurements of reflected primary current J and the 
rest being measurements of pressure in the vacuum 
system, P. The horizontal axis is time in seconds and has 
the same scale forall curves. J was measured using an 
energy analyzer having a resolution of one percent and 
adjusted to accept only elastically reflected primary 
electrons. Observations were made at several values of 
primary voltage, V. At time zero the tungsten target 
was heated, or flashed, at 2400°K for one second (by 
passage of a high current). As can be seen in curve (c), 
this caused a high momentary rise in pressure. Follow- 
ing the flash, the clean target acted as a pump, adsorb- 
ing gas and lowering P. After formation of the first 
monolayer of contamination, the pumping action ceased 
and the pressure returned to normal. Thus the pressure 
record indicated the monolayer adsorption time. The 
reflected primary current J was recorded at the same 
time. Curve (a) shows J versus time for the case with 
V=800 volts. The value of J increases as the result of 
flashing the target (point X) and returns to its previous 
value (point Y) in a time comparable to the monolayer 
adsorption time. The total change in J is indicated as 
AI. A second flashing of the target either during the 
interval between X and Y or after point Y had been 
passed would always result in a return to point X. After 
the point Y had been reached, the value of J remained 
constant even when the pressure in the vacuum system 
was increased by a factor of 100. 


*Now at the Department of Physics, Queen’s University, 
Kingston, Ontario, Canada. 
1G. A. Harrower (to be published). 


A second measurement of J was mace immediately 
following that shown in curve (a) and with the pressure 
record shown in (c) still applicabie, but with V=700 
volts. The result is given in curve (b); it can be seen 
that changing V has changed the shape of the curve. 
It was subsequently observed that not only the shape 
of the J curve but also the direction of AI depended on 
electron voltage V. Curves (d) and (e) show simul- 
taneous measurements of J and P respectively for the 
case of V=100 volts. This time the change in AJ was 
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Fic. 1. Measured curves for a tungsten target, showing 
elastically reflected electron current J and pressure in the vacuum 
system P, both as functions of time. Values of electron voltage V 
and of pressure P are indicated. 
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CONTAMINATION OF REFLECTING SURFACE 


negative. Similar observations made at several different 
values of V from 3 to 1000 volts are shown in Fig. 2. 
Evidently both the magnitude and direction of AJ 
depend on V. The fractional change in reflected pri- 
mary current expressed as AJ/J was sometimes rather 
large, lying between +20 and —45 percent. 

The time required following a target flash, for J to 
return to its pre-flash value, was always roughly pro- 
portional to the monolayer adsorption time. This can 
be seen in all the curves of Fig. 1, including the last 
two, (f) and (g), where a lower pressure resulted in a 
measurement interval of 400 seconds. 

These observations serve to point out the necessity 
of providing an atomically clean surface for measure- 
ments of electron reflection coefficient and of making 
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Fic. 2. A plot of the fractional change in reflected primary 
current, expressed as AJ/J in percent, as a function of electron 
voltage V. 


such measurements in a relatively short time and under 
good vacuum conditions. 
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Magnetic Properties of Colloidal Nickelous Oxide 


James T. RicHARDSON* AND W. O. MILLIGAN 
The Rice Institute, Houston, Texas 
(Received January 12, 1956) 


Magnetic susceptibility measurements by the Faraday method 
have been made in the temperature range 4-550°K for a series of 
iron-free nickelous oxide samples prepared by the heat-treatment 
of hydrous nickelous hydroxide in a current of nitrogen at tem- 
peratures of 250-1300°C, the crystal size as given by electron 
diffraction methods varying from 80-2000 A. Samples (crystal size 
~2000 A) prepared at 1200-1300°C exhibit susceptibilities typical 
of an antiferromagnetic material, the observed Néel point of 523°K 
agreeing with the results of earlier investigators. In samples 
(crystal size ~100-200 A) prepared at 300-500°C the suscepti- 
bility agrees with that for the larger crystals above the Néel point, 
but exhibit maxima at lower temperatures. The temperatures, T., 
at which the maxima appear, decrease regularly and the ampli- 
tudes of the maxima increase regularly, with decreasing crystal 
size. In the range studied, linear plots [10-*7,=1.090/—1.037] 
are obtained for 7, as a function of f, the ratio of the average 
number of next nearest magnetic neighbors per nickel atom to the 
number of next nearest magnetic neighbors in an infinite crystal, 
as computed from the observed crystal sizes. Neutron diffraction 
patterns demonstrate that the magnetic structure is antiferro- 
magnetic at temperatures both above and below 7., and hence 
the maxima do not correspond to shifted Néel points. 

The magnetic susceptibility curves for the colloidal crystals of 
nickelous oxide resemble those obtained by others for certain iron 


INTRODUCTION 


ICKELOUS oxide, as normally prepared, consists 

of crystals larger than the colloidal range of 
particle size, and. exhibits a transformation at approxi- 
mately 523°K, detectable by back reflection x-ray 
diffraction,” magnetic peaks in neutron diffraction 
patterns,* and the appearance of a Néel point in mag- 


* Humble Oil and Refining Company Fellow, 1952-1955. 

a P. Rooksby, Nature 152, 304 (1943); Acta Cryst. 1, 226 
(1948). 

2 Y, Shimomura, Bull. Namiwa Univ. A3, 175, 185 (1955). 

3Shull, Strauser, and Wollan, Phys. Rev. 83, 333 (1951). 


and chromium sulfides. In iron sulfide, FeS,, the susceptibility 
increase to the maximum is attributed by Néel and others to a 
ferrimagnetic structure, analogous to certain ferrites. In view of 
the “active” oxygen (Bunsen test) contents of the nickelous oxide 
samples which vary from 0.36 to 0.00% as the crystal size in- 
creases from 80 to 2000 A, it is possible to attribute the ferri- 
magnetic behavior to the ordering of a sublattice of defects, as 
Néel does for FeS,. However, the subsequent decrease in suscepti- 
bility at temperatures below 7, cannot be readily explained for 
either FeS, or NiO. 

In view of the linear relationship between T, and /, it is con- 
cluded that the unusual magnetic properties of colloidal nickelous 
oxide is attributable to the small size of the crystals and the 
accompanying enhanced specific surface and the decreased number 
of next nearest magnetic neighbors which results in an altered 
magnetic environment. 

Nickelous oxide prepared at 250°C contains a small amount of 
undecomposed nickelous hydroxide detectable by electron diffrac- 
tion methods. The magnetic susceptibility of pure nickelous 
hydroxide follows a Curie-Weiss law [xm=1.07/(T—36)] from 
about 300° to 90°K. Below 90°K, the susceptibility increases 
more slowly to a value of ~2000X10~* emu at 4°K, and some 
field dependence was observed, suggesting the desirability of 
additional studies concerning possible ferromagnetism. 


netic susceptibility measurements.‘ Below 523°K nick- 
elous oxide is rhombohedral and. antiferromagnetic, 
whereas above 523°K it is cubic 1nd paramagnetic.® 
The rhombohedral structure results from only very 
small distortions from the cubic form. In the anti- 
ferromagnetic form, Shull e¢ a/.* found that of the 12 
nearest neighbors surrounding any Ni ion, 6 are oriented 
parallel to the central ion and 6 are antiparallel. How- 
ever, the number of next nearest neighbors for an infinite 


4M. Foex, Bull. soc. chim. France 19, 373 (1952). 
5 J. S. Smart and S. Greenwald, Phys. Rev. 82, 113 (1951). 
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crystal of nickelous oxide is 6, all coupled antiparallel 
to the central ion. According to the concepts of Ander- 
son,® the dominant exchange forces are produced by 
the phenomenon of superexchange, in which the elec- 
tronic wave functions of the magnetic nickel ions 
overlap those of the intermediate oxygen ions, and thus 
the next nearest neighbors are especially significant in 
controlling the alignment of the magnetic moments, 
thereby determining the type of magnetic lattice. 

In a previous report from this laboratory’ concerned 
with magnetic susceptibility studies on dual hydrous 
oxide gels in the system NiO-Al,Os, it was found that 
very finely-divided nickelous oxide exhibited a remark- 
able enhancement in its room temperature magnetic 
susceptibility, the susceptibility increasing regularly as 
the temperature of heat-treatment decreased. These 
results suggested the desirability of obtaining magnetic 
susceptibility data for nickelous oxide of widely varying 
crystal size over a wide range of temperature, and the 
purpose of this paper is to report the findings of such 
a study. 


EXPERIMENTAL 
Preparation of Samples 


Hydrous nickelous hydroxide gel was prepared in a 
manner already described,’ care being taken to mini- 
mize sodium and silica contamination by employing 
polythene containers. The nickelous oxide samples were 
prepared by heat-treatment of the nickel hydroxide fer 
two-hour periods in a stream of dry nitrogen at tem- 
peratures in the range of 100-1300°C. Spectrographic 
analyses were obtained, and the samples were subjected 
to the Bunsen test for “active” oxygen. 


Magnetic Susceptibility Measurements 


The magnetic susceptibilities were determined by the 
Faraday method, employing an apparatus similar to 
one described previously.* The cryostat employed for 
temperatures from 4° to 300°K consisted of an especially 
designed Dewar flask, containing various liquids boiling 
at the desired series of temperatures. At temperatures 
above 300°K, an electric heater took the place of the 
coolant. 


Diffraction Measurements 


The series of samples of nickelous oxide derived from 
the several temperature levels of heat-treatment were 
examined by electron diffraction methods, and the 
samples heat-treated at 400° and 1200°C were examined 
by neutron diffraction techniques through the kindness 
of Dr. C. G. Shull. The electron diffraction patterns 
were obtained by dispersing the powdered oxide in 
distilled water with the aid of an ultrasonic apparatus. 
A drop of the suspension was allowed to dry on a 

* P. W. Anderson, Phys. Rev. 79, 350, 705 (1950). 

7W. O. Milligan and J. T. Richardson, J. Phys. Chem. 59, 
831 (1955). 


8 W. O. Milligan and H. B. Whitehurst, Rev. Sci. Instr. 23, 
618 (1952). 
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collodion membrane supported on an Athene grid. The 
electron diffraction patterns were obtained with a 
Philips type EM-100 instrument, at an accelerating 
potential of approximately 100 kv. Neutron diffraction 
patterns were obtained at both room temperature and 
the temperature of liquid nitrogen. 


RESULTS AND CONCLUSIONS 
Chemical Analysis 


Spectrographic analysis indicated only the presence 
of nickel, together with a minute trace of cobalt. Special 
attention was given to the presence of iron, but no 
trace could be detected. The results of the “active” 
oxygen analysis are given in Table I. The active oxygen 
contents reported here are very slightly higher than 
those reported by Le Blanc and Sachse.° 


Electron Diffraction 


The electron diffraction patterns for samples heat- 
treated from 300-1300°C corresponded to the standard 
interplanar spacings observed in x-ray diffraction pat- 
terns. No indication was observed of the splitting of 
certain diffraction lines which is indicative of the 
rhombohedral form, and observable by high-resolution, 
back-reflection x-ray techniques. The sample heat- 
treated at 200°C yielded the diffraction pattern of the 
undecomposed nickel hydroxide. The sample heat- 
treated at 250°C gave an electron diffraction pattern 
characteristic of nickelous oxide plus a trace of nickelous 
hydroxide. No trace of nickel hydroxide was observed 
at the higher heat-treatments. These data are in agree- 
ment with x-ray diffraction studies reported by Merlin 
and Teichner.” 

The observed electron diffraction lines were very 
broad for the samples prepared at the lower tempera- 
tures, and increased in sharpness as the temperature of 
heat-treatment was increased. For heat-treatments of 
about 700°C and higher the lines became spotty, indi- 
cating the presence of relatively large crystals above 
the colloidal range of particle size. The electron diffrac- 
tion lines for the nickelous hydroxide were likewise very 
broad, in agreement with electron micrographic obser- 
vations of Feitknecht and Studer" who found the gel 
to consists of very thin plate-like crystals only a few 
hundred A in diameter, the exact size depending on the 
extent of aging. 


Crystal Sizes 


In order to obtain an estimate of the size of the 
crystals in the nickelous oxide samples, the electron 


TaBLeE I. Active oxygen content of nickelous oxide samples. 








Temperature of heat 
treatment, °C 
Active oxygen, % 


250 300 350 400 500 600 
0.36 0.37 0.32 0.33 O15 O11 


700 1300 
0.03 0,00 








9 M. Le Blanc and H. Sachse, Z. Elektrochem. 32, 58 feet 


1 A. Merlin and S. Teichner, Compt. rend. 236, 1892 (1953). 
11 W, Feitknecht and H. Studer, Kolloid-Z. 115, 13 (1949). 





MAGNETIC PROPERTIES 


diffraction negatives were measured in a special re- 
cording microphotometer constructed in this laboratory. 
After converting the measured blackening to intensities, 
and substracting the incoherent scattering, the widths 
of the (220) line were measured at half-intensity in the 
usual manner.'*-"* The resulting half-widths were con- 
verted to cube edges, d, employing the formula": 
d=0.95\/6 cos@, where is the wavelength; and 6 is 
defined by b= B—bo, where B is the observed half- 
width and bp is the limiting (12) half-width observed 
for powders consisting of crystals just large enough to 
no longer give broadening. In the samples under con- 
sideration B decreased from a value of 0.0414 radian, 
for the smallest crystals, to a limiting value of 0.0236 
radian, which is taken as the value of bo. The calculated 
crystal sizes are given in Table II and are included in 
Fig. 4. Electron micrographs of the samples heat- 
treated above 500-600°C show that the crystals are 
actually cubic, and the observed sizes are consistent 
with the data in Table II. The exact morphology of the 
samples, prepared at heat treatments below 500°C, has 
not been determined by electron microscopic methods, 
because of extremely small crystal size. 

The smallest particles considered here are the limiting 
size attainable by the method of preparation employed. 
Possibly, smaller particles could be produced by decom- 
posing the hydroxide at lower temperatures under a 
high vacuum. In this connection, Teichner and Mor- 
rison" recently observed that pure nickelous hydroxide 
heated above 250°C at a pressure of the order of 10~* 
mm Hg, becomes black in color, exhibits ferromagnetic 
properties, and gives x-ray diffraction lines charac- 
teristic of metallic nickel in addition to those of nickel 
oxide. In view of these unexpected results, attempts 
to prepare more minute crystals of nickelous oxide 
from the hydroxide by the method mentioned above, 
must be limited to temperatures below about 200°C to 
avoid possible formation of metallic nickel. 


Magnetic Susceptibility 


The magnetization, M, of a substance exhibiting a 
small spontaneous magnetization, Mo, is given by: 
M=xH+ Mo, where x is the usual paramagnetic sus- 
ceptibility. In the calculations, it is assumed that 
saturation does not occur, and that H, the internal 
magnetic field, may be taken to be the applied field. 
The maximum applied field employed in the experi- 


TABLE II. Crystal sizes of nickelous oxide samples. 








Temperature of heat 
treatment, °C 
Particle size, A 80 104 117 140 170 664 


250 300 350 400 500 600 700 1300 
>1000 >2000 








122C, R. Adams and W. O. Milligan, J. Phys. Chem. 58, 817 
(1954). 

13 G. G. Libowitz and S. N. Bauer, J. Phys. Chem. 59, 214 
(1955). 

4S, J. Teichner and J. A. Morrison, Trans, Faraday Soc. 51, 
961 (1955). 
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Fic. 1. Magnetic susceptibilities of nickelous oxide samples, 
prepared at temperature levels of heat-treatment from 250- 
1300°C, as a function of temperature. 


ments reported here was 3500 gauss. Graphs of the 
observed susceptibility as a function of 1/H were linear 
at all temperatures, indicating that magnetic saturation 
did not occur. The slopes of the linear plots give the 
spontaneous magnetization, and the intercepts give the 
true paramagnetic susceptibility. 

The corrected magnetic susceptibilities for nickelous 
oxide samples, heat-treated at 250, 300, 350, 400, 500, 
700, and 1300°C, are given in Fig. 1 as a function of 
temperature. Other susceptibility curves for samples 
heat-treated in the temperature range 600-1200°C are 
omitted from the figure to avoid confusion. The sus- 
ceptibility data for samples heat-treated at 1200° and 
1300°C are given in greater detail in Fig. 2, in which 
(a) the open circles correspond to nickelous oxide pre- 
pared from the hydroxide at 1300°C, (b) the closed 
circles correspond to the oxide prepared by heating the 
nitrate to 1200°C, and (c) the curve corresponds to 
the data of Foex and La Blanchetais.'* It will be noted 
that the characteristic Néel point occurs at the normal 
temperature of about 523°K. The agreement between 
the present data and that of Foex and La Blanchetais is 
very satisfactory. 

It will be noted in Fig. 1, that at temperatures just 


18M. Foex and H. La Blanchetais, Compt. rend. 228, 1579 
(1949), 
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Fic. 2. Magnetic susceptibility of nickelous oxide as a function 
of temperature for samples prepared by heating the hydroxide at 
1300°C (open circles), and by heating the nitrate at 1200°C 
(closed circles), compared with the results of Foex and La 
Blanchetais (curve). 


below the normal Néel point, the susceptibility increases 
rapidly as the temperature is decreased, and passes 
through a maximum at a transition temperature. The 
temperature, T., at which the maxima appears, de- 
creases regularly as the temperature of heat-treatment 
and the size of the crystals decrease. Likewise, the 
amplitude of the maxima increases regularly as the size 
of the crystals is decreased. The susceptibility data do 
not follow a simple Curie-Weiss law, as the maxima are 
approached. The field dependence of the measured sus- 
ceptibilities is more pronounced for the samples pre- 
pared by heat-treatment in the range of 250-500°C. 
These results suggest that the spontaneous magnetiza- 
tion is greater for the smaller crystals. The spontaneous 
magnetization increases with decreasing temperature, 
passing through a maximum at the same temperature, 
T , as the susceptibility. The spontaneous magnetization 
effects will not be discussed in detail here. 

The appearance of maxima in the susceptibility data 
for nickelous oxides has not been observed previously. 
However, very similar susceptibility data have been 
reported for iron'®!”? and chromium sulfides.!* The ob- 
served susceptibility maxima possibly could be at- 
tributed to factors such as (a) the formation of metallic 
nickel by decomposition of the oxide, (b) a shifting of 
the normal Néel point resulting from an altered mag- 
netic environment, (c) the presence of defects resulting 
from the enhanced oxygen content, (d) the presence of 
undecomposed nickelous hydroxide to which is at- 
tributed unusual magnetic properties, or (e) the effect 

16H. Haroldsen, Z. anorg. allgem. Chem. 246, 169, 195 (1941). 


17 Hirone, Maeda, and Tsuya, J. Phys. Soc. Japan 9, 736 
54) 


(1954). 
18K. Yosida, Physica 17, 794 (1951); Progr. Theoret. Phys. 6, 
691 (1951). 


of very small crystal size in altering the magnetic 
environment. 

X-ray and electron diffraction patterns show no 
indication of the presence of metallic nickel, nor does 
the magnetic behavior suggest ferromagnetism, and 
hence possibility (a) may be rejected. The neutron 
diffraction patterns obtained for samples heat-treated 
at 400°C and 1200°C at both 78°K and 295°K exhibit 
(111) magnetic spacings, characteristic of the double 
unit cell. In the sample heat-treated at 1200°C, the 
intensities of the magnetic spacings at 73°K and 295°K, 
normalized to the (200) nuclear spacing, were plotted 
against temperature. A smooth curve was drawn 
through the experimental points, which extrapolated 
to zero intensity at the normal Néel temperature of 
523°K. Similar results were obtained for the sample 
heat-treated at 400°C, the resulting intensity curve for 
the (111) magnetic spacing falling slightly below that 
of the former sample. The results clearly demonstrate 
that the sample heat-treated at 400°C is antiferromag- 
netic both above and below its transition temperature 
of about 200°K, and that the true Néel temperature is 
unchanged, and that hence the magnetic susceptibility 
data cannot be explained in terms of shifted Néel 
points, in accordance with possibility (b). The presence 
of “active” oxygen (Table II) is considered significant, 
and possibility (c) will be discussed in the next section 
of this report. A trace of nickelous hydroxide was de- 
tected by electron diffraction methods in the sample 
prepared at the lowest temperature (250°C), but none 
was found at higher temperatures of heat-treatment. 
The magnetic susceptibility of pure nickelous hydroxide 
(Fig. 3) is too small at the higher temperatures (above 
100°K) to account for the magnitude of the suscepti- 
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Fic. 3. Magnetic susceptibility of nickelous hydroxide gel 
as a function of temperature. 





MAGNETIC PROPERTIES OF NICKELOUS OXIDE 


TaBLE III, Examples of the effect of crystal size and shape on the average number of next nearest neighbors.* 








Morphology n =1000 500 


50 25 10 5 2 1 





0.999 0.998 
0.866 0.865 
0.777 0.776 
0.734 0.733 
0.556 0.555 


cube, p=q=r=n 
sheet, p=2; q=r=n 
sheet, p=1; q=r=n 
rod, p=q=2;r=n 
rod, p=q=1;r=n 


0.980 0.961 0.905 0.818 0.603 0.357 
0.854 0.841 0.803 0.746 0.603 0.435 
0.768 0.752 0.715 0.658 0.518 0.357 
0.726 0.719 0.702 0.674 0.603 0.518 
0.549 0.543 0.527 0.500 0.435 0.357 








* ~, g, and r are the number of unit cells per edge, of a parallelopiped. m is the number of unit cells per edge, for the edges being varied. f is defined as 
the ab A of the number of next nearest neighbors per atom for a specific value of m to the ideal number of next nearest neighbors per atom for an infinite 


face-centered cubic lattice, and is computed from: 


2(12pqr +2 (pq-+a7 +r) —(b +49+7) 1/6[4 per +2 (pg +ar +r) + (+947) +1]. 


bilities near or above the maxima or for the existence 
of the maxima, and hence possibility (d) cannot 
receive serious consideration. All of the available data 
suggest that possibility (e) and to some extent (c) is 
of special significance. 


Effect of Crystal Size 


The size of the crystals increase regularly as the tem- 
perature of heat treatment is increased, as shown in 
Fig. 4. Likewise, the transition temperatures, 7., in- 
crease regularly with the crystal size, as shown in 
Fig. 5, in which the crystal size is expressed in terms 
of n, the number of unit cells per cube edge. In Fig. 5, 
the experimental points are given as open circles, and 
the curve represents the relation between n and f, 
where f is the ratio of the average number of next 
nearest magnetic neighbors per nickel atom to the 
number of next nearest neighbors in an infinite crystal 
(i.e., 6). The value of f is computed from the follow- 
ing formula: f= (4n*+-2n?—n)/(4n'+6n?+ 3n+-1). The 
value of f depends also on the exact morphology of the 
crystals, and in Table III there is given results of calcu- 
lations where various crystal shapes have been assumed. 
The close connection between the magnetic properties 
and the size of the crystals is apparent from the linear 
plot of the transition temperatures, T., and f as shown 
in Fig. 6. In the range studied, the linear curve is 
represented accurately by [10~“7.=1.090f—1.037]. 
Obviously, the curve must depart from linearity, for 
smaller crystal sizes if such crystals were available 
for study. 





800 





size, A 





8 





PARTICLE 





8 























Bb 


200 300 400 S00 
TEMPERATURE OF HEAT TREATMENT , °C 





Fic. 4. Crystal size of nickelous oxide samples as a 
function of heat-treatment. 


In view of the linear relationship between the transi- 
tion temperatures and the average number of next 
nearest magnetic neighbors, it is concluded that the 
observed magnetic properties of nickel oxide depend 
primarily on an alteration in the magnetic environment 
resulting from the decreased average number of next 
nearest magnetic neighbors, which is a consequence of 
the reduced size of the crystals. It is difficult to account 
for the exact form of the susceptibility curves, but the 
increase in susceptibility, as the temperature is reduced 
to T, to form the maxima, is considered to be associated 
with the ferrimagnetic state. 


Ferrimagnetism 


The magnetic behavior of iron sulfide,'* FeS,, has 
been attributed to a ferrimagnetic structure similar to 
that existing in the ferrites."*” The basic ferrimagnetic 
structure is antiferromagnetic (detectable by neutron 
diffraction), with two ferromagnetic sublattices, aligned 
with net magnetic moments antiparallel, but with a 
different magnetization for each sublattice, thereby 
giving a net magnetization or ferromagnetic effect 
detectable by magnetic measurements. The concept of 
ferrimagnetism has been generalized”! over the original 
ferrimagnetic behavior of the ferrites, and the phe- 
nomenon is characterized by large numerical values of 
the susceptibility which increase with decreasing tem- 
perature, and show a field dependence. In FeS, and 
CrS, the ferrimagnetism has been explained by Yasida'® 
on the basis of two sublattices, one with Fe** ions, 
and the other with Fe*** ions, resulting in a net mag- 
netization. Néel,” however, favors the view that defects 
or vacancies assume an ordered state below a certain 
critical temperature, resulting in an unequal number of 
ions for each sublattice, thereby producing ferrimag- 
netism.!”? The theory of ferrimagnetism resulting from 
ordered vacancies in nonstoichiometric compounds has 
also been discussed recently by Elcock.* In the samples 
of nickelous oxide studied here, excess “active” oxygen 
is present. Adsorption of oxygen on the surface could 
lead to migration of Ni** ions to the surface, thereby 


1 L, Néel, Ann. phys. 3, 137 (1948). 

LL. Néel, Ann. phys. 4, 249 (1949). 

21 J. S. Smart, Am. J. Phys. 23, 356 (1955). 

21. Néel, Revs. Modern Phys. 25, 58 (1953 

BE. W. Elcock, Proc. Roy. Soc. (London) A227, 102 (1954). 
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Fic. 5. Transition temperatures of nickelous oxide samples pre- 
pared at temperature levels of 250-600°C as a function of particle 
size, exp as m, the number of unit cells along a cube edge. 
The curve represents the relationship between /, the ratio of the 
average number of next nearest neighbors per nickel atom and the 
number of next nearest neighbors in an infinite crystal (i.e., 6), 
and the crystal cube edge, n. 


creating Nit** ions and vacancies in the surface layer 
or layers. Such an effect would increase with increasing 
surface area and with decreasing particle size. Inasmuch 
as the present nickel oxide samples were prepared in a 
stream of nitrogen gas, they should not exhibit an 
enhanced oxygen content arising from surface oxidation. 
However, it is conceivable that nickelous oxide may 
react with water vapor during heat-treatment accord- 
ing to the following formal mechanism: 2NiO+-H,O— 
Ni,O;+He. This effect has been observed in the thermal 
decomposition of Fe(OH), and Mn(OH):.™% The ob- 
served amounts of “active” oxygen decrease as the 
particle size increases as one would expect. The color 
of the samples, likewise, vary from almost black (250°C 
heat-treatment) to yellowish-green (1300°C heat treat- 
ment), in agreement with the observation of others.® 
It is significant that the amount of extra oxygen present 
is not large enough to result in a change in lattice 
parameters detectable by x-ray and electron diffraction 
methods. In view of the similarity in the magnetic 
effects observed for nickelous oxide and the active 
oxygen contents, it is believed that the magnetic 
behavior of the nickelous oxide is analogous tc the 
ferrimagnetic character of FeS, and CrS,. 

Although the increased susceptibility to the maxima 
at T. can be explained on the basis of ferrimagnetism, 
the subsequent decrease at lower temperatures requires 
further consideration. In the case of FeS,,!’ the sug- 
gestion has been made that the alignments of the two 
sublattices possess a different temperature dependence, 
and that below 7., the vacancies are realigned to 
form a different arrangement of sublattices in which 
the net magnetization is small or absent. It will be 


* W. Feitknecht, private communication. 


noted that the amplitudes of the susceptibility maxima 
vary regularly with the size of the crystals and hence 
with f, the quantitative significance not being clear, 
but this information has not been employed as yet in 
attempting to explain the magnetic behavior of the 
nickel oxides. Further work will be required to elucidate 
this phenomenon. 


Susceptibility of Nickelous Hydroxide 


In connection with the above work on nickelous 
oxide, a complete magnetic susceptibility curve (Fig. 3) 
was obtained for pure nickelous hydroxide in the tem- 
perature range 4°-300°K. It will be noted in Fig. 3 
that the susceptibility increases to very high values at 
4°K, and that the data follows a Curie-Weiss law in the 
analytical form of xm=1.07/(7—36) from room tem- 
perature to well below 100°K. Below 90°-100°K, the 
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Fic. 6. Transition temperatures of nickelous oxide samples 
prepared at temperature levels of 250-600°C as a function 
of f. 


susceptibility increases more slowly to a value of about 
2000X 10-* emu at 4°K, and some field dependence 
was observed. The high susceptibility and the field 
dependence suggest the possibility of ferromagnetism, 
and further studies on the magnetic properties of 
nickelous hydroxide are in progress in this laboratory. 
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Domain Structure as Affected by the Uniaxial Ferromagnetic Anisotropy 
Induced in Cubic Solid Solutions 


Mikio Yamamoto, SaTosHi TANIGUCHI, AND Keiz6 Aovyaci 
Research Institute for Tron, Steel and Other Metals, Téhoku University, Sendai, Japan 
(Received August 8, 1955) 


We have found that the domain structure of a 40% cobalt-nickel single crystal is very small-scaled 
and complicated in the annealed state as compared with that of ordinary ferromagnetic substances but it 
becomes simpler and larger after quenching from above the Curie temperature, indicating that the domain 
structure of a cubic solid solution can be affected by the induced uniaxial anisotropy. It is shown that 
these findings, together with the results of considerations reported previously, lead us to the conclusion 
that the Perminvar-type magnetic properties are due to the stabilization of domain walls by the induced 
uniaxial anisotropy in face-centered cubic solid solutions and in body-centered cubic solid solutions with 


negative cubic anisotropy constants. 





ECENTLY we! and, independently, Néel? have 
interpreted the uniaxial ferromagnetic anisotropy 
induced by magnetic annealing in cubic solid solutions 
as being due to an anisotropic distribution of atoms. 
According to this idea, when a ferromagnetic solid 
solution is cooled slowly from above its Curie tempera- 
ture in the absence of an externally applied magnetic 
field, the uniaxial anisotropy may be induced along the 
directions of magnetization vectors distributed in com- 
pliance with the domain structure, and thus domain 
walls may be stabilized since the rotation of a magnet- 
ization vector from its original stabilized direction 
accompanies an increase in induced uniaxial anisotropy. 
We have calculated® the restoring force acting on 
such a stabilized domain wall as a function of its 
displacement, using the theoretical results of our previ- 
ous paper’ and a method of calculation similar to that 
employed by Néel‘ in his theory of the magnetic 
after-effect due to the diffusion of interstitial atoms in 
a body-centered cubic lattice. Our calculation shows 
that, in a face-centered cubic (f.c.c.) solid solution with 
a cubic anisotropy constant, K, of any sign and in a 
body-centered cubic (b.c.c.) solid solution with a nega- 
tive K, each of the substitutional type, the restoring 
force for the non-180° wall displacement increases 
almost linearly at first and eventually reaches a finite 
value, while that for the 180° wall displacement also 
increases almost linearly at first but finally tends to 
zero. Accordingly, for these solid solutions in which the 
induced uniaxial anisotropy is so large® that the dis- 
placements of domain walls in low fields may be 


1§. Taniguchi and M. Yamamoto, Sci. Repts. Research Inst. 
Téhoku Univ. A6, 330 (1954); S. Taniguchi, Sci. Repts. Research 
Inst. Téhoku Univ. A7, 269 (1955). 

2L. Néel, J. phys. radium 15, 225 (1954). 

’M. Yamamoto and S. Taniguchi, J. Japan Insts. Metals 
(Sendai) 19, 127 (1955) (in Japanese); S. Taniguchi, Sci. Repts. 

Research In ists. Tohoku Univ. (to be published). 

4L. Néel, J. phys. radium 12, 339 (i951); 13, 249 (1952). 

5 The uniaxial ferromagnetic anisotropy induced by magnetic 
annealing amounts to about 4X10* erg/cm* for 60% nickel- 
iron alloy [S. Chikazumi and T. Oomura, J. Phys. Soc. Japan 10, 
842 (1955)] and to about 7X10* erg/cm? for 50% nickel- 
cobalt alloy [T. Nagashima ef al. (unpublished data) ]. 


controlled mainly by the restoring force, we have the 
following conclusions: (1) When cooled slowly from 
above the Curie temperature without magnetic field, 
both 180° and non-180° walls are displaced from their 
originally stabilized positions almost linearly and 
reversibly; thus a constant permeability is realized, in 
the initial range of the order of several oersteds of the 
applied effective magnetic field, which is given approxi- 
mately by %/J,, where Q is the induced uniaxial 
anisotropy constant and J, is the saturation magnet- 
ization. (2) When the applied magnetic field is reduced 
to zero in the annealed state, every non-180° wall 
inevitably returns to its original stabilized position, 
while such is not always the case for 180° walls; this 
indicates that the contribution of non-180° wall dis- 
placements to the remanence is null. (3) When cooled 
rapidly from above the Curie temperature, the domain 
walls may not be stabilized and so the initial permea- 
bility rises while the coercive force decreases as com- 
pared with the annealed state. (4) Magnetic annealing 
is naturally effective. These properties comprise most, 
though not all, of the characteristics of perminvar 
(f.c.c. Fe-Ni-Co alloys),® and we are naturally led to 
suppose that all of the so-called perminvar-type mag- 
netic properties are due to the stabilization of domain 
walls by the induced uniaxial anisotropy. In order to 
verify this supposition, however, it is necessary and 
sufficient to interpret, further, the very low remanence 
as well as the observed order of magnitude of the initial 
permeability in the annealed state of f.c.c. solid solu- 
tions and of b.c.c. solid solutions with K <0. 

When we take into consideration the above-men- 
tioned second conclusion, the very low remanence 
implies that non-180° walls are numerous in the domain 
structure. An initial permeability of the observed order, 
on the other hand, can be obtained by assuming that 
the mean total surface area of domain walls per unit 
volume, 5S, is about ten times larger than that in 
ordinary ferromagnetic substances. This follows since, 
according to our calculation,’ the initial susceptibility 


®R. M. Bozorth, Ferromagnetism (D. Van Nostrand Company, 
Inc., New York, 1951), p 
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Fic. 1. Domain patterns ob- 
served on (110) surfaces of a 
40% cobalt-nickel alloy single 
crystal subjected to various 
heat treatments: (a) annealed, 
(b) air-quenched from 850°C, 
(c) cooled from 850°C with an 
external magnetic field applied 
along the rod axis. 


EASY DIRECTIONS 


due to the displacements of domain walls against the 
restoring force is of the order of J 2doS/Q, where dy is 
the width of the domain walls. Thus, if our supposition 
is correct, it may be expected that the domain structure 
in the annealed state of f.c.c. solid solutions and of 
b.c.c. solid solutions (with K<0) should be fine and 
complicated as compared with that of ordinary ferro- 
magnetic substances. Indeed, such a fine and compli- 
cated domain structure was previously observed by 
Bozorth and Walker’ with an annealed single crystal 
of 60% (f.c.c.) cobalt-nickel alloy, which shows well- 
defined perminvar characteristics.* They suggested that 
such a fine domain structure might be due to the 
peculiarity in material constants, such as the cubic 
anisotropy, wall energy, etc., of this alloy, but this 
explanation is not clear to us and has been contradicted 
by our experiment as shown later. 

Now, in order to verify our expectation mentioned 
above, we have made the observation of domain struc- 

7™R. M. Bozorth and J. G. Walker, Phys. Rev. 79, 888 (1950). 

§ M. Yamamoto, Sci. Repts. Research Insts. Téhoku Univ. A4, 
14 (1952); Yamamoto, Taniguchi, and Hoshi, Sci. Repts. Research 
Insts. Téhoku Univ. A6, 539 (1954); M. Yamamoto and S. 


Taniguchi, J. Japan Inst. Metals (Sendai) 19, 645, 648 (1955) 
(in Japanese). 
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ture and its change due to heat treatment on a single 
crystal of 40% (f.c.c.) cobalt-nickel alloy which also 
shows well-defined perminvar characteristics. The 
single crystal has been grown from the melt in vacuo 
and shaped into the form of a rectangular rod of about 
1.5X0.5X0.3 cm’, the rod axis being along the [111] 
direction, namely a direction of easy magnetization, 
and the largest side surfaces being (110) planes. The 
domain pattern observed after annealing at 1200°C for 
an hour without magnetic field is shown in Fig. 1(a), 
which shows a fine domain structure connected in a 
complicated manner by 71°, 109°, and 180° walls; 
this pattern is similar to that of a 60% cobalt-nickel 
single crystal observed previously by Bozorth and 
Walker.’ When quenched from 855°C above the 
Curie temperature on a water-cooled copper plate in 
vacuo, however, a very simple and large-scale domain 
structure, connected mainly by 180° walls lying along 
the length of the specimen crystal [ Fig. 1(b) ], is found 
to cover altnost all parts of the (110) surfaces, as may 
be expected from the shape of the specimen crystal. 
These observations indicate that the fine domain struc- 
ture in the annealed state [Fig. 1(a)] may not be due 
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to imperfections in the specimen crystal or may not be 
explained by the suggestion of Bozorth and Walker,’ but 
may be characteristic of the annealed state of these 
alloys. The domain pattern obtained after cooling at the 
rate of about 200 centigrade degrees/hr from 855°C with 
an external magnetic field of about 550 oersteds applied 
along the length of the specimen crystal [Fig. 1(c) ] is 
also shown for comparison. Thus our expectation that 
the domain structure in the annealed state of f.c.c. solid 
solutions and of b.c.c. solid solutions (with K<0) 
should be fine and complicated, and accordingly our 
supposition that the perminvar-type magnetic proper- 
ties are due to the stabilization of domain walls by the 
induced uniaxial anisotropy, has been verified, and it 
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may be said that these properties are really common to 
the annealed state of such solid solutions. 

Finally, the above considerations and observations 
seem to indicate, further, that in general the domain 
structure of a ferromagnetic crystal may be fine and 
complicated at temperatures immediately below the 
Curie temperature, and it grows larger and becomes 
simpler with decreasing temperature. However, in the 
solid solutions concerned, the growth of domains may 
be suppressed appreciably at high temperatures since 
their domains can grow only by an accompanying 
redistribution of atoms by diffusion, and the domain 
structure is fixed strongly at lower temperatures by 
the induced uniaxial anisotropy. 
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Slow Surface Reaction on Germanium 


S. Roy Morrison* 
Sylvania Electric Products, Inc., Bayside, New York 
(Received November 28, 1955) 


An experimental study of the long decay time levels has shown that the reaction between the levels and the 
bulk germanium depends on the number of carriers in the germanium, on the oxygen pressure, and expo 
nentially on the temperature. It is therefore suggested that the rate-limiting process is electron transfer over 
a surface barrier. A simpiified model, based on this mechanism, yields adequate agreement with the present 


results and also with those obtained by Kingston. 


I. INTRODUCTION 


HE field effect, i.e., the change of conductance of 
a semiconducting filament of germanium when an 
electric field is applied normal to the surface, has been 
studied by many investigators.’ In the present work, 
we have been concerned more with the “polarization” of 
the field effect, a phenomenon which has to date been 
studied mainly by Kingston and McWhorter® and by 
Low.‘ If a field, EZ, is applied normal to the surface of a 
flat filament, an excess charge will be induced on the 
surface and the conductance along the specimen will 
therefore change (field effect). However, if the field is 
maintained, the conductance will in time return to its 
initial value (polarization of the field effect). This latter 
effect has been the subject of the present investigation. 
It is ascribed to a reaction which involves the transfer of 
the induced charge into nonconducting surface states. 
The reaction is reversible. 


* Now at Honeywell Research Laboratories, Hopkins, Min- 
nesota. 
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It will be shown that two other disturbances, namely 
temporary illumination and temporary changes in tem- 
perature, cause a similar reaction to occur. In both cases 
the equilibrium charge density in surface states is dis- 
placed. Upon removing the stimulus, a return to equi- 
librium is observed which shows itself as a slow change 
in dark conductance. 


II. EXPERIMENTS ON THE FIELD EFFECT 


The sample used for most of the measurements had a 
p-type impurity density of the order of 10" cm™, which 
implies intrinsic conduction above about — 16°C. The 
sample dimensions were 0.2X 2X10 mm, the capacity 
between the field effect probe and the sample was the 
order of 2 uuf. At all temperatures the surface was 
p-type, as determined from the sign of the field effect.’ 
The measurements of conductance were made using the 
potentiometer probe technique. The sample was etched 
with 10% HF, 90% HNOs, and was aged for four weeks 
in air, to promote the formation of a stable oxide, before 
measurements were made. 

Results of measurement on the field effect and its 
polarization as a function of temperature are shown in 
Fig. 1. The field is applied at time zero. The value of the 
equilibrium conductance was determined by measure- 
ments on a thick filament of germanium, cut from the 
same crystal to match the characteristics of the sample 
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Fic. 1. Polarization of field effect at various temperatures. 


as closely as possible. The graphs are plotted in this 
form to increase the spread between the various curves 
at short times. The field was applied with the sample 
positive, the metallic probe negative. Qualitatively 
similar results have been obtained using n-type ger- 
manium. 

It is observed in Fig. 1, as reported earlier by 
Kingston,® that the value of Ao does not vary with time 
in a simple exponential manner. Kingston, observing 
this at room temperature, interpreted it as indicating 
that the surface levels are associated with a distribution 
of decay times. An alternative model, suggesting that 
the surface levels involved are monoenergetic and have a 
uniform decay characteristic will be discussed below. 


Ill. EXPERIMENTS ON SURFACE EFFECTS OTHER 
THAN THE FIELD EFFECT 


After either illumination or a temporary temperature 
change, the conductance returns to its equilibrium value 
in a manner very similar to that described above. In 
fact, if the magnitude and duration of the disturbance is 
adjusted to give the same initial change in surface 
conductance, the return to equilibrium is identical for 
the three disturbances. Such results are shown in Fig. 2. 
The disturbances are applied at time zero. With the 
field effect, the disturbance (the field) is kept on and the 
complete experiment is recorded. With the other effects, 
the disturbance is applied only for a short interval of 
time (of the order of two minutes), and in Fig. 2 this 
interval of time is deleted, making it appear that the 
disturbance is both applied and removed at time zero. 
The results of Fig. 2 are interpreted as indicating that 
the reactions occurring are identical, independent of 
whether caused by field effect, heating, or light. From 
the direction of the change in conductivity, it is ap- 


parent that the influence of illumination or heating in 
oxygen causes the surface levels to become more nega- 
tively charged, and the runs shown in Figs. 1 and 2 
correspond to the reverse transition during which 
electrons are returning to the bulk germanium. 

Although they have no direct bearing on the argu- 
ment to be presented here, two other experimental 
observations should be recorded. Firstly, the positive 
field effect polarization (probe positive) has also been 
examined. It results in the transfer of electrons to the 
surface, and the recovery back to equilibrium after the 
field is switched off follows the same curve as those in 
Fig. 2. Secondly, the effect of ozone has been investi- 
gated. It likewise causes the transfer of electrons to the 
surface, but in an irreversible manner. When the ozone 
is removed, the conductance does not recover its original 
value, but maintains a higher level. The equilibrium 
conductance may be recovered if the sample is degassed 
at room temperature in vacuum. 

The experiments on heating suggest a simple mono- 
energetic surface level. For if there were a distribution 
of energies at the surface, or if the levels were distributed 
within the oxide layer, one would expect the electron 
distribution among the levels to be different at room 
temperature and at —44°C. Hence a different electron 
distribution should be quenched in after the heating 
experiments from that observed after the illumination 
experiments. Since the recovery curves are identical, it 
is apparent that the electron distribution at time zero is 
identical for the two cases. The simplest explanation for 
this identity is a monoenergetic surface level. 
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SLOW SURFACE REACTION ON Ge 


Other experiments, designed to determine the influ- 
ence of oxygen on the reaction, are shown in Fig. 3. The 
transfer of electrons to the surface, if it involves the 
adsorption of oxygen, should depend on the oxygen 
pressure. In the present experiments the specimen was 
maintained under illumination, except for brief dark 
periods required for the determination of the dark 
conductance after various time intervals. These meas- 
urements were made as a function of oxygen pressure. 
The results of Fig. 3 show that the initial rate of change 
of dark conductance increases as the oxygen pressure 
increases. It is also proportional to the measured 
photoconductivity. This means that the initial reaction 
rate is proportional to the number of holes (or electrons) 
in excess of equilibrium. 

The experiment thus indicates that the phenomena 
under investigation are, at any rate in part, controlled 
by oxygen adsorption. Experiments at much lower 
pressures could in principle have served to test this 
impression, but were rendered impossible by the more 
complicated behavior of the surface under these condi- 
tions. It was found that if the pressure was reduced 
below about 1 mm, an irreversible process occurred 
under illumination, reminiscent of the reaction observed 
under ozone. This completely masked the reversible 
reaction. It is planned in future work to investigate this 
phase more closely. As discussed above, the experiments 
indicate that we are concerned with surface states of 
only one energy. Also, since the reaction rate is pro- 
portional to the number of free carriers (Fig. 3) and also 
to the number of surface levels, it may be concluded that 
electron exchange between the bulk germanium and the 
surface states constitutes the rate-determining process. 


IV. THEORETICAL CONSIDERATIONS 


The following analysis is concerned with the develop- 
ment of a model in which the rate determining process is 


3 4 
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Fic. 3. Transfer of electrons to the surface by illumination. 
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electron transfer across a potential barrier. In view of 
the above conclusions, it is of interest to examine the 
relevant aspects of Melnick’s adsorption theory®’ since 
this is based on similar electronic transfer concepts. 
Elovich® and others? have given an empirical description 
of irreversible adsorption processes in accordance with 


dN ,/dt=a exp(—)N,), (1) 


where J, is the surface density of adsorbed atoms 
(ions) ; a and 6 are constants. Melnick®’ showed that if 
N,, the number of adsorbed ions, is large, a small change 
AN, causes a change in the surface barrier height AV o 
proportional to AN,. As a first approximation it may be 
assumed the rate of electron transfer depends expo- 
nentially on the barrier height, whence 


dAN ,/dt=a exp(—bAN,). (2) 


In our case, the equation must be modified, for if we are 
dealing with an adsorption process, the experiments 
show that the process is reversible. If NV, is the equi- 
librium density of adsorbed ions, a small deviation AN, 
from this value will thus be removed at a rate 


dAN,/dt=alexp(—bAN,)—1]. (3) 


It will now be shown that detailed considerations of a 
more specific barrier model leads to an equation of this 
form. 

Figure 4 shows the barrier model” which is used as the 
basis of the present arguments. Since the experiments 
were carried out on p-type material, we assume that we 
are concerned with hole transfer. If electrons are trans- 
ferred, the model must be reversed. The surface levels 
involved may be due to adsorbed ions, but the analysis 
should apply equally to surface levels arising from other 


*D. Melnick, thesis, Physics Department, University of Penn- 
sylvania, 1954 (unpublished). 

7S. R. Morrison, Advances in Catalysis 7, 259 (1955). 

8S. Elovich, J. Phys. Chem. (U.S.S.R.) 13, 1761 (1939). 

9 N. Thon and H. A. Taylor, J. Am. Chem. Soc. 75, 2747 (1953). 

1 As with other work based upon the barrier concept,® the model 
is based upon a uniform surface barrier. It is apparent that surface 
irregularities will cause the barrier to be somewhat nonuniform. 
We have assumed that the surface barrier is the dominant variable 
in contrast to McWhorter’s® assumption that the heterogeneity of 
the surface is the dominant variable, in the capture of electrons at 
the surface. 
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Fic. 5. Polarization of field effect at various temperatures. 


causes. In this model we assume that any charge which 
may exist at surface states located on the germanium- 
oxide interface remains constant throughout the experi- 
ment. Most experimental evidence to date suggests 
that such levels are present in small density?" and do 
not appreciably affect the conductance. 

For small changes in m,, the charge in the surface 
level, it is reasonable to assume that E, and Ez are 
constant, and that V; and V2 change. The experiments 
of Bardeen and Morrison? have indicated that for an 
extrinsic sample most of the change occurs in V;, the 
Schottky barrier. However, for generality, the possi- 
bility that V2 changes appreciably will be considered. If 
V, and V3 have the same sign, to be expected if the 
density of interface levels is small, the rate of change of 
n, in the simplest case will be 


dn,/dt= A, exp[ —e(VitV2)/kT]—Az, (4) 


where the factors involving EZ; and E; have been in- 
corporated into Az and A;. One of the terms of (4) 
refers to hole transfer to the surface, the other to hole 
transfer to the bulk. Which of these terms represents 
adsorption depends on the sign of V; and V2. If the 
density of surface states is sufficiently high, A; and A» 
will be very slowly varying functions of m, and are here 
regarded as constant. 

In equilibrium, dn,/di=0. For sufficiently small de- 
partures from equilibrium, An, is proportional to the 
accompanying charge in barrier height, A(Vit+V2). 
Applying these conditions to Eq. (4) yields Eq. (3). A 
change in the number of adsorbed ions will cause a 
proportional change in the conductance, and Eq. (3) 
reduces to the form 


dAo/dt= BL1—exp(—BAc/a») | (5) 
the integration of which yields 
1—exp(6Ac/oo) = Ao exp(—7), (6) 


where y=—{8B/oo, Ao is the constant of integration. 
Here 8 is related to the capacity between the surface 
states and the bulk germanium, 7 is related to A» and 


1 Statz, Davis, and De Mars, Phys. Rev. 98, 1566(A) (1955). 


hence to the equilibrium height Z,. These relations will 
be discussed in more detail below. 

The results of Fig. 1 have been fitted to Eq. (6) and 
are plotted for several temperatures in Fig. 5. It is 
evident that the curves can be brought into agreement 
with Eq. (6) by a suitable choice of the constants. The 
use of these arbitrary constants reduces the importance 
of the agreement considerably. However, it will be 
shown below that the values of the “arbitrary” con- 
stants 8 and 7, which are in principle calculable from the 
model, are of reasonable magnitude and have the ex- 
pected characteristics. 

The quantity 8 can be shown to have the following 
form: 


eoo d(VitV 2) 


kT dAdo 


é CiV goo Ns 1 
a Nearest 
kT Ao; KK o(Na+apo) i. 


where V, is the dc voltage applied to the field effect 
probe, C; the capacity per square meter between the 
field effect probe and the sample, Ac; the value of Ao at 
time zero (in Fig. 1), K the dielectric constant of 
germanium, Ko that of free space, N4 the impurity 
density, po= p— Na, where # is the hole concentration in 
the bulk material, and C is the capacity per square 
meter of the oxide layer, between the surface traps and 
the bulk germanium. The first term arises from Schottky 
barrier changes, the second from changes in V». It is 
observed that if NV 4>>po, the first term in the brackets is 
constant, but at a higher temperature such that the 
sample is intrinsic the first term becomes smaller, and 
the last factor approaches 1/C. The value of 8 required 
for the three low temperature curves exhibited in Fig. 5 
was Bo= — (1.47/T)(oo/Ao;). At higher temperatures, 
the value of 8 required is noted on the figure in terms of 
the quantity 8.” It is observed that the expected 
relaxation of the value of 6 occurs as the sample be- 
comes intrinsic above — 16°C. Evidently at low temper- 
ature the 1/C term, involving the variation of V2, is 
negligible, and from Eq. (7) the value of m, may be 
calculated. This turns out to be about 4X10° cm™ 
From the Schottky barrier theory, this would corre- 
spond to a barrier height of about 0.1 volt. The value of 
6 has been extrapolated according to Eq. (7) to the 
limit at high temperature, yielding an estimate of C, and 
hence the oxide thickness. The latter turned out to be 





2 From the value derived for 8 and from Eq. (6) it follows that 
the decay should approach an exponential form with lifetime 1/y if 
Ao;/eoS 200 in Fig. 1. This is observed in the room-temperature 
curve of Fig. 1. However, there seems to be a discrepancy between 
the present results and those of McWhorter® who reports a non- 
exponential decay independent of Ao;, through a factor of 10 
variation in Ag;. It is not clear at this time why this discrepancy 
exists. However, it is certainly conceivable that the effects of a 
nonuniform surface, such as McWhorter suggests, may in some 

circumstances dominate over the barrier effects we have discussed, 
particularly when Ac is small. 
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between zero and 100 A, to the estimated accuracy of 
the extrapolation. 

The constant y in Eq. (6) can be shown to follow the 
relation 


y=C3 exp — (Ei—y)/kT], (8) 


where (Z,—) is the height of the surface barrier above 
the Fermi level, as in Fig. 4. C; is slowly varying with 
temperature compared to the exponential. From the 
slopes of the curves in Fig. 5, the value of y as a function 
of temperature can be obtained. If y is plotted according 
to Eq. (8), as shown in Fig. 6, the height of the surface 
barrier EZ; turns out to be about 0.5 ev. 


V. DISCUSSION 


In this work we have presented evidence that electron 
transfer over a surface barrier is the rate-limiting step in 
the reaction studied. An analysis similar to that of 
Melnick, who developed the rate equations for irre- 
versible adsorption with the same rate-limiting step, has 
been used and extended to reversible reactions. The 
experimental results can be explained using this simple 
class of models, involving a monoenergetic set of surface 
levels, with a single decay characteristic. For one 
specific model of this class, it has been shown that the 
model produces reasonable values for the parameters. 

Kingston and McWhorter’ have interpreted some 
field-effect measurements involving the same reaction in 
terms of surface levels with a continuous distribution of 
time constants. Using the distribution of lifetimes so 
obtained, they found it possible to predict the 1/ f noise 
spectrum so often observed in semiconductors and thin 
metal films. In an earlier communication," the author 
has shown that the electron transfer model will also 
predict this noise spectrum. The latter would be ex- 


18S, R. Morrison, Phys. Rev. 99, 1904 (1955). 
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pected to be more general, as Melnick-Elovich adsorp- 
tion behavior is a very common manifestation. 
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The term values of d*p in Ti 1 and of d*p in Ni are calculated, taking into account the distortions due 
to interaction with higher configurations, by a method which is a generalization of the L(Z+1) correction. 
Mean deviations of the calculated values from the experimental ones of 140 cm™ in Tim and of 130 cm 


in Ni 1m are obtained. 





I* treating complex spectra it is customary to repre- 
sent the term energies by means of Slater’s radial 
integrals. In representing the terms of the d*p con- 
figuration, 6 parameters are needed. They are: A, B, 
C, Fe, Gi, and G3. The first three represent the parent 
terms of the core d", and the other three refer to the 
interaction between the p electron and this core. 

A calculation of this kind for the configurations d°p 
and d*p of Tim and Nim was done by Racah.' He 
fitted the experimental values of the term energies to 
the theoretical formulas by least squares, and obtained 
mean deviations of +430 cm and +347 cm~ for 
Tim and Nini, respectively. These deviations are due 
to distortions produced by interaction with higher con- 
figurations. The method of Bacher and Goudsmit,? 
which expresses the terms of an atom as linear com- 
binations of the terms of the same atom in higher 
ionization degrees, automatically takes these distortions 
into account, but neglects in the first approximation 
the dependence of the interaction parameters on the 


degree of ionization. The second approximation of. 


TABLE I. The configurations d*p and d* of Tim and Niu. 








Tiu 
Calc Obs 


37 538 74 282 
40 092 74 299 
42 094 66 649 
31 081 55 394 
45 693 75 460 
30 021 53 883 
40 520 70 716 
32 693 52 588 
34 684 55 775 
43 781 79 878 
45 096 72 011 
39 741 68 442 
31 743 57 933 
39 923 67 943 
31 368 57 685 
47 640 75 904 
62 596 
45 327 
39 381 


Niu 
Cale 4 


74272 +10 
74404 —105 
66 774 

55 287 

75 312 

53 943 

70 517 

52 610 

55 837 

79 973 

72 055 

68 448 

58 033 

68 255 

57 630 

75 875 
108 099 

73 225 


Term Obs 


(PS 37 431 
(@P)4S 40 027 
(@P)*P 42 127 
(8F)4P 31 108 
(GH 45 802 
(SFG 29 936 
(@P)4D 40 612 
(@F)4D 32 690 
(8F)°G 34 657 
(1G)°G 43 763 
(@P)2D 44.907 
(1D)2D 39 380 
(3F)2D 31918 
(:D)2F 40 011 
(@F)*F 31 369 
(1G)F 47 535 
(15)2P 

(@P)2P 45 524 
(D)2P 39 627 





73 256 
68 636 








* This work was submitted in partial fulfillment of the require- 
ments for the degree of Master of Science in Physics at the 
Hebrew University. 

t Now at the “Technion,” Israel Institute of Technology, 
Haifa, Israel. 

'G. Racah, Phys. Rev. 62, 438 (1942). 

? R. F. Bacher and S. Goudsmit, Phys. Rev. 46, 948 (1934). 


Bacher and Goudsmit takes this dependence into 
account, but is applicable only to configurations which 
have at least four electrons. 

A compromise between the method of Slater and 
that of Bacher and Goudsmit was used by Meshkov.* 
He calculated the d*p configuration of Ti by use of 
Bacher and Goudsmit’s first approximation, and then 
determined by least squares the change of Slater’s 
parameters; but he could not take into account the 
resultant change of the distortion. Meshkov’s calcu- 
lations gave a mean deviation of +249 cm™, 

An empirical method for representing the distortion 
in the d” configuration was proposed by Trees,‘ and a 
theoretical justification for it was given by Racah.®® 

The method of Trees may be extended to the d*p 
configurations by introducing, in addition to the core- 
distortion parameter 2z >°(lajla.), appropriate param- 
eters for representing the distortion of the dp inter- 
action. As the dp configuration has 6 terms and is 
represented by 4 Slater parameters, we need for its 
exact representation a two-parameter correction term, 
which for the same reason as in reference 5, may have 
the form: 2x(Iq-1,)+2y(sa-s,). The spin-dependent 
correction is unnecessary for the core because the core 
is represented by 3 Slater parameters and all known 
terms of the d*p configuration are based only on 4 
terms of the core. However, this correction is needed 
for the dp interaction, because the known terms of the 


TABLE II. Values of the parameters. 








Tiu 


37 846.4 
692.2 
2186.1 
278.1 
336.1 
—6.9 
75.2 
—205.8 
—24.8 


Ni 
61 674.4 
1051.4 
4312.3 
364.7 
322.3 
54.4 
14.3 
43.9 
49.4 


Parameter 











* Our G; is three times greater than that of E. U. Condon and G. Shortley, 
Theory of Atomic Spectra (Cambridge University Press, London, 1935), 
second edition (1951). 


8S. Meshkov, Phys. Rev. 91, 871 (1953). 

*R. E. Trees, Phys. Rev. 83, 756 (1951). 

5G. Racah, Phys. Rev. 85, 381 (1952). 

6G. Racah, Proceedings of the Rydberg Centennial Conference 
on Atomic Spectroscopy, Lund, 1954 (unpublished), p. 31. 
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dp configuration have as parents all 6 terms of the dp 
configuration. 
The total correction therefore will be of the form 


2x{ (la; , 1,)+ (Ide : 1,} 
+ 2yf{ (Sd1-$p)+ (Sado Sp) } + 22(Lar- Ide). 


This may be transformed into the form 


a{L(L+1)—L’(L'+1)—1,(,+1)} 
+y{S(S+1)—S'(S’+1)—Sp(sp+1)} 
42{L'(L'+1)—2a(le+1)) 
=aL(L+1)+yS(S+1)+ (s—«)L'(L'+1) 
— 2x—fy—122—yS’(S’+1). 


L, S refer to the d’p terms and L’, S’ refer to the parent 
terms of the core. Since we are interested only in the 
relative positions of the terms, we may include the 
constant part (—2x—?y—12z) of the correction in the 
parameter A. The part — yS’(S’+1) may be included 
in the parameter C because the coefficient of C in all 
the known terms of d*p has the form S’(S’+1). 

The final correction to each term d*(S’L’)pSL is 
therefore 


aL (L+1)+85(S+1)+yL' (L'+1); 
(a=, B=, y=2—2). 
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TABLE IIT. Variation of parameters in the isoelectronic sequence. 





Viv 


588 
518 , 


Parameter Ca I Se Tim Mn v1 


88 259 450 
327 371 
—101 2 
59 100 


Crv 








In Table I are listed the results of fitting our formulas 
to the terms of Tim and Nit by the method of least 
squares. The mean deviations are 140 cm~ in Tim and 
130 cm~ in Niu. In Table II are listed the values of 
the corresponding parameters. 

We also fitted the set of parameters Fo, F2, Gi, Gs, 
x, y, to the experimentally known terms of the dp con- 
figuration of the Car isoelectronic sequence. The 
results are listed in Table III. We found a regular 
variation of y with the degree of ionization. The param- 
eter x remained almost constant except for a jump at 
Sc m1. It is worth noting that the dp interaction param- 
eters of Tim are much nearer to those of Sc m than to 
those of Ti m1. 

Lastly I wish to thank Professor G. Racah for sug- 
gesting this problem to me and for his constant help 
and advice throughout all the stages of the work. 
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Unrestricted Hartree-Fock Method* 
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The unrestricted Hartree-Fock method is based upon the use of a single-determinant total wave function 
in which orbitals of the same n, /, and m; values but different m, values are regarded as being independent. 
The differences which arise between such orbitals are discussed. It is shown, using the Li atom as an example, 
that these differences are not merely a result of using a single determinant which has improper symmetry, 
but arise when the full spin-degeneracy problem is carried through. Conclusions for Li are generalized to 
more complicated systems. The influence of the unrestricted Hartree-Fock method on the calculation of 
magnetic form factors, its influence on hyperfine interactions, and its bearing on antiferromagnetism is 


pointed out. 


INTRODUCTION 


HE quantum-mechanical description of atomic 
structure is based upon the representation of a 
many-electron system by the one-electron approxima- 
tion in which the total state is described as a linear 
combination of determinants of one-electron functions. 
These orbitals are labeled by four quantum numbers 
and it is generally assumed that functions of the same 
n and l are related by the L*+, L~, S*+, and S~ operators. 
Nesbet! has introduced the term equivalence restriction 
* The research in this document was supported jointly by the 
United States Army, Navy, and Air Force under contract with 
the Massachusetts Institute of Technology. 


1R. K. Nesbet, Proc. Roy. Soc. (London) A230, 312 (1955). 
A number of writers have mentioned the possibility of using 


to which the above assumption belongs. It is the 
purpose of this paper first to point out that the best 
one-electron functions may not necessarily be those 
for which all functions of the same n, /, and m; are 
always related by the S step-up and step-down oper- 
ators, and secondly to compare various methods of 
handling the problem when the equivalence restriction 
is relaxed. The case of the Li atom is taken as an 
example; for this case it is shown that the variational 
equations do not imply the equality of any pair of 
one-electron functions. Arguments are given which 


different orbitals for different spins when the total wave function 
is a single determinant. See, for example, P. O. Léwdin, Phys. 
Rev. 97, 1509 (1955) and references cited there. 
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indicate that the best one-electron functions obtained 
from an unrestricted treatment will not be very different 
from those found from the restricted method. If these 
small differences are neglected in diagonalizing L? and 
S?, one arrives at the unrestricted Hartree-Fock 
method. It is shown for Li that an approximate treat- 
ment of L? and S* does not lead to serious error and in 
less favorable cases corrections could be made by 
perturbation theory. 

The result for Li can be generalized to the case of V 
electrons of the same spin outside an M-electron core. 
Two orbitals of the M-electron core u; and «;’ which 
have the same n, 1, and m; values and which are treated 
as being independent are found to have different 
exchange interactions with the V outer electrons. This 
is interpreted as an exchange polarization of the inner 
M electrons by the outer electrons. It is shown that 
these terms arise when the full spin-degeneracy problem 
is treated, in which no spatial orbital is associated with 
any particular spin but all associations are used. This 
leads to the important conclusion that the differences 
in orbitals associated parametrically with different 
spins, which arise from the unrestricted Hartree-Fock 
method for systems of nonzero spin, are not merely a 
result of disregarding the spin degeneracy problem but 
are of a fundamental nature. 

Important changes in the total energy and one- 
electron charge densities are to be expected in a system 
of large net spin and an improvement over the equiva- 
lence restriction is anticipated. These corrections may 
be of importance in getting better agreement with 
magnetic form factors as found by neutron diffraction,?* 
fine structure, and hyperfine structure splittings.‘ The 
exchange polarization effect may play an important 
role in antiferromagnetic substances, as pointed out by 
Slater.’ In another paper a self-consistent field calcu- 
lation is reported for the Fe atom, in which the one- 
electron functions having different parametric spin 
dependence in a single determinant state are varied 
separately. 


STATEMENT OF THE PROBLEM 


In order to find the best one-electron functions for a 
many-electron system, one finds the average energy of 
the system with respect to some approximate many- 
electron wave function y which is made up of one- 
electron orbitals «;. This average energy is varied with 
respect to the #;, resulting in a set of coupled integro- 
differential equations. The solution of these equations 
gives the best «; consistent with the form of the starting 
total wave function. If y is simply a product of the 1, 
the variational equations are known as the Hartree 
equations. If y is a single determinant of the m;, the 


2 Shull, Strauser, and Wollan, Phys. Rev. 83, 333 (1951). 
2D. R. Hartree, Proc. Cambridge Phil. Soc. 51, 126 (1954). 


4Abragam, Horowitz, and Pryce, Proc. Roy. Soc. (London) 


raga 
A230, 169 (1955). 
5 J. C. Slater, Phys. Rev. 82, 538 (1951). 
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variational equations are known as the Hartree-Fock 
equations. 

There are certain requirements which the form of the 
total wave function must satisfy according to the 
Hamiltonian H of the problem. The first is that y be 
antisymmetric with respect to the interchange of the 
labels of any two particles; this requirement is satisfied 
by the Hartree-Fock method. If the total LZ? and S 
commute with H, then y must be an eigenfunction of 
these operators. This last requirement is usually taken 
to hold for atomic systems, but it can only be satisfied 
by a single determinant in special cases. 

The restricted Hartree-Fock approach consists of 
writing down a single determinant of the u;, where i 
stands for a set of four one-electron quantum numbers 
n, 1, mi, and m,. One now varies the average energy 
only with respect to those w’s with different m and / 
values. This involves the implicit assumption that all 
functions which have the same m and / quantum 
numbers but different m; and m, values are not inde- 
pendent, but are related by the L+, I~, St, and S- 
operators. The unrestricted Hartree-Fock method drops 
this assumption and one now separately varies all of 
the orbitals «; with different i. If we are interested 
mainly in spin effects, we could regard all of the orbitals 
with the same m, 1, and m, values as being related by 
the L+ and L~ operators, but drop the St+ and S- 
relationship. 

Now suppose that the unrestricted Hartree-Fock 
approach has been adopted, except that the Z+ and [- 
relationships are assumed to apply to all orbitals. The 
starting y is a single determinant in which all «’s with 
different n, 1, or m, values are assumed to be inde- 
pendent. If the total M,+0, the variational equations 
for orbitals associated with a spin will have a different 
appearance from those equations for orbitals of 8 spin. 
The differences arise in the exchange terms, for now 
these summations only over orbitals of parallel spin 
will have different forms for the two spin directions. 
The question which this paper attempts to answer is 
whether the differences which come from such a treat- 
ment have any physical significance or whether they 
are simply the result of neglecting the spin degeneracy 
problem. These remarks are best illustrated by the 
example of the Li atom. 


THE LITHIUM ATOM 


According to the prescription of the unrestricted 
Hartree-Fock method, the starting y for the Li atom 
would be 

(1) 


where A is the antisymmetrizing operator and all of 
the «’s are to be varied separately. Since there is no 
exchange interaction between 1s’ and the other orbitals, 
it will have a different type of variational equation 
than the orbitals associated with a spin. Therefore, 1s 
and 1s’ are not related by the S+ and S~ operators and 


y=A {4,00 15’Btt2 90} ’ 
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we are led to different charge densities due to the 1s 
and 1s’ orbitals. It is to be noted that in taking the u’s 
to be eigenfunctions of the one-electron S, operator, 
the u’s must have the form of a product of a space 
function and a spin function. By only considering one 
determinant in the starting y, a parametric spin 
dependence is introduced into the spatial part of the 
u’s, because 1s is always associated with a spin and 
1s’ with 8 spin. 

Now the question is whether or not the difference in 
charge densities of 1s and 1s’ has any real meaning, 
ie., whether the difference arises simply from the fact 
that in our total wave function we have neglected the 
two other possible determinants, 


A {4158 1'0U2.0} (2) 
and 
A {4,01 ,'0U 268}. (3) 


If these determinants are mixed into the starting y so 
as to have an eigenfunction of S*, the parametric spin 
dependence will disappear and perhaps the difference 
between 1s and 1s’ along with it. 

The answer to this question can be had by going 
through the complete treatment of the spin degeneracy 
problem for Li, which we will now proceed to do. The 
one-electron orbitals will be denoted by 11s, #1, and 
téo,. They are assumed to be normalized, independent, 
but not necessarily orthogonal. The branching diagram 
indicates that there are two linearly independent states 
of S?=2 and one state of S*=15/4. Only the S°'=? 
case is dealt with here, since this corresponds to the 
ground state of Li. The two linearly independent S*= ¢ 
states are 


G1 =A { (Uy p01 4/ Burg) — (4181 .aM250)}, (4) 
and 
g2=A {2 (1419001 .0U28) - (14 60:1 9/BU29a2) 
— (U1Bty,att2.a)}. (5) 


These states are not properly normalized due to the 
lack of orthogonality between the u’s. The starting y 
for the variational method is a linear combination of 
¢; and ¢2 with coefficients A; to be determined vari- 
ationally. Thus 


=A: +A os, 


apart from correct normalization. 
The Hamiltonian is taken to be 


i? ez e 
m 


u-5} aie | Sided 2, ga 


2 


'; >i Ti; 


H= pa Ao(q)+L Hi ;(4i,93). 
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METHOD 


The average energy corresponding to (6) is 
Ex, s= Eo,4= X(| +E CsI ij) 
+(|A2?|—|A2?|){ (1s 15’| 1s’ 15) 
—43(1s 2s|2s 1s)—}(1s’ 2s| 2s 15’)} 
+{A1*A2+A1A2*}{ (1s 25| 2s 15) 
— (1s’ 2s|2s 1s’)}+-other terms due to 
nonorthogonality of the w’s. (8) 


The symbol (i|i) is the average of Ho(q;) defined in 
(7) with respect to the ith orbital. The symbol (| k/) is 


(ij|k) = f f us (q)uj*(Q)H (qq) (q’uilgdg'dg. (9) 


Without even considering the terms due to non- 
orthogonality in (8), it will be seen that each of the 
three one-electron functions appears in Eo, ; ina different 
way. In particular the 1s and 1s’ orbitals have a 
different exchange interaction with u2,, as is shown in 
the last term of (8). The variational equations for the 
u’s will each be of different form and will in genera] 
have distinct solutions. Therefore, it is seen that the 
full spin-degeneracy treatment does lead to different 
1s and 1s’ orbitals. This different exchange interaction 
of the 1s and 1s’ electrons is referred to as exchange 
polarization of these orbitals by the 2s function. Of 
course, by allowing the 1s and 1s’ orbitals to be inde- 
pendent an additional degree of variation is introduced 
and a lower total energy may well be achieved. 


THE UNRESTRICTED HARTREE-FOCK 
METHOD FOR Li 


The starting point for this treatment is the single 
determinant (1). The average energy with respect to 
this state is 


E=T (il) +E (lif) — (1s 25|2s 15), 


i=l i>7 


(10) 


where i=1 stands for ,, i=2 for u,, and i=3 for uo, 
as before. It is well known that, except for the simplest 
systems, it is a practical necessity to have the one- 
electron functions orthonormal. This is very conven- 
iently achieved in the unrestricted method. Those 
orbitals with different parametric spin dependence are 
orthogonal through spin association. Since the total 
wave function is a single determinant, any linear 
combination among the rows leaves the determinant 
invariant. Therefore, those orbitals not orthogonal by 
spin can be orthogonalized at no expense to the total 
energy. These orbitals will henceforth be taken as 
orthonormal without loss of generality. 

We note in the average energy (10) that the 1s 
orbital has an exchange interaction with u2,, but that 
the 1s’ orbital has no such interaction because of its 
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opposite parametric spin dependence. Therefore, the 
charge densities for the 1s and 1s’ orbitals will again be 
different. The general equation for a spatial orbital 
with a-spin association coming from a single determi- 
nant with xa spins and y # spins as well as the equation 
for an orbital with 8 spin can easily be written. A 
Slater® averaging procedure can be carried out with the 
result that there is a single average potential for all 
electrons of a spin and another average potential for 
those of 8 spin.’ 

It is possible to estimate the extent of the differences 
between orbitals of the same m and / but different m, 
which arise from the unrestricted Hartree-Fock ap- 
proach. Suppose a set of orbitals has been obtained for 
a system by the restricted Hartree-Fock method. The 
orbitals of the unrestricted method can be expanded 
in terms of these functions. Differences between orbitals 
assumed to be the same in the restricted method 
correspond to admixing excited configurations of the 
restricted orbitals. For the inner electrons this would 
involve the admission of highly excited states, which 
will have a very small weight in the final wave function. 
Therefore, the inner orbitals of the same n and / but 
different m, will be very much alike while important 
differences may arise for the outermost functions. 

If the charge densities and energies which come from 
the unrestricted Hartree-Fock method are to be of any 
significance, the single-determinant total wave function 
must be as close to a pure state as possible. One has to 
consider the mixing in of other possible determinants. 
If this effect is large, then the single-determinant 
description will be unreliable and the spin-degeneracy 
problem must be resolved. The unrestricted Hartree- 
Fock approximation may well furnish a satisfactory 
set of one-electron functions for generating all other 
determinants in this case. 

The consequences of not diagonalizing S* for Li must 
now be examined. The state 


Yo= A {41.81.20} (11) 


is nearly degenerate with (¥,) (Eq. 1) and the improve- 
ment in the energy obtained by mixing these states 
must be calculated. Since (1) and (11) are not orthog- 
onal to each other, the resulting final energy is 





Eot3e— HAs 1 
E= . 
(1—A12*) 
+A12(EoA12— H12) J}, 


[(Hie— EoA1)? 
1—A;,’ 


(12) 


where Eo= An, Ho= Ent €, and Ay,= (Wi,W2). Assuming 
that the differences in the 1s and 1s’ orbitals will be 
small, then Aj. will be nearly minus one, ¢ will be a 
small number, and H. will be nearly equal to — Hy. 
Neglecting the second term in the square root of (12), 
6 J. C. Slater, Phys. Rev. 81, 385 (1951). 
7G. W. Pratt, Jr., Phys. Rev. 88, 1217 (1952). 
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we have 
Es-o= (Eo— H12)/(1—A12)~Eo, 


Egeai= (Eo+H12)/(1+A12)~0, 


where Eso and Eg.; are the energies corresponding to 
the singlet formed by the difference of (1) and (11) and 
the triplet formed by their sum respectively. Hence, 
for Li there will be no important lowering of the energy 
due to the neglected determinant (11) and the single- 
determinant approximation is not a poor description of 
the atom from this point of view. 

It is apparent that if 1s and 1s’ are nearly identical, 
then the state (1) is nearly an eigenfunction of S?. The 
average value of S? with respect to (1) is 


(Wi* Si) = (7/4) —Arn— Ais, 


(13) 


(14) 
where 
Ai3= { (141 0U15/BU2—a)*, (16 6M} ¢'U298)} ~0. 


If the equivalence restriction is invoked for Li, the 
two independent S=} states (4) and (5) coalesce into 
a single determinant 


A {wow wea}. (15) 


Since there are only two independent orbitals, there 
will be only two variational equations, which are 


| H(Q)+ f wi*(g) (as) )es(q)ay 
+ f ws" GH (aa)ywsla’)ay RO 


=] faa) aarev(a)aa ta 


=A1101(q) — 3we*we*/wiwe jwe(g), (16) 


and 


{11(0)+2 fwit(a)H aa’vov(gde | wa 


~| forantaaresta) fosio 


(17) 


The d,; stand for the Lagrangian parameters introduced 
in order to satisfy an orthonormality constraint on the 
w’s which cannot impair the energy since the total 
state is a single determinant. The points of interest in 
this treatment are that the \,; matrix cannot be diago- 
nalized and that the equation for the doubly occupied 
orbital w; has a basically different form from the equa- 
tion for the single occupied function ws. These are 
general features of the equivalence restriction.* 


SUMMARY AND CONCLUSIONS 


=Naowe(q) — [we*we*/wyws }wi(q). 


We have set out here to examine the meaning of the 
unrestricted Hartree-Fock method, which leads to 


* L. Brillouin, Actualités sci. et ind. No. 159 (1934). 





UNRESTRICTED 


different spatial functions for orbitals of the same n 
and / but different spin associations. The question is 
whether or not this difference is a consequence of 
neglecting the spin degeneracy problem. Examination 
of the complete treatment for Li indicates that the 1s 
and 1s’ spatial functions will not be the same. If the 
differences are neglected as far as diagonalizing S*, we 
get the single determinant of the unrestricted method. 
Since the differences in the 1s and 1s’ orbitals arise 
through unequal exchange interactions, this is termed 
exchange polarization. 

The conclusions for Li can be extended readily. 
Consider an atom which under the equivalence restric- 
tion would be described as having a 2M-electron core 
of M doubly occupied orbitals and with N outer elec- 
trons of parallel spin. The atom is in an S*=}N (3N+1) 
state and is here a single determinant. Consider any 
two orbitals in this determinant with the same n, /, and 
m, values but with different m,. Let the equivalence 
restriction now be relaxed for these two orbitals so 
that their spatial parts are independent. Then they 
can be combined to form a singlet and a triplet 


u(nlm)au(n'lm))B+u(nlm))Bu(n'Ilmia. (18) 


By combining these two states with the 2M—2+N 
electrons which are in an S?=4$N (}N+1) state, we can 
form two (2M+N)-electron states ¢; and ¢2 of S 
=4N(4N+1). The total wave function for the system 
will be a linear combination of ¢; and @2 analogous to 
(6) in the Li case. The average total energy will contain 
a matrix component of H between these states which is 


N 


(¢:H¢2)=Const 


t=1 
over the NV 
outer electrons 


{ (u(nlm,)u;| uu(nlm))) 


— (u(n'lm))u;| uu(n'lm))} 


+terms due to nonorthogonality. (19) 
Again we see that u(nlm,) and u(n'lm,)* have a 
different exchange interaction with the outer electrons, 
which implies different variational equations and solu- 
tions for the orbitals. The equivalence restriction has 
only been relaxed for two core orbitals to reach this 
conclusion, but the result would not be impaired if the 
equivalence restriction were relaxed for all core func- 
tions at once. It is also clear that this exchange polar- 
ization will affect the rest of the core. 

The unrestricted Hartree-Fock method is an approxi- 
mate treatment of the problem when the equivalence 
restriction is not enforced. It not only offers a practical 
escape from the very complicated spin-degeneracy 
problem, but makes use of spin to avoid orthogonality 


*In abandoning the equivalence restriction, it has been neces- 
sary to introduce an additional label for the «’s which has been 
a prime. Perhaps a more convenient notation would be a super- 
script, e.g., « (nlmz). 
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difficulties. It is of course recognized that by carrying 
out a sufficiently extensive configuration interaction 
based on the equivalence restriction, one can obtain as 
good a description of a system as desired. The merit 
of the unrestricted method is that it deals directly 
with the exchange polarization effect. 

There are a number of problems in which exchange 
polarization may play an important part. Atomic 
charge densities of paramagnetic atoms as found by 
neutron diffraction do not seem to bein good agreement 
with calculated densities.?* In the Fe calculation to be 
reported in another paper, better agreement was ob- 
tained. It would be interesting to see how far the 
exchange polarization effect would go in explaining the 
s-electron effect in hyperfine structure. Mn** should 
show no hyperfine structure if it were truly represented 
by the 3s*, 3d° equivalence restriction state. The observed 
splitting is attributed to very small amounts of un- 
paired s-electrons and an attempt has been made to 
resolve this problem by a configuration-interaction treat- 
ment based on the equivalence restriction.‘ The unre- 
stricted method would give the result that the magnetic 
field at the nucleus due to the inner s-electrons would 
not be exactly self-canceling as happens with the 
equivalence restriction, resulting in a small hyperfine 
splitting. This field at the nucleus due to the inner 
s-electrons arises not only for the single determinant, 
unrestricted state but also for the state of proper spin 
symmetry. The correct spin state (6) for Li gives for 
the average value of the operator >°*\; 6(r;)S.i, the ex- 
pression 


2|A1|2| U2.(0)|2-++2] Ao|2{2| Ui.(0) |2-+2| Ur./(0)|2 
—_ Uo,(0)|2}+2{A 1*Aot+Ao*A i}{ U;,/(0)|? 
— | U,,(0)|*}+ terms due to nonorthogonality. 


The relation of the unrestricted Hartree-Fock 
method to antiferromagnetism has been discussed by 
Slater.’ The exchange potential energy of an electron 
has a different periodic behavior than that of the 
chemical structure and this can cause the energy bands 
to split thereby changing the electrical properties of 
such substances. The present paper points to the 
conclusion that the different exchange potentials for 
electrons of different spin have a rigorous origin and 
are not simply the result of an over-simplified treat- 
ment. The unrestricted approach using a single averaged 
potential for all electrons of a spin and another average 
potential for all electrons of 8 spin appears to be a very 
attractive means of discussing magnetic problems. 
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The theory of the molecular transitions which are induced by the microwave field in a maser and the effects 
of various design parameters are examined in detail. It is shown that the theoretical minimum detectable 
beam intensity when the maser is used as a spectrometer for the 3-3 line of ammonia is about 10° molecules/ 
sec under typical experimental conditions. Various systematic frequency shifts and random frequency 
fluctuations of the maser oscillator are discussed and evaluated. The most prominent of the former are the 
“frequency-pulling” effect, which arises from detuning of the cavity, and the Doppler shift due to the 
asymmetrical coupling of the beam with the two traveling wave components of the standing waves which are 
set up in the cavity. These two effects may produce fractional shifts as large as one part in 10°. If adequate 
precautions are taken, however, they can be reduced to one part in 10" or possibly less. The random fluctua- 
tions are shown to be of the order of one part in 10" under typical operating conditions. For molecular beams 
in which the electric-dipole transition is used, the TMo0 mode is usually the most suitable for the maser; 
while in atomic beams in which magnetic transitions are utilized, the TEo,, mode is to be preferred. 


I. INTRODUCTION 


DEVICE, which has been called a maser, in- 

volving a beam of molecules which give “Micro- 
wave Amplification by Stimulated Emission of Radia- 
tion,” has already been described and much of the basic 
theory stated.’ In the following discussion, we have ex- 
amined in more detail certain aspects of the theory in- 
volved and explored some effects or conditions which 
were previously ignored or mentioned only briefly. In 
particular, the effects of saturation and of resonant 
cavity design are considered, and various types of noise 
and frequency shifts of the oscillator are treated. 


II. ANALYSES OF THE MASER SPECTROMETER 
A. Induced Emission and Saturation Effect 


A beam of molecules (or atoms) in a certain quantum 
state passes through a resonant cavity tuned approxi- 
mately to the frequency of transition of the molecules. 
The cavity is excited by a microwave generator through 
a coupled wave guide, which stimulates the transition of 
molecules and results in emission or absorption of 
microwaves. Assuming a low density of molecules in the 
beam, any direct interaction between the molecules, 
such as collision, can be neglected. The velocity of the 
molecules is not uniform, but all the molecules may be 
considered to be in the common microwave field and the 
emission or absorption waves from each molecule are 
superposed to produce the total emission or absorption. 

Consider a molecule which is initially in state Y2 with 
energy W2, and which is stimulated by a perturbation to 
emit or absorb microwave energy by transition to state 
y with energy W,. The wave function can at any time 

* Work supported jointly by the Signal Corps, the Office of 
Naval Research, and the Air Research and Development Com- 
ma Carbide and Carbon Postdoctoral Fellow, 1954-1955; now at 
Department of Physics, University of Tokyo, Tokyo, Japan. 

1 J. P. Gordon, Phys. Rev. 99, 1253 (1955). 

2 Gordon, Zeiger, and Townes, Phys. Rev. 99, 1264 (1955). 


be expressed by 
Y=awitdaysr. (1) 


As an initial condition at /=¢o, |a2|=1 and a;=0. The 
resonant frequency of the molecule is 

oo= (W2- W,)/h. (2) 
For simplicity of calculation, let us assume that the 


periodic perturbation 
H'=—E- wu coswt (3) 


is given to the molecule from /=¢y to ¢. Here E is the 
electric field strength and y the dipole moment. The 
effect of field inhomogeneity in the cavity and of the 
thermal noise field will be discussed later. 

The coefficients a; and a2 as functions of ¢, w, and E 
can then be obtained by perturbation theory as 


x 


[(w—an)?-+2°} 


a,(t)= — gh i(w—wo) t 


xsnfte—arte(<*)| 
and 


@—- WwW 
an()=evi-wn| ile. 7 


[(w—wn)?-+a2} 


Xsinf Cfo on)*+ 2°) 


zy) 
2 
t—to 


+3 cos| [le ee)*+3*)(— 


where 
x=Ejp/h 


and fi is the matrix element between the two states for 
the component of the dipole moment along the direction 
of E. 

The microwave power emitted from the beam of n 
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molecules per second is given by 
AP=nhyvo| a;(L/2)|?, (6) 


where L/v is the transit time of molecules with velocity v 
through the cavity of length Z. If the nonuniform 
velocity distribution is taken into consideration, Eq. (6) 
should be replaced by 


9 


-) so 2 
aP=hn f n(v) a(—) dv. (7) 


AP depends on E’, the square of the electric field. 
Assuming a uniform field distribution within the 
cross section of the cavity resonator, one obtains 


F°=8"W/AL, (8) 


where A is the area of the cross section, and W the 
stored microwave energy. To allow for the nonuni- 
formity of the field distribution, this formula can be 
corrected to the form 


E2=8nW/A.L, 


J fre crdear ff r1 2070 andr 
er ff frizcco lem ydear 


where 





? 


i; f r| ee |°n(r)d6dr 


EJ= ’ 


f f rn(r)d0dr 





and n(r) represents the density of the molecular beam. 
This assumes cylindrical symmetry, and also assumes 
that each molecule travels parallel to the axis so that it 
remains in a constant field. 

Assuming a uniform molecular velocity as in (6), the 
emitted power may be written 


vA 


AP= nin ——) sin?(6?+6?)}, (10) 
e+e 


where 


(11) 
(12) 


P=W/W., W.=lAr*/8r 7 L, 


and 
5= (w—wo) (L/20) =2(v— 9) L/2. 


Equation (10) shows that saturation of the spectral line 
becomes appreciable when 


621, or W>W.. 


When the input power to the cavity is so small that 
there is no appreciable saturation, the emitted power is, 
from (10), 

AP=nhv (sin*5/6*). (13) 
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This expression applies accurately only when 5>0<1 
and for a uniform field distribution along the axis of the 
cavity. It gives a width to the line (frequency difference 
between half power points) of 2Av=0.89v/L. If the field 
varies along the axis as sin(rz/2L), with z extending 
from 0 to L, as in the case of a TE mode, the line shape 


is given by 
1— (26/1)? 


which gives the line width 2Avy=1.19v/Z. Equation (10) 
is not exact in this case, but it holds to a fairly good 
approximation if one takes, instead of (11), 


W.=hAv/64ep°L. 


(14) 


(15) 


B. Detection of the Emitted Power 


Consider a high-Q cavity resonator which has an 
output waveguide with coupling represented by Q,, and 
an input waveguide of coupling Q2. The beam of mole- 
cules is admitted into the cavity through another hole 
parallel to the axis of the cylinder. With the available 
power, P,, in the input wave guide, the stored energy at 
the resonant frequency in the cavity is 

W = (2/mv) (02/02) Pa, (16) 


where Q is the loaded Q of the cavity. The output power 
in the absence of the molecular beam is given by 


Po= (2rvW/Q:) = (40?/0102) Pa. 


In the presence of the beam, the increase of power in the 
output wave guide due to induced emission can be 
calculated as 


(17) 


APo= (20/0, AP, (18) 


assuming that the emitted power is small compared to 
the loss in the cavity. 
Since the signal power to be compared to the noise 
power is® 
AP,= (AP»)?/4Po, 


the minimum detectable number of molecules per unit 
time, Mmin, can be calculated from the following 


condition: 
(AF ne) 
—= ~) 


Here F is the over-all noise figure of the detector and 
amplifier, and Af their effective band width. From 
Eqs. (10) and (19) with w=wpo, one obtains 


v? 
Or 


(19) 


Qi(PoFRTAS)! 
Qhy sin*é 
0 (Q1)! (2evW.- FRTAS)3 


Nmin _ 


(20) 


sin’? QO hy 


3 C. H. Townes and S, Geschwind, J. Appl. Phys. 19, 795 (1948). 
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The optimum condition of the operating power level and 
couplings of wave guides can be evaluated by differ- 
entiating Eq. ‘20). This gives 
tané= 26, 
which shows that for optimum sensitivity 
6=1.16, W=1.35W,, (21) 
and 
6/sin*6= 1.38. 


The highest sensitivity can be obtained when the cavity 
is designed for minimum value of Q,/Q*. Assuming Qo, 
the unloaded quality factor of the cavity, to be constant, 
the minimum value of Q;/Q? is 


oO. 2 y a 
et(id) 
PQ \Qo Q 
As will be shown later, the available input power of the 


order of milliwatt is much larger than the power in the 
cavity in most cases, so that 02>Q». Hence 


0:/O’—~4/Qo, O:~0c~20, 


for the optimum coupling. Then the minimum flow of 
molecules per unit time which can be detected is given 
by 


(22) 


(23) 


(24) 


6.92 W.FRTA\4 
Nmin= at 
Qov 


want 
-0.44-( ) (FkTAf)}, (25) 
B\QoLy 


using Eqs. (11), (20), (22), and (24). 

If a cavity resonator is coupled by only one wave 
guide and one observes the change of power reflected 
from the cavity, the condition for the optimum coupling 
should have the same form as Eq. (24), resulting in the 
same equation for the optimum sensitivity. 

As a specific example, consider a spectrometer for 
ammonia. The average velocity of molecules at a tem- 
perature T is given by kinetic theory as 


v= (2/r)(2RT/M)*=14 551(T/M)* cm/sec, 


where M is the molecular weight, and R the gas con- 
stant. Letting M=17 and T=290°K, this expression 
gives v=6.0X10* cm/sec. For the 3-3 line of NHs, 
v=2.4X10" cps and 4=1X10~"* cgs unit. The design 
of the cavity will be discussed in the following section, 
but the followlng values are taken as typical. Putting 
A=1 cm’, L=10, one obtains for the 3-3 line of 
ammonia 
W.=6.4X10™ erg. 


The optimum energy in the cavity is then found from 
Eq. (21). Using values 0:=Qo= 104, and Q=5X 10%, the 
net power flow from the cavity is 


Po=2xvW/Q1=0.97X 10 watt. 
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Thus, optimum sensitivity is reached with a very small 
flow of power. 

To evaluate the spectrometer sensitivity, let us take, 
as an example, F=100, Af=10 cps and kT=4X10-" 
erg. Then Eq. (25) gives 


Nmin= 3.4X 10° sec. 


Since the number of molecules focused into the cavity 
may be as great as 10" to 10" sec~, a signal-to-noise 
ratio of 10* to 10° can be expected for the 3-3 line of 
ammonia. This theoretically expected sensitivity of the 
maser spectrometer has been demonstrated experi- 
mentally by observation of the magnetic hyperfine 
components of the quadrupole satellites with a signal-to- 
noise ratio of 10 to 100, using an amplifier band width of 
40 cps.‘ A further estimate of the practical limit of 
sensitivity will be given below, after a discussion of 
cavity design. 


C. Figure of Merit for Cavity Resonators 


Consider now the effect of cavity design on the 
strength of coupling between molecules and the electro- 
magnetic field, and hence on the spectrometer sensitivity. 
Equation (25) shows that it is not simply Qo which 
determines the sensitivity, but the quantity QoL/A. 
The threshold condition for an oscillation to occur is also 
determined by the same factors. Furthermore, if the 
mode number » along the axis is not zero, but unity, the 
resonance line is broader by a factor 2’/8, and the 
coupling between molecules and electromagnetic field is 
correspondingly decreased. Hence a figure of merit M of 
the cavity resonator for producing induced transitions 
may be defined as 


M = (LQ0/A)(8/x")”, (26) 
for n=0 or 1. 

Because Qp is roughly proportional to the radius, a, of 
the cylindrical cavity resonator near cutoff, while A is 
roughly proportional to a’, the largest values of M are 
expected in the lower modes of resonance. Therefore, 
values of M are computed and compared for some of the 
lower modes. The results for a cylindrical cavity with 
L=12 cm and a wavelength of 1.25 cm are shown in 
Table I. In this table ¢ is the skin depth multiplied by 
the specific permeability yu’ of the wall material, 


e= (c/2m) (u’r/v)}. (27) 
TaBLE I. Calculated values of parameters for cylindrical cavity 
resonator. L=12 cm, A\=1.25 cm. 








Broad beam 
Ac/xa*? Me 


1.00 5.9 


Narrow beam 
Ac/xa?* Me 


TE 0.48 12.2 
TMorw 0.27 28.4 1, 7 
TMou y O27 222 1, 0 
TEo A a 0 1. 29 
TEou 5 e 0 1, | 


Radius, a 


Mode in cm 











4K. Shimoda and T. C. Wang, Rev. Sci. Instr. 26, 1148 (1955). 
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Here 7 is the electric resistivity. For copper at a fre- 
quency of 2.410", 


e=4.27X10-* cm. (28) 


The third and fourth columns in Table I assume a 
sharp narrow beam entering the cavity along its axis. 
The fifth and sixth columns are for a uniform intensity 
of beam throughout the cross section of the cavity. The 
actual values lie somewhere between these two extreme 
cases. The table indicates that the TMo10 mode of the 
cylindrical cavity is the best with a figure of merit about 
three times that for the TEo1: mode, which was used in 
most of the experiments reported earlier.!.” 

Similar results for rectangular cavities with cross 
section aXb are shown in Table IT. Although the TEon 
mode in the rectangular cavity has a fairly large value of 
M, it should be noted that it is obtained with a small 
cross section. When the focused beam of molecules is not 
rather sharp, the value of M is counterbalanced by the 
loss of the beam. For a uniform beam of very large cross 
section, M times the cross-sectional area of the cavity 
is, in fact, a more appropriate figure of merit than M 
itself. Hence for a rectangular guide, the 7M 119 mode is 
probably preferable in most cases. This cavity is also 
convenient since the resonant frequency may be tuned 
by changing the width, a or b. 

A cylindrical TM 010 cavity for the 3-3 line of ammonia 
and a tunable TMi, mode rectangular cavity were 
constructed and tested. The holes to admit the beam of 
molecules were about 8 mm in diameter in both cavities, 
but the leakage of microwave energy from them was 
practically negligible compared with the losses through 
the wave guide and in the cavity walls. The cylindrical 
TM cavity was constructed for a maser oscillator and 
found, as may be expected from Table I, to produce 
oscillations with a flow of molecules about three times 
smaller than the minimum required for a TEo,; mode 
with the same Q. The rectangular TM cavity was con- 
structed to be tunable in the range from 22 500 Mc/sec 
to 26 400 Mc/sec. It had one wave guide with nearly 
optimum coupling, and the loaded Q was measured to be 
near 4000. This value is only a little lower than the ex- 
pected value of loaded Q ($Qo). It was found that a 
rather precise parallelism of walls is required for a large 
value of Q. 

Increasing the length of the cavity will decrease the 
line width and increase M and sensitivity. However, the 
longer the cavity, the closer the resonant frequencies of 


TABLE IT. Calculated values of parameters for rectangular cavity 
resonators. L=12 cm, = 1.25 cm. 








Narrow beam Broad beam 
A./ab Me 


0.50 15.4 
O50 055 
0.50 10.3 
0.25 26.0 


Dimensions 
a(cm) 6b (cm) 


63 <«0.63 
63 0.31 
63 0.63 
89 0.89 
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Fic. 1. The amplitude of oscillation, = (W/W)? versus n/ntn 
as given by Eq. (31). The dashed line shows a crude estimate for 
nonuniform velocities. 


the different axial modes and the more parallel stream of 
molecules is necessary. By the proper choice of coupling 
or by other devices, some modes can of course be 
suppressed. 

An estimate of the practical limit of sensitivity of a 
maser spectrometer can be made with the following 
conditions. Using the 7M 19 mode of a cylindrical cavity 
resonator made of copper, one obtains A =0.5 cm? and 
Qo= 104 with L= 20 cm and v= 2.4X 10" cps. Equation 
(25) then gives 

Nmin= 5.4X 107 sect 


for the 3-3 line of ammonia, if an amplifier with F= 10 
and Af=0.1 cps is used. Decreasing the velocity of 
molecules by reducing the temperature 7, of the source 
can increase the sensitivity slightly since, from (25), 
Nmin iS proportional to v and therefore to T,}. Also, 
cooling the cavity will increase the sensitivity by 
increasing Qo. 


Ill. THEORY OF THE MOLECULAR OSCILLATOR 
A. Simple Theory of the Maser Oscillator 


If a large number of molecules in the upper energy 
level is focused into the cavity resonator, a self-sus- 
tained oscillation can be obtained. The power loss from 
the microwave oscillation in the cavity is compensated 
by the emitted power from the molecular beam. This 
condition is given by the following formula, using Eq. 
(10) at w=wo: 

1 AP wh sin’é 


Q wW 


Because sin*6/@°—~1 for small values of 6, the threshold 
rate of flow of molecules, m», required to build up 
oscillation in the cavity is 


Nin = 2nW ./Qh=hv’A/4° 7 LO. 


If m molecules enter the cavity per unit time, Eq. (29) 
may be written 


(29 
2xnW. & 


(30) 


n/n»=6/sin*é. (31) 
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Figure 1 shows how the oscillation amplitude or the 
square root of W varies with m from Eq. (31). The 
output power P» is of course proportional to W, being 
given by 

Po=wW/Q1. 


The electromagnetic energy W in the cavity ap- 
proaches a saturation value W.,:, when the intensity of 
the molecular beam is increased. From Eq. (31), this 
occurs when =z, or 


(32) 


W sar=rw.. 


The output power saturates at the same time. For 
typical conditions such as those described in Sec. II.C, 
the output power at saturation is about 10~° watt. 
However, more power can be obtained, even if such 
saturation occurs, by increasing the output coupling 
(decreasing (1). ; 

For a certain intensity of the molecular beam, the 
output coupling to get maximum output of molecular 
oscillation may be calculated by eliminating 6 in the 
following two equations: 


tan0/0=1+(Qo/Qi), 
sin20/20= (2xW ./nQoh). 


(33) 


(34) 


These expressions come from using Eqs. (29) and (32) 
and optimizing P» with respect to Q;. Using optimum 
coupling given by Eq. (34), the maximum output power 
can be calculated as 


Po max=wW ,/Q,. 


Although expressions (34) and (35) apply accurately 
only for the case of uniform velocity, they can serve as 
qualitative guides for the case of a distribution of 
molecular velocities. 

If the velocity distribution is taken into account, the 
stored energy W and the output power would continue 
to increase with increasing the intensity of the molecular 
beam instead of reaching a saturation value. When 
molecules with different velocities are put in a common 
electric field, the induced emission from all molecules is 
superimposed. An estimated curve for the beam of 
molecules with nonuniform velocities is shown by the 
dashed curve in Fig. 1. 

Experimental tests of a maser oscillator were made 
using ammonia molecules in the 3-3 state and a cavity 
of Q=12 000 operating in the TEo:, mode. The mini- 
mum focuser voltage required to start oscillation with a 
source pressure of 6 mm Hg was found to be 11 kv. For 
a TMow mode cavity with Q=10000, the minimum 
focuser voltage for oscillation was 6.9 kv at the same 
source pressure. At a source pressure of 1.2 mm Hg, the 
critical focuser voltage was 15 kv for the same TMo10 
cavity. Since for a fixed source pressure, the number of 
molecules entering the cavity is roughly proportional to 
the square of the focuser voltage,'* the above results 
show clearly that for the T7Mo0 cavity, the threshold 


(35) 
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number of molecules, ”;,, was about three times smaller 
than that for the TEo,: cavity. 

The threshold intensities of the molecular beam 
calculated from Eq. (30) are mn=4X10" sec and 
1X10" sec! for the TEo:, and TMo.o cavities, re- 
spectively. The ratio of these two numbers agrees 
reasonably well with the above results. The actual 
number of effective molecules per unit time in the ex- 
perimental apparatus at a source pressure of 6 mm Hg 
and focuser voltage of 15 kv is hence probably close to 


n=5 X10" sec. 


This number is also consistent with estimates from the 
amount of total flow and directivity of the beam from 
the source. 


B. Frequency Deviation of the Molecular 
Oscillator 


Frequency shifts and noise in the molecular oscillation 
can be analyzed in detail by the method shown below. 
First the oscillating induced dipole moment of the 
molecular beam is calculated, assuming the electro- 
magnetic field in the cavity. Secondly the electromag- 
netic field generated by the oscillating polarization of 
molecules is calculated and finally the assumed field and 
that generated by the molecules are made consistent, or 
equated in case there is no noise. In this section the 
noiseless case is treated. 

The dipole moment of a molecule in the beam at 
anytime is 


p= fvrwvar = d2*aiyne™'+-a;*dopie *, (36) 


where it has been assumed that y has the form (1). 
With the perturbing field given by (3), the dipole 
moment of a molecule at z=v(/—o) is, when one uses 


(4) and (5), 


()= ge“ 
sito ae Ne 


* (- sin{ [ (w—wo)?+-27 }#(t—to)} 


[(o—an)?-ha2]}! 
x (t—t)/2} ) 


= preiot+ pi*e- iwt 


sin?{ [ (w—wo)?-+27 }! 


+complex conj. 
(37) 


The oscillating polarization density, P(z), produced by 
molecules in the beam is given by 


P(2)= (n/vA) p(2). (38) 


The electric field E generated by the oscillating 
polarization may now be calculated. The polarization is 
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small enough that it may be considered as a small 
perturbation of the normal mode of oscillation of the 
cavity, or of the distribution of electric field, E,. In this 
case, the frequency and the quality factor Q,, for the 
cavity with the molecular beam can be calculated from 
a result given by Slater® for a cavity containing a micro- 


wave current: 
f Pt-E,*dV 
1 w-w, 1 
peal, willie neue W >, laeaom er 
Om We 
fe-Eay 


Here w,/2zm is the resonant frequency and Q the loaded 
quality factor of the cavity without the beam. The 
electric field and polarization are expressed by the 
complex vector quantities: E cosw!=}Ee‘‘+}Ee‘‘ 
= Etet+Et*e-! and P= Pte#'+Pt*e—*, Actually, 
E and P are parallel in the case considered, so that vector 
rotation is not, important. 

For a stationary state of oscillation, the damping 
should be zero and Q,, should be infinity, so that (39) 
becomes 


(39) 


ati =— tei [P E,, *dV / fe E,,'*dV. (40) 


If the distribution of the polarization in the cross section 
of the cavity is proportional to the field distribution of 
the resonant mode, the following equation is obtained 
from the TM »no mode: 


2 L dz 
frrgsar / [er-evav—— f Pi(2)— 
£ 0 E 


If the distributions of P and E in the cross section are 
different, the above equation does not hold exactly, but 
the discrepancy of the distributions usually causes only 
a slight deviation from Eq. (41). Therefore the following 
result is obtained, assuming Q[ (w—we)/w, |K1: 


a L 
- yf Pt(z)dz. 
0 


By using Eq. (38), Eq. (42) may be written 


Posie W— We 
,E=— (1-210 yf pi(z)dz. (43) 
grr 


Since p(z) has been given as a function of x= Ej/h, the 
condition of stationary oscillation is obtained from Eqs. 
(43) and (37) as 


5J. C. Slater, Revs. Modern Phys. 18, 441 (1946). 


(41) 
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—) 
We 


L 
xf | in[ ( 4 at —i 
j Ss W— Wo . 7 val 442 2}; 


x 4°Onp? ( 
1 
2 vhAL 


W— Wo 


X| 1 cosf (oon) as, for w—woKx. (44) 
‘ v 


From the real part of Eq. (44), the amplitude of 
oscillation E= xh/jfi can be obtained. Remembering that 
?=W/W., or 0= Lx/2v from Eqs. (8) and (11), one can 
thus obtain Eq. (31) when w=a». 

If w—wo is considerably smaller than the line width 
(w—woK0/L, or w—woKx, since x is comparable with 
v/L), then [ (w—wo)?+-2? }' can be approximated as x and 
the imaginary part of Eq. (44) gives 


w-we fe «x 
20— sin—zdz 
We 0 v 


W— Wo L x 
+ - f 1—cos-z 
x 0 v 


Integration of Eq. (45) gives 


aso (45) 


BSc L) 1—cos20 w.—w 


~ wo 1—sin26/26 w, 


W— Wo 





(464) 


If the Q of the line is defined by 


Vo 


(47) 
"0. 890/L)' 


then Eq. (46) shows that the fractional deviation of the 
frequency of the molecular oscillation is 


7 os Q 1 


1—cos26 w.—wo 
a : (48) 
wo Or 2.8 (1—sin 20 28) wo 


This is similar to the expression previously given for 
“pulling” of the oscillation by the cavity.? However, it 
is more complete in allowing for saturation of the 
molecular response. If the oscillation is weak so that 
saturation does not occur, #1 and Eq. (48) reduces to 


— W9 Q We— Wo 
ai tt—— 
Wo O1 Wo 


(49a) 


Or, under more normal conditions when 6-37, Eq. (48) 
is 
wW— wo QD wea 
——=0.72— — 
Wo Or Wo 


(49b) 


The effect of saturation on frequency deviations of 
the above type is shown in Fig. 2. Since the factor 
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Fic. 2. A curve for fe=(1—cos2@)/(1—sin26/26), giving the 
dependence of frequency pulling by cavity tuning on the amplitude 
of oscillation 6. See Eq. (48). 


(1—cos26)(1—sin20/26)— decreases with increasing 6, 
the frequency deviation will decrease with increasing 
beam intensity. This may well be the origin of frequency 
variations with source pressure and with focusing field 
which have been observed. Both of these vary the 
number of molecules entering the cavity, and hence 
vary 6. Qualitative features of the observed variations 
agree with what may be expected from Eq. (48). 
However, it must be remembered that in deriving the 
precise form of Eq. (48), it was assumed that molecules 
of uniform velocity flow through the cavity and that the 
saturation does not depend on the distance of the 
molecules from the axis. Neither of these assumptions is 
strictly correct. 

Bassov and Prokhorov have indicated® that if the 
“natural frequency” of the resonator is tuned to the 
center frequency of the spectral line, the frequency of 
molecular oscillation will be shifted by 


(w—wo)/we~— 1/(20Q)). 


It may be worthwhile to note that this type of frequency 
shift is, however, just due to the change of resonant 
frequency of the cavity by damping, since 


We=Wnat(1— 1/20"), 


where wnat is the “natural frequency” used by Bassov 
and Prokhorov, and w, is the actual resonant frequency 
as ordinarily measured. A frequency shift of w/2Q* in the 
cavity pulls the frequency by the amount w/20Q). 
Hence if the actual resonant frequency is tuned to the 
frequency of the spectral line, there is no shift of the 
frequency of oscillation as indicated by expression (48). 


® N. G. Bassov and A. M. Prokhorov, Discussions Faraday Soc. 
19, 96 (1955). 


There are several other types of systematic shifts in 
the frequency of oscillation. They include shifts due to 
unbalanced traveling waves in the cavity, changes in the 
resonant frequency of the cavity due to the polarization 
or dielectric constant of molecules in states other than 
those of interest, the effect of molecular collisions within 
the cavity, and also shifts due to Stark and Zeeman 
effects. Some of these will not be examined in much 
detail, since they are usually considerably less important 
than the “pulling” due to the cavity which was dis- 
cussed above. 

The frequency shift caused by the presence of 
traveling waves in the cavity which produce a net flow 
of power in one direction may be regarded as a type of 
Doppler shift. Thus if there is net power flow along the 
length of the cavity in the direction of the molecular 
velocity, the oscillation frequency may be expected to 
increase, since the frequency experienced by the moving 
molecules tends to correspond to the fixed molecular 
resonance frequency. Conversely, if there is a net flow 
of power in a direction opposite that of the molecular 
motion, the oscillation frequency should be somewhat 
decreased. The amount of frequency change due to 
traveling waves can in fact be approximately calculated 
by making a Fourier analysis of the apparent fre- 
quencies seen by the moving molecules. However, in 
order to be consistent with the formulation developed 
here and to show roughly the effect of saturation, this 
frequency shift is calculated in another, perhaps less 
transparent, manner. 

When a small fraction of unbalanced traveling waves 
are present in a 7M oo cavity, the electric field may be 
written 


E= E, coswt+ E; cos(wt— Bz) 
™(Eo+ E:) coswi+ E,82 sinwt, (50) 


where E,;«Ep, BL1, and E; cos(w!—fz) represents a 
flow of microwave power along the cavity in the direc- 
tion of the molecular velocity, i.e. the positive z direction 
if £,8 and Ey have the same sign. The oscillating dipole 
moment of the molecules in the cavity due to the 
stimulating field given by (50) may be expressed as 


pote*'+ pyte*'+ complex conj. 


Here fo is the dipole moment produced by the field Eo 
and p; the small change in dipole moment due to &;. 
Allowing the electric field produced by the polarization 
of molecules in the cavity to equal the presupposed field 
(50), one obtains in analogy with Eq. (43) 


imp pr? 
s+. — us] 
# 0 
— 2inv 


= [1-20 


finy,L* 


w- 


We L 
if (po'+ pit)dz, (51) 
We 0 


where x= Eoji/h and x:= E,ji/h. 
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The frequency of oscillation may be obtained from the 
imaginary part of Eq. (51). If the cavity frequency w, is 
tuned very close to the oscillating frequency w, the terms 
in w—w, may be neglected and the imaginary part of 
(51) is, to a good approximation, 


mB rh 2n v ft 
2d3= ——— — 
finn, L Jo 


(52) 


Re(pot+ pit)dz. 
2 


Now po is obtained from (37) as 


W—-wo x 
Re(po) = sin i} (53) 
% 2 
and ; can be calculated by a perturbation calculation 
similar to that given in Sec. III.C. For this purpose, 
Eq. (67) has to be replaced by (50); then p; can be 
obtained from (78) by substituting x, and —x,$vt for 
x,’ and x,”’, respectively, in that equation. One obtains, 


Re(pi)= ‘ ~B0| (t—to) sin[x(t—to) ] 


2 4x 
2 x 
_—- sin (| (54) 
x 2 


Using (53) and (54), Eq. (52) can be written as 


“Bb nv et 42 xy x 
ae -——f |- («ova») sin'( -0)) 
4 my L? J t-Liol x x 2 


+—60(t—t) sin[«(t—to) ] ar 
x 


After integration the following equation is obtained, 


using 06= Lx/20: 
sin20 
fe) 
26 
sin26 


x1 n 
—Bv6? = “| 
¥1 
_ “90 ( cosmo —— 
x 6 


x Nth 


Using n/n as given by Eq. (31), the fractional devia- 
tion of the frequency of oscillation is 


6 sin’6 
1--. —-~---- } (55) 
20—sin20 


W-Wo 1 =| 
Wo xX wo 


The traveling waves in the cavity may be considered 
to be due to the loss through an output coupling hole at 
one end of the cavity with a value of Q;, which can be 
shown to be 
"  woW PL x 


Q ie a re. 
5S 78 v1 


because the stored energy is W= KL’, and the power 
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flow S is given by S=2K (6c?/wo)xa;. When one uses 


this Q,; and the Q; given in (47), Eq. (55) becomes 


w-w 2r 1 LT? 6 sin*é 
w 0.890,0:» 20— cet 
It should be noted from Eq. (55) that the sign of the 
shift reverses, if the velocity v of the beam changes sign, 
or hence if the direction of power flow due to the 
traveling waves reverses with respect to the molecular 
velocity. For small saturations, <1 and the bracketed 
factor in (55) or (56) is 0.25. For @= 47 it is 0.5. Ina real 
oscillator, there is of course a distribution of molecular 
velocities and of effective values of 6. However, as an 
approximation, the bracketed factor may be assumed to 
equal 0.5, and this assumption gives 


ao. 


(56) 


W— Wo 
naspeaeiiiini 


ea oa, (57) 
Wo 0.0: 


This equation shows that, the closer the output coupling, 
the larger will be the frequency shift. The shift given by 
(57) may be seen to have roughly the same form as the 
shift mentioned by Bassov and Prokhorov® and dis- 
cussed above. However, it has a quite different origin. 

Assuming the values, L=10 cm, A=1.25 cm, and 
Qi=4X 10°, the fractional frequency shift produced by 
the traveling waves is about 2X 10~° for 0,=3X 10". If 
the load impedance changes by 10 percent, a change in 
frequency of about two parts in 10 will be produced. 
The frequency shift caused by the output coupling can 
be very much reduced by placing the coupling hole just 
halfway between the two ends of the cavity, so that 
traveling waves progress from both ends of the cavity 
symmetrically. 

In addition to the effect of the asymmetrical location 
of the output coupling holes described above, the varia- 
tion of the molecular emission along the length of the 
beam in the cavity will give rise to corresponding 
unbalanced traveling waves and, therefore, a corre- 
sponding frequency shift. A shift of this kind will be of 
the same order of magnitude as that due to the asym- 
metrical coupling of the output hole, since the power 
emitted from the molecules is of the same order of 
magnitude as the output power. The molecular transi- 
tion probability is connected with po and p; in Eqs. 
(53) and (54) which vary along the length of the cavity. 
However, in obtaining the result given in Eq. (56), the 
molecular emission is effectively averaged over the 
molecular path in the cavity. A detailed analysis of the 
frequency shift due to the variation in beam emission 
has not been made. However, it should be noted that 
when little saturation occurs, the molecules deliver most 
of their energy toward the end of their path in the 
cavity, whereas for the highly saturated case, most of 
the energy is delivered near their entrance into the 
cavity. Thus the power delivered by the molecules flows 
in one direction for the case of little saturation, and in 
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the reverse direction for high saturation. In some 
intermediate condition, the frequency shift due to 
variation in molecular emission should become zero. A 
frequency shift due to this type of traveling waves 
could be reduced considerably by sending two similar 
molecular beams into opposite ends of the cavity. This 
method, with the output coupling at the middle of the 
cavity, would probably reduce frequency shifts due to 
traveling waves to considerably less than one part in 
10”, depending on the accuracy of the symmetry. 
Consider now the change in resonant frequency of the 
cavity due to the presence of ammonia molecules in 
states other than those between which the desired 
transition takes place. The change in dielectric constant 
at frequency v, due to the presence of other rotational 
state, is given by 
2aN ; | pil? 
Ae=>> ——, 
i 3h v—v; 


(58) 


where N; is the density of the molecules in the ith 
rotational state in the cavity, u; the matrix element of 
the molecular dipole moment, and »; the inversion 
frequency of the ith rotational state. Since the only 
molecules which are focused are those in the upper 
inversion state, the contribution of molecules in the 
lower inversion states is neglected in the above expres- 
sion. The effect of the (2,2) line on the frequency of the 
(3,3) line is considered as typical, since it is the nearest 
strong line. For an intensity of the molecular beam 
which is about ten times the threshold value for molecu- 
lar oscillation at the (3,3) line, the change of dielectric 
constant due to the (2,2) line is estimated as Ae(2,2) 
=8X10~°. In this estimate, n;=1 debye, »y—v;=1.5 
108 cps and N;=n,/vA =4X 10° cm™ are used. Then 
the resonant frequency of the cavity is shifted by 
—4Ae, and the frequency of oscillation will be effected 
by about one part in 10". A precise calculation of this 
frequency shift of course requires a summation over all 
rotational states. However, its approximate magnitude 
is indicated by considering only the (2,2) state, which 
produces the largest shift. 

It is difficult to isolate the aforementioned frequency 
shift experimentally, since the simultaneous existence of 
various states in the cavity cannot be prevented. How- 
ever, if the relative populations of these states are 
changed, a small frequency shift might be expected. 
Since the focusing efficiency is a function of the rota- 
tional state as well as the focusing field, fluctuations in 
focuser voltage of ten percent may give rise to frequency 
shifts of about one part in 10” due to changes in 
dielectric constant of gases in the cavity. 

When ammonia molecules interact with each other 
the inversion spectrum is modified, and this effect 
produces the usual pressure broadening. In addition toa 
broadening of the inversion transition, there may be a 
frequency shift of the center of the line, which is 
proportional to the pressure broadening. Such a shift 
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has not been observed for any microwave line, and for 
the inversion spectrum of NH; it has been shown to be 
less than a few percent of the line width.” However, in 
principle, some shift of this type must occur. An upper 
limit for the resulting effect on the frequency of a maser 
oscillator can be obtained by assuming that the reso- 
nance width of molecules in the cavity is broadened by 
about ten percent due to collisions with other molecules 
in the cavity. The pressure broadening is probably less 
than this in most cases, and the maser would not 
oscillate very well if it were much larger. Assuming a 
resonance width Q¢~5X10°, the upper limit for the 
fractional shift is then a few thousandths of 1/(5X 10), 
or a few parts in 10". An additional type of frequency 
shift by molecular interaction which is proportional to 
the square of the pressure® has been observed, but this is 
quite negligible for the pressures used in the maser. 

Every spectroscopic frequency is affected to some 
extent by electric or magnetic fields; these effects are 
referred to as Stark or Zeeman effects, respectively. 
Stark effects in the inversion spectrum of NH; have been 
discussed in a number of places. They shift the inver- 
sion spectrum and disturb the coupling of the various 
nuclear spins to the molecular rotational motion. The 
uncoupling of nuclear spins is to a good approximation 
identical in the upper and lower inversion states, so that 
it does not shift the frequency of transitions which 
involve no change in the hyperfine states, and on which 
the oscillation frequency depends. The fractional change 
in frequency is hence approximately (Ej/hvo)?, where E 
is the field strength in esu, 7 the dipole matrix element, 
vo the inversion frequency, and h is Planck’s constant. 
Specifically, the fractional frequency shift for the most 
sensitive component (M ,=3) of the NH; (3,3) line is 
very close to 10-°E,?, where E, is in volts/cm. Thus if 
surface charges or varying contact potentials within the 
cavity produce field strengths as large as 1/30 volt/cm, 
the resulting fractional change in frequency is about 
10, 

“First-order” Zeeman effects split each hyperfine 
component of the inversion spectrum of NH; by ap- 
proximately gyu,H, where gy is the molecular g-factor, 
u,» the nuclear magneton, and H the magnetic field in 
oersteds. In terms of frequency, this is about 1 kc/sec 
per oersted. The splitting is symmetric about the 
undisplaced transition, and hence for small H it corre- 
sponds only to some broadening of the line without a 
shift of its center. 

“Second-order” Zeeman effects do shift the line center 
by a fractional amount which is roughly (gsu,nH/hvo)’, 
or 2X 10~'5H?, where H is again in oersteds. Such a shift 
is usually negligible. It is about 10° times smaller than 
similar effects in atoms such as Cs, since the molecular 
magnetic moment is of the order of a nuclear magneton 


7R. R. Howard and W. V. Smith, Phys. Rev. 79, 128 (1950). 

8 H. Margenau, Phys. Rev. 76, 1423 (1949). 

9J. M. Jauch, Phys. Rev. 72, 715 (1947); Coles, Good, Bragg, 
and Sharbaugh, Phys. Rev. 82, 877 (1951). 
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rather than a Bohr magneton. Partial uncoupling of the 
nuclear spins from the molecular rotation occurs in 
molecules subjected to a magnetic field, but as in the 
case of Stark effect this does not change the frequency 
of oscillation because the transitions of interest involve 
no change in hyperfine energy. 

First-order Zeeman effects can shift the frequency of 
oscillation if the oscillation does not occur very near the 
resonance frequency. For, if the cavity is tuned off 
resonance to a frequency »,, the oscillation frequency is 
“pulled” by approximately 


Av= (Q/Q:) (v.— Vo) 


from expression (49). If the magnetic field H changes by 
a small amount, there is an incipient splitting which 
changes the line width slightly, and hence changes Q; 
and Av. This effect can be minimized by tuning so that 
¥-= vo, and can in fact be useful as a test for the condi- 
tion ve=vo, when oscillation should occur very near 
resonance. 


C. Random Noise in the Maser Oscillator 


Two kinds of effects give random fluctuations in the 
output of a maser oscillator: one comes from fluctua- 
tions in the number of molecules in the beam, which may 
be called “shot” noise, and the other from random 
fluctuations of the fields inside the cavity due to 
thermal noise and to “‘zero-point”’ fluctuations. We shall 
consider first the shot noise. 

Let the number of molecules which may radiate and 
which enter the cavity in a time interval ¢ be 


N=nt. 


The fluctuation in this number is then ./N= 1 (nt). 


The output of the maser oscillator is 


P\=Knhv, (59) 
where K depends on @ and (:/Q, but is normally of the 
order of unity. The shot effect may hence be expected to 
produce an average fluctuation in power during a time ¢ 
of approximately 


((APo?))'= KNthv/t= Khv(n/t)*. 


The fractional fluctuation of amplitude of the electric 
field E is, from (59) and the above equation 


((AE*)») ; 1 


=——. (60) 

E 2(nt)? 
It must be remembered, however, that the field strength 
cannot change much more rapidly than the time re- 
quired for a molecular transition to occur, or than the 
inverse of the frequency width of the molecular response. 


This time is approximately 
7=20)/w. (61) 


In a typical case, it has a value r= 10~ sec and n= 10" 
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sec!, so that the fractional fluctuation is at most 
((AE*)y)4/E-5 X 10-* which is small enough usually to 
be negligible. The smallness of this fluctuation results 
from the large number, i.e., »7 = 10"°, of molecules in the 
cavity at all times. 

In addition to an amplitude fluctuation, there is a 
phase fluctuation during the correlation time 7 of the 
oscillation which is approximately equal to the frac- 
tional change in amplitude, or 


((Ad*)») t= (62) 


2(nr)* 


Such phase fluctuations which occur during each corre- 
lation time add together in a random way to produce a 
root-mean-square phase change of 


, t Oe ee 
t((Aes®) y) = (-(a0") = -(-) ; 
T 2r\n 


after a time interval ¢. Hence the fluctuation of fre- 
quency is obtained by using (59) and (61) as 


((Aw*)y)? 1 (=): (=) 
wo” MON Pal ONPul 


The magnitude of frequency fluctuations due to this 
effect will be shown below to be considerably smaller 
than that due to thermal noise at normal temperatures. 

The molecular oscillator builds up initially from the 
thermal noise fields present in the cavity. During the 
stationary state of oscillation, thermal noise in the 
cavity shifts the frequency and amplitude of oscillation 
in a random manner. Although the precise behavior of 
thermal fluctuations in the cavity depends on the 
presence of molecular beam amplification, a rough esti- 
mate which ignores the effect of the saturation of the 
beam will first be described. 

Assuming that the noise power, kT Af, is independent 
of the oscillation in the cavity, the average fractional 
fluctuation of amplitude and phase of the molecular 
oscillation is approximately 


(63) 


((AE*)w)*/E~((Ag*)m)'=(RTAS/Po)', (64) 


where Af is determined by the length of the time / used 
for measuring the frequency of the oscillator. When the 
frequency is observed during a time interval /, the 
transfer function, that is the frequency characteristics 
for the frequency modulation noise fluctuating at a 
frequency f, is proportional to 


(1/f) sin(w ft). 
This transfer function gives the effective band width of 


Af~=1/t. 


From (64), (65), and (61) the fractional fluctuation of 


(65) 





1318 


the frequency of oscillation due to thermal noise is 


((Aw*)y)? = 1 =) 


at (66) 
wo 201 \ Pot 


The maximum frequency fluctuation which can occur is 
found by setting ¢ equal to the minimum response time 
t in (66), which gives 


((Aw*)y)# 1 =) 
Wo 90s Por , 


For typical conditions this quantity is approximately 
10~, which is the fractional frequency change occurring 
in the time 7-~10~ sec. For ‘=1 sec, this is reduced 
to 10-”. 

Comparison of Eqs. (63) and (66) shows that 


(Aw) ay (shot noise) hy 
LN. 





(Ace*) ay (thermal noise) kT 


At room temperature and microwave frequencies this 
ratio is about 3X 10-*; hence shot noise can be neglected 
compared to thermal noise. 

It should be noted that spontaneous emission of 
radiation by the molecules also produces random fluctu- 
ations. Their nature is, however, precisely the same as 
that of fluctuations due to thermal radiation and con- 
siderably smaller. For our purposes, spontaneous emis- 
sion may be considered as an added thermal fluctuation 
corresponding to a temperature of hv/k, which for 
microwave frequencies is only one or two degrees 
absolute. 

The theory of fluctuations of the oscillator, as 
simplified above, might lead one to suppose that suc- 
cessive changes in both phase and amplitude add in a 
random manner, so that the amplitude of the oscillating 
electric field would at times go through zero. This does 
not actually occur for the same reason that it does not 
occur in most other oscillators: the nonlinearities in the 
oscillator’s response ensure that the amplitude stays 
within certain narrow limits rather than increasing or 
decreasing in a random way. However, as in most other 
oscillators, the phase variation is quite random and may 
increase indefinitely as indicated by the above discussion 
in a way which is proportional to 4/2. 

To allow for the effect of molecular amplification and 
nonlinearities on the thermal noise, a more complete 
theory is described. In the following discussion the noise 
field, E,(¢), due to thermal noise is calculated by a 
perturbation technique, assuming that £,(¢) is small 
compared to the field EZ) produced by emission of 
radiation from the molecules. 

The electric field in the cavity resonator may be 
written 

E= E, coswt+ E,(t), 


where w is the frequency of oscillation, Eo is assumed to 


(67) 


SHIMODE, WANG, AND TOWNES 


be constant, and E,(#) is a small field associated with 
thermal noise. If one uses 


+= Evii/h, 
an(t)=2E,() p/h, 


the Schrédinger equation for the wave function y= aw; 
+ a2 requires 


a= Rif x[ eto-oo) tt ei(wtwo) *)+2ne~*0*} ao, 
(69) 


ds inn hi{ale~ i(w—wo) tt g—i(wtwo) )+2n,e+ ot} ay. 


(68) 


If the oscillation occurs near the molecular resonance, 
then (w—wo)’*Ka2*, and (w—wo)t0 for the time of 
passage of the molecules through the cavity. Further- 
more e*¢++0)! fluctuates very rapidly during the time of 
transition when a; and a2 are changing more slowly, so 
that the terms in (69) including this exponential average 
to zero and may be neglected to a good approximation. 
Terms such as x,e~*“°* cannot similarly be omitted be- 
cause x, Varies rapidly with time in such a way that the 
product «,e~**¢' does not necessarily average to zero 
during the transition. 

Let the solution of (69) for x,=0 be a; and a, 
which are given in expressions (4) and (5) as 


a; = —sin[4x(t—to) ], 


(70) 
a =% cos[$x(t—to) ], 


when (w—wo)’*Ka? as assumed above. Here éy is the time 
at which a molecule enters the cavity. The solution 
when x, 0 may be written 


a, =4a,+a,, 
(71) 


do=a2+a.", 
and then (69) becomes 


a9 = 44 (xdo+axn€ iwotq,(0)) | 
(72) 


Gio = $1(xa1 +4,€%0ta,), 


if terms in the product of the two small quantities a; 
and x, or a2 and x, are neglected. 

The quantity x, in (69) or (72) due to noise may be 
written 


Xn=2xn' COSwl—2x_" sinwt, (73) 


in which case expression (67) for the field becomes 


h Se 
E=-(%£+2,’) cos( w+), (74) 
i x 
which makes it evident that x,’ gives the amount of 
amplitude modulation and «x,’’/x the phase modulation. 
Making the substitutions (73) and 


a, = Aetiz(t-to) — Be} = t—to . 
(75) 
a, =A e iz(t— to) +. Be—tix( t— to) 





FURTHER 
into Eq. (72), one finds 
A=—}[x,'+ix,"e 0], 


) aes (76) 
B= +}[x,'+ix,//et iat), 


Again in obtaining expression (76) it must be remem- 
bered that very rapidly varying terms such as e*+#0)# 
average to zero and may be omitted to a good ap- 
proximation. 
Now the oscillating dipole moment of the molecule is 
given by 
p= jie*“?# (aya, ¥4 a) Vaqg* +44, qo0*) 
+complex con}. 
= pole**'+ p,1(t)+complex conj. (77) 
Using Eqs. (70) and (75) together with (76), one obtains 


pot = 47 sin(xt), 


saci] fn cos{x(t—t) }dt 


=i cost(t—1)) fava} (78) 


The electric field produced by the polarization of mole- 
cules can be calculated in the same way as described in 
the former section, using (39), (41), and (43). The total 
field is the sum of fields produced by molecules in the 
beam and those generated by thermal agitation 
in the wall of the cavity. It may be written, as 


OL (w— we) /we 1K1, 
4rQn 
Riw=<¢— f pi(z)dz+e,, 
vAL Yo 


where £1 is defined as in Eqs. (39) and (67), and ete‘ 
+e,'*e~ ‘0 is the primary thermal noise which would 
occur without the presence of the molecular beam. After 
some manipulation, Eq. (79) can be rewritten as 


x at &t 4°O,07 ¢' 
i eer lf sin («(t—to) )dto 
ge ee HAL Lv t-Lio 


t t 
+if {f x'’ cos(a(t—to) dt 
t—L/v to 


—icos(e(t—t)) f avat| at, (80) 


(79) 


where x,t is defined by x,fe'+x,t*e-“!, that is, 
Xnt=2Xn'+ix,"’ from (73). In addition, 


eal : : 
fal (= 2——= be!) +18". (81) 


The first integral in (80), which gives the field 
strength of precisely the frequency wo/2m and which is 
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Fic. 3. A curve for f;=1/(1—8@ cot@), giving the dependence of 
amplitude fluctuations due to thermal noise on the amplitude of 
oscillation @. See Eq. (84). 


independent of the noise, yields the same results as were 
found above in Sec. III.B. The remaining terms repre- 
sent the noise fluctuations and can be written as 


y2 t 
-f cos(s('—t) faa] (82) 
t—L/v 


t t 
xf f rg cos(s(t—1) dato] +8,” (83) 
t—L/v¥ to 


/ 


From these equations, amplitude noise x, 
noise x,’’/x can be computed. 

Equation (82) may be simply solved for the important 
case of noise components which differ from the frequency 
of oscillation by an amount smaller than the line width. 
For these components, «,’ varies much more slowly than 
does cos(xt), so that as a first approximation (82) can be 
integrated by assuming x,’ to be constant. Using ex- 
pression (31) for n/n and 6=xL/2v, one obtains the 
following from this integration : 

En’ 
22,!=————. (84) 
1—6 coté 


and phase 
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Fic. 4. A curve for f,=2 sin*@/(20—sin26), giving the depend- 
ence of frequency fluctuations due to thermal noise on the ampli- 
tude of oscillation 6. See Eqs. (92). 


This expression shows that the magnitude of AM noise 
depends strongly on the amplitude of oscillation, as can 
be seen from Fig. 3. Since the primary noise, £,’, is 
independent of frequency, x,’ is also independent of 
frequency near the center of the molecular transition 
where the approximations involved in obtaining (84) 
are valid. The frequency distribution of noise outside 
this range can also be estimated in a similar way by 
using a; and a2 as given by Eqs. (4) and (5) so long 
aS w—woKw, but such a calculation would be very 
tedious. Presumably the spectrum of amplitude noise is 
not far different from the line shape. 

Evaluation of the fluctuation of phase from Eq. (83) 
is somewhat more difficult. If the phase fluctuation is 
computed from (83) by assuming that x,” in the 
integrand is constant, then (83) becomes, after integra- 
tion, x,/’=x,"+£,"". This indicates that x,’’ must 
approach infinity, corresponding to the indefinite in- 
crease in the phase error with increasing time as was 
found in the simpler discussion above. In order to 
obtain a finite result for x,’ and to examine the way in 
which it approaches large values with increasing time, 
it is necessary to allow variation of x,” in the integrand. 

Consider the thermal noise é,’’(/) in a small band 
width df about a frequency which differs from the 
oscillator frequency by f. Then é,’’ which is a function 


of time can be written in the form 


eam f En’ (f) cos(2x fi+4)df, (85) 


where 6 is a phase angle. x,’’ must have the similar form, 
Xn -f Xn’ (f) cos(2r ft+6')df, 
0 


where x,”’(f) and 6’ may be assumed to be constants 
with respect to time. 

Substitution of these expressions into Eq. (83) gives, 
with the assumption fv/rL, 


sin’6 


xn! = A Rae 4 : 
Use NL (1—sin26/26) 
and 6—6’=}r. 

Because £,’’ represents a component in the primary 
thermal noise given by (79) and (81), ((én”’(f) P)w is 
actually independent of frequency f. From (85), (81), 
(68), and (64), one has 


(Lén” (A) Poa BEnt(f))ov_ Aen'(f))m_ kTdf 
jamal woW/0' 


x x E? 
where £,(f) and e,(f) represents the amplitude of 
Fourier components at the frequencies (wo/2mx)+ f. 
Thus the mean square of x,”’ is obtained as 





(xn) QRTY v sin’? 


2 Smax df 
re 
x woW aL [1—(sin20/20)]} Stmin f? 
where fmin and fmax are the minimum and maximum 
frequencies respectively for the range of values of f 
which are considered. Both fmax and fmin must be much 
less than the line width in order that Eq. (86) be ap- 
proximately correct. Assuming fmax>>fmin, expression 
(88) is 





(89) 


(2),  QhkT [ 26 sin?é ] 
2? woWfmialeL 20—sin20) 


If fluctuations are observed during a time interval ¢, 
the minimum frequency of fluctuation which can be 
observed is approximately 


fin 1/21. 


From (74), the root mean square of the fractional 
fluctuation of frequency is 


((Aw?)m)# — ((x")w)#/a 
wo : wol 
Thus one obtains from (89), (90), and (91) 
((Aw*)w)* v 2Q0kT\* 26 sin*0 
i vet 26—sin26 


(90) 





(91) 
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Using ®@=W/W., and Qi=wol/(0.89X2mrv), the fre- 
quency fluctuations can be written 
((Aw*)m)? 0.16 ( OkT ) 

01 NeW t/ 20—sin26 


sin’@ 





(92) 
Q: 


This is very similar to the approximate expression (66) 
obtained earlier, since woW/Q is a typical value of 
emitted power from the molecular beam for @=1. 
Dependence of the frequency fluctuation on power is 
given by the last factor in (92), which is plotted in 
Fig. 4. This figure shows that the amount of FM noise 
increases by a large factor when the oscillation is weak. 
It must be remembered that Eq. (92) is not exact 
because of the approximation used in its derivation. In 
addition, the distribution of molecular velocities and 
matrix elements over molecules in the beam tends to 


Wo 
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make expression (92) even less accurate. However, it 
probably represents the major features of noise fluctua- 
tions reasonably well. 

As a typical example, let 0=}7, W.=2X10™" erg, 
Q=5000, and Q;=5X 10°, then 
((Aw) av)! 
————— 10, 


Wo 


This calculated fluctuation is somewhat smaller than the 
upper limit set by experimental observations.’ 
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Coherent Neutron Scattering Amplitudes of Krypton and Xenon, 
and the Electron-Neutron Interaction* 
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The coherent scattering amplitudes of krypton and xenon for thermal neutrons have been measured by a 
comparison method involving reflection of a neutron beam from liquid mirrors. The results were (7.68+-0.19) 
X10" cm for krypton and (5.10+0.17) X 10~ cm for xenon. When these results are used with the scattering 
measurements of Hamermesh, Ringo, and Wattenberg, one obtains (3900+800) ev for the electron-neutron 


interaction. 


INTRODUCTION 


HE electron-neutron interaction’ is of obvious 
interest as a test of any complete theory of 
elementary particles and it has received considerable 
theoretical? and experimental*~® attention. At present 
there is particular interest in the question of whether the 
interaction shows any structure-dependent effects in 
addition to a relativistic effect pointed out by Foldy.® 
What is probably the most accurate experimental result® 
is that the interaction is equivalent to a square well of 


* Work supported by the U. S. Atomic Energy Commission. 

¢ On summer leave from Case Institute of Technology, Cleve- 
land, Ohio. 

1Tn this article we mean by electron-neutron interaction the 
interaction additional to the large one between the magnetic 
moments of the electron and neutron. This last interaction is given 
by the ordinary magnetic dipole interaction expression and ac- 
counts for the magnetic scattering of neutrons. 

2 G. Salzman, Phys. Rev. 99, 973 (1955) and references therein. 

3 Melkonian, Rustad, and Havens, Bull. Am. Phys. Soc. Ser. IT, 
1, 62 (1956). 

4Hamermesh, Ringo, and Wattenberg, Phys. Rev. 85, 483 
(1952). 

5 Hughes, Harvey, Goldberg, and Stafne, Phys. Rev. 90, 497 
(1953). 
*L. L. Foldy, Phys. Rev. 83, 688 (1951). 


3860+ 370 ev depth when the radius, by convention, is 
taken as e”/(mc*). The relativistic effect is approximately 
4000 ev, so quite accurate measurements are needed to 
decide if there is any interaction beyond this. The 
electron-neutron interaction is so much smaller than the 
interaction of the neutron with the nucleus or the 
magnetic dipole interaction that it is very hard to be 
sure in any measurement that some obscure residual 
effect of these large interactions is not affecting the 
experiment. For this reason it seems very desirable to 
have the measurement made by several methods that 
are as independent as possible. 

The method used by Hamermesh, Ringo, and Watten- 
berg! is considerably different from that of Hughes ef al. 
It was devised by Fermi and Marshall’ and consists of a 
measurement of the anisotropy of the scattering of a 
beam of thermal neutrons by gaseous krypton and 
xenon. The electron-neutron interaction affects this 
anisotropy through the electronic form factors (more 
properly, the atomic scattering factors) of the gases. 
Most of the anisotropy is due to the center-of-mass 


7 E. Fermi and L. Marshall, Phys. Rev. 72, 1139 (1947). 
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Fic. 1. Section of the mirror tray and accessories. Most of the 
assembly was made of aluminum. 


motion of the scattering system which can be calculated. 
The remainder is ascribed, not to the electron-neutron 
interaction alone, but to an interference between the 
electronic and the nuclear scattering which are coherent 
in any single atom. Thus, the anisotropy is proportional 
to a term of the form 


aaef/os, 


where a is the coherent neutron scattering amplitude of 
the nucleus, a, is the scattering amplitude ascribable to 
the electron-neutron interaction, f is the atomic scat- 
tering factor of the gas involved, and g@, is the total 
neutron scattering cross section. 

The use of krypton and xenon is dictated by the 
necessity of having monatomic gases (to avoid diffrac- 
tion effects) of zero electronic magnetic moment (to 
avoid the magnetic dipole interaction) and high atomic 
number (to maximize the electron-neutron interaction 
effects and minimize the center-of-mass motion effects). 
It has the awkward consequence that it is necessary to 
know the coherent scattering amplitudes of krypton and 
xenon which have never been measured. Hamermesh, 
Ringo, and Wattenberg made the assumption that the 
coherent scattering amplitudes of these gases were 
given by 


a=0.9(¢,/4)}. 


KROHN, 


AND RINGO 


This was based on the observation that the equation was 
accurate within +10% for almost all elements (whose 
coherent scattering amplitudes had been measured) 
with more than two isotopes of appreciable abundance. 
In their measurement they found quite different results 
for the electron-neutron interaction strength from the 
measurements on krypton (5000 ev) and xenon (2900 
ev). It was thought that some of this discrepancy was 
probably due to errors in the estimates of the coherent 
scattering amplitudes. In any event, any great im- 
provement in the accuracy of the result would clearly 
require a much more exact knowledge of these ampli- 
tudes. Accordingly, we decided to measure them 
directly. 


EXPERIMENTAL METHOD 


Coherent scattering amplitudes are usually measured 
by powder diffraction of a compound containing the 
element of unknown a and an element of known a. This 
method is not practical with the noble gases. Powder 
diffraction methods can be used to give @ without a 
comparison standard in the same crystal, but this in- 
volves several rather difficult corrections and was there- 
fore rejected in favor of a method using liquid mirror 
reflection. The method depended upon a comparison of 
the reflected intensities from a thermal neutron beam 
incident on liquid mirrors of krypton and xenon with the 
reflected intensities from mixtures of ordinary and 
heavy water which approximately matched the indicies 
of refraction of the liquified rare gases. It was assumed 
that the only thing which could affect the quality of the 
surface of a liquid as far as neutron reflection was con- 
cerned was a macroscopic lack of smoothness which 
would show up in a widening of the reflected beam and 
permit the elimination of reflections from defective 
surfaces. It follows that two liquids giving the same 
reflected intensity in the same geometry must have the 
same critical wavelength, and hence, the same index of 
refraction. 

Total reflection from a liquid mirror occurs for wave- 
lengths greater than the critical wavelength, 


h.=6(x/>_ N,a;)', (1) 


where @ is the angle of incidence measured from the 
surface of the mirror, NV; is the density of the 7th nuclear 
species in nuclei per unit volume, and a; is the coherent 
scattering amplitude of the ith species. The sum over a 


TABLE I. Data concerning water mixtures. 








z aiNi 
calculated 
(cm~*) 


D2O content 
(grams) 


H:0 content 


Mixture (grams) 


Ratio Ratio 
(ee beam a) minus 


Mirror 
length 
correction 
factor 


Corrected 
intensity 
ratio 


ack- 


direct beam ground 





A 28.66 
B 19.25 
B 19.25 
A 28.84 


74.43 
82.68 
82.68 
74.68 


11.79X 10° 
6.01 X 10° 
6.01 X 10° 
11.84 10° 


7.39 
1.80 
1.79 
7.08 


8.05 
2.60 
2.59 
7.88 


7.25 
1.80 
1.79 
7.08 











COHERENT 


NEUTRON SCATTERING 


AMPLITUDES 


TABLE II. Xenon and krypton data. 








Ratio 
ce beam a) 


Liquid density 
minus 
vapor density 
(g/cm) 


Pressure 


Liquid (Ib gauge) direct beam 


Mirror 
length 
correction 
factor 


Ratio 

minus 

back- 
ground 


Corrected 
intensity 
ratio 


Density 
correction 
factor*® 


Absorption 
correction 
factor 





2.55 
2.655 
2.58 
2.74 
2.58 
2.745 
2.74 


2.79 
2.83 


27 
16.5 
15.3 
14.3 
13.8 
12.3 
6.8 


Xe 


2.85 


2.86 
2.89 


ed wh ated pee 
PREM ow 
SAGAS 


1.045 
1.013 


2.36 
2.32 
2.18 
2.35 
2.14 
2.31 
2.18 


1.75 
1.855 
1.78 
1.94 
1.78 
1.945 
1.94 


1.045 
1.040 


1.240 
1.179 
1.038 1.167 1.000 
0.996 
0.974 


1.035 
1.026 


1.154 
1.126 


Mean = 2.26 


8.47 
8.31 
8.45 
8.08 
8.39 
8.03 
8.06 


1.068 
1.040 
1.020 
0.997 
0.980 
0.958 
0.950 


Mean= 8.25 








* To arbitrary densities of 2.85 g/cm for xenon and 2.27 g/cm! for krypton. 


natural mixture of the isotopes of a single element, 
> NA =a>D Ni, 


where a is the coherent scattering amplitude of the 
element. The critical wavelengths in the present experi- 
ment (approximately 5.4 A for Kr and 7.2 A for Xe) 
corresponded to velocities well below the peak of the 
thermal distribution, and the detector was black to the 
reflected neutrons. Hence, the observed intensities were 
inversely proportional to the fourth power of the critical 
wavelengths so that [from Eq. (1) ] they (the reflected 
intensities) varied as the square of the scattering 
amplitudes. 

For the water mixtures the sum which occurs in Eq. 
(1) was calculated from the known scattering amplitudes 
of hydrogen, deuterium, and oxygen.*® 


APPARATUS 


A sketch of the mirror tray is shown in Fig. 1. The 
liquified gases could be observed visually through the 
two tubes which protrude from the top of the assembly. 
During low temperature operation the top ends of these 
tubes were held near room temperature by electrical 
heating tapes. This eliminated condensation of moisture 
on the plate glass windows and protected the O-ring 
seals. The tray assembly was constructed of aluminum 
and was joined to a vacuum system by an O-ring seal at 
the end of a 20-inch aluminum pipe welded to the side of 
the tray. The ends of the tray made an angle of 30° 
with the horizontal plane and, in addition, it was 
necessary to apply a thin coat of silicone grease to the 

8 The values used were: for H, (3.78+-0.02) X10-" cm; for D, 
(6.56+0.09) X 10- cm; and for O, (5.78+0.02) X 10-8 cm. [Based 
on values given by D. J. Hughes and J. A. Harvey, Neutron Cross 
Sections, Brookhaven National Laboratory Report BNL-325, 


(Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1955).] 


ends in order to assure that the meniscuses of the water 
mixtures would be convex. 

The temperature of the mirror was controlled by 
setting the level of the liquid nitrogen using an automatic 
level control. The brass pins beneath the tray were 
added to permit finer temperature control. The direct 
neutron beam came from the Argonne Research Re- 
actor, CP-5. It was defined by two cadmium slits 
(Fig. 2) which established a beam angle 12 minutes 
below horizontal. A third slit was mounted on the de- 
tector assembly and was the entrance to the detector. 
The latter consisted of a group of BF; counters pro- 
tected from stray neutrons by a shield of cadmium and 
paraffin. The height of the mirror and the height of the 
detector assembly were variable. 


MEASUREMENTS 


The major difficulty encountered during the prelimi- 
nary phases of the experiment was the tendency of the 
liquified krypton surfaces to exhibit local boiling and 
turbulence. This was overcome by arranging to work at 
pressures above an atmosphere and by taking data 
when the temperature of the liquid mirror was falling. 
Xenon did not give so much trouble in this respect. All 
of the final data were obtained with mirror surfaces 
which appeared to be perfectly smooth. 
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Fic. 2. Sketch of the experimental geometry. The beam was 
restricted to a width of about 4 inches in the direction normal to 
the plane of the paper. 


9M. S. Fred and E. G. Rauh, Rev. Sci. Instr. 21, 258 (1950). 
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TABLE III. Uncertainties in percent. 








Source of uncertainty Krypton 





Coherent amplitudes of materials in the 1. 
standards 

Absorption correction 

Background variations* 

Statistics in measurement of standards* 

Statistics in measurement of liquified 
gases* 

Mirror length correction 


(26)! 








* From the scatter of the data. 


The runs proceeded as follows: The intensity of the 
reflected beam was measured with the third slit fixed at 
the maximum and with the height of the mirror tray 
variable. This intensity was constant over a region of 
heights for which the entire mirror surface was in the 
direct beam. Then, with the tray set near the middle of 
this region, the third slit was varied over the reflected 
beam. As the third slit was wider (actually higher) than 
the reflected beam, this intensity was also constant near 
the maximum. The position of the direct beam was 
checked during some of the runs. All counts with the 
detector in the direct beam were taken with about 95% 
of the beam absorbed by a cadmium mask which was 
introduced at a standard position in front of the third 
slit. Also, all direct beam observations were made at a 
tray position which kept the mirror surfaces well below 
the beam. After the above information was obtained, a 
series of observations were made with the third slit, the 
cadmium mask, and the tray all adjusted alternately for 
the maxima of the reflected and the direct beams, and 
for an extra point which was sensitive to changes in the 
shape of the reflected beam. The direct beam readings 
served to monitor the measurements and to eliminate 
errors which might have resulted from drifts in the 
detector sensitivity. The data were discarded if the 
extra point failed to show that the mirror surface was 
good. Also, for the liquified gases, the positions of the 
tray which gave maximum reflection varied with pres- 
sure, so it was necessary to locate the position of the 
maximum at two or more pressures. In some instances 
data were discarded because the tray was not set at a 
height which was definitely in the region of maximum 
reflection. The average ratios (reflected beam maximum 
to direct beam maximum) obtained in each of these 
series of measurements were used in the final calculations. 


KROHN, 


AND RINGO 


There is a correction for the variation of the length of 
the mirror. This was determined by the depth of the 
liquid as indicated by the positions of the tray which 
gave maximum reflection. Also, since neutron absorp- 
tion is proportional to wavelength, the reflected beam is 
attenuated more than the direct beam, and there is a 
correction for absorption in the gas above the liquid. 
Finally, the density of the liquified gases varies with 
temperature” so that the results at different pressures 
must be corrected to some arbitrary density. All of these 
corrections vary with the pressure, so they must be 
made before data obtained at different pressures can be 
compared. 

The results and corrections have been collected in 
Tables I and II, and Table III gives a summary of the 
known uncertainties. The results for the coherent scat- 
tering amplitudes are (7.68+0.19) X 10-* cm for krypton 
and (5.10+0.17)10-" cm for xenon. 


DISCUSSION 


From the coherent scattering amplitudes and the 
total scattering cross sections" one can calculate that 
the incoherent scattering cross section is (0_9+”)% 
of the total scattering cross section for krypton and 
(32+12)% of the total in the case of xenon. 

When the results of Hamermesh, Ringo, and Watten- 
berg‘ are revised by substituting the present results in 
place of the values they assumed for the coherent scat- 
tering amplitudes, one obtains 4500 ev and 3000 ev, 
respectively, from their krypton and xenon measure- 
ments, and their final value for the electron-neutron 
interaction becomes (3900+800) ev, where the uncer- 
tainty includes an estimate of the systematic errors in 
their measurement. It should be practical to reduce this 
error appreciably by repeating the scattering measure- 
ments‘ with better statistics, better geometry, and a 
more accurate correction for the center-of-mass motion. 
The objection of Halpern and Hsu” regarding the way 
in which this correction has been made in the past*? can 
be met by obtaining sufficient information about the 
neutron spectrum and the response of the detectors. 


Patterson, Cripps, and Whytlaw-Gray, Proc. Roy. Soc. 
(London) 86, 579 (1912) (xenon); Crommelin, Mathias, and 
Meihuizen, Comp. rend. 204, 630 (1937) (krypton). In the case of 
xenon the 1912 data were used for the variation of density with 
pressure, but these data did not include the pressures used in the 
present work, so the liquid xenon density was measured at a 
pressure of 14 psi gauge and found to be 2.87 g/cm’. 

4S. P. Harris, Phys. Rev. 80, 20 (1950). 

120. Halpern and C. P. Hsu, Phys. Rev. 87, 519 (1952). 
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A phenomenological central potential is explored which is 
characterized by a universal depth (Vo), a universal surface ex- 
tension (d), and an inner radius function a=a,A!+<ap. The four 
parameters are adjusted to be in accord with experimental in- 
formation obtained from low-energy neutron scattering and from 
neutron separation energies. The results Vo=40 Mev, d=1, 
@,= 1.32, and ap= —0.8 (all in units of 10~ cm), are in reasonable 
accord with what might be expected from other experimental and 
theoretical considerations. Since the experimental data used in 
the adjustment process bound the energy region in which the dis- 
creteness of nuclear energies is most evident, one might expect 
that the eigenvalues and eigenfunctions based upon this phe- 
nomenological model would furnish a highly realistic set for the 


theoretical study of low-energy nuclear transitions within the 
framework of the independent-particle model of the nucleus. 

The energy eigenvalues and the important parameters for the 
energy eigenfunctions are calculated by a procedure suitable for 
the restricted type of potential under consideration. A simple 
method is presented for handling small perturbations, particularly 
the Coulomb perturbation. In the latter case, it is shown that the 
derived proton eigenvalues agree with experimental proton 
separation energies, provided one introduces an anomalous 
attractive potential which cancels approximately one-half of the 
classical Coulomb potential acting upon an individual proton. 
The implications of these results are discussed. 





(1) SIMPLE NUCLEAR MODEL 


PREVIOUS study! has shown that it is possible 

to locate the 3s and 4s maxima in the theoretical 
neutron cross-section surface at prescribed A values and 
at the same time to match the general trends of neutron 
binding energies by interpolating between exponentially 
diffuse potential wells with appropriate degrees of 
diffuseness. If, as current studies of neutron scattering 
indicate,?* these A values are near 55 and 170, re- 
spectively, then the required diffuseness parameter 6, 
which is defined as the tail length to the 1/e point 
divided by the radius of the uniform region, drifts from 
about 0.3 for light nuclei to about 0.13 for heavy nuclei. 
The fact that this ratio falls off quite substantially led 
to the investigation of a simple model which embodies 
such a decrease. The model chosen has an inner region 
of constant depth Vo whose radius is given by 


a= a,A!+ a, (1) 
and an outer exponentially decreasing region with the 
decay length d to the 1/e point. Vo and d are the same 
for all nuclei. The procedure used in fixing the four 
constants Vo, d, a;, and a» was as follows: First a set of 
theoretical neutron binding energies for 5=d/a=0, 0.1, 
0.2, 0.3 and 0.4 were prepared using the eigenvalues of 
GL1.4 These were similar to Fig. 2 of reference 1, but 
with 55 and 170 taken as the locations for the 3s and 
4s neutron cross section maxima instead of 55 and 150. 
Using the empirical neutron binding energy line corre- 


* This investigation was supported by a grant from the U. S. 
Atomic Energy Commission. 

1A. E. S. Green, Phys. Rev. 99, 1410 (1955). 

2W. S. Emmerich, Phys. Rev. 98, 148(A) (1955) and private 
communication. 

8 Weisskopf, Porter, and Feshbach, Proceedings of the Inter- 
national Conference on the Peaceful Uses of Atomic Energy 
8/P/830, 1955 (to be published). 

4A. E. S. Green and K. Lee, Phys. Rev. 99, 772 (1955). This 
work will henceforth be referred to as GL1. The analysis and 
notation in GL1 are applicable here unless otherwise noted. 


sponding to Vo~40 Mev, the 6’s needed to produce 
approximate agreement were then determined by 
interpolation for 10 equally spaced values of A. Ignoring 
the small reduced-mass effect, one may define a well 
parameter 

€o= (2mV o/h?) 4a= (Vo/ Uo) 4a, (2) 
where Uo= 20.734 Mev and a is in units of 10-" cm. 
The assumption of a constant diffuseness distance 
implies 

§=dat=Ce. (3) 

Using f:(6) and f2(6) functions determined to secure 
the critical 3s and 4s A values of 55 and 170, and 
inserting the 10 interpolated 6’s into 


eo= fi (6)A*+ fo(6)=CS, (4) 


the values of C were obtained for each of the ten A’s. 
These were found to be approximately compatible with 
C= 1.389. Since ¢9 and 6 are now rigidly tied together, 
€o is now a function of A alone. Replacing the 6 in 
Eq. (4) by Cec"! and solving for ¢9 vs A, it was found 
that the function so obtained could be fitted quite 
accurately by the equation 


eo== 1.833A*—1.111. (5) 


The constant Vo was next fixed by insisting that the 
general trends of the predicted particle binding energies 
match the experimental trend. This led to Vo=40 Mev, 


d=C(U»/Vo)'=1, (6) 
and 


a= eg = 1.32A!—0.8, (7) 


where all distances are in units of 10~% cm. It is im- 
portant to note that while a change in Vo will produce 
a proportionate change in the energy eigenvalues, it 
will have a lesser effect upon the corresponding diffuse- 
ness distance and radius function. Accordingly, a modest 
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1 fin Sem) variety of other experimental data. The model arrived 
; at here is illustrated in Fig. 1. 

The functions a(A), 6(A), and ¢€9(A) characterizing 
this model are presented in Fig. 2 along with the pa- 








2.8 











Fic. 1. The nuclear potential for several representative 
values of A. 


change in V» might well be used to make a final im- 
provement in predicted particle energies. 

The above rather roundabout procedure is essentially 
a method of determining the four parameters Vo, d, 
da, and a; in terms of four experimental data, i.e., the 
critical 3s and 4s A values and the slope and constant 
in the linear function which characterizes the general 
trends of neutron binding energies. It is rather satis- 
factory to note that the radius function, well depth, 
and diffuse distance so derived are in reasonable accord 
with those which have been obtained from a great 
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Fic. 3. The wave-function parameter & as functions of A 
for various states of orbital angular momentum. 


rameter a which, in conjunction with the equation 


ERE a a aC MF rx a*{a?-+(1—a*) exp[—(r—a)/d]}, — (8) 
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approximately characterizes the centrifugal energy in 


Fic. 2. The well parameters a, 5, and eo and the centrifugal . 
energy parameter a’, all as functions of A. the outer region. 
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Fic. 4. Nomogram for obtaining the logarithmic derivative of the exterior wave function. First select the ordinate corresponding to 
#? and the abscissa found by interpolating between n-contours. Transfer this point vertically to a line joining the zero index and the 
value of 6 at the lower right scale, and then carry it horizontally to the right scale. The result corresponds to the value of E,(k,8). 


(2) DETERMINATION OF THE EIGENVALUES 


Since the particular family of potentials arrived at 
in the previous section are contained in the work of 
Green and Lee,‘ the analysis and results of this earlier 
investigation are applicable here. In particular, ap- 
proximate eigenvalues may be obtained by interpolating 
between their eigenvalue curves for 6=0, 0.1, 0.2, 0.3, 
and 0.4. A preliminary study byjthis method indicated 
that some of the key parameters intrinsic to the specific 
model now under study are far more restricted than 
those considered in GL1. Accordingly, in the interests 
of achieving the greatest accuracy within these re- 
stricted ranges, it appeared best to develop a direct 
method for determining the eigenvalues. The tech- 
nique developed here may also be of interest in con- 
nection with other types of compound potentials. 

The important outer wave-function parameter k, 
which is given in this special model by 


k=(7.717—462(1—a2)1(I-+1) }, (9) 


is presented in Fig. 3. 

According to Eqs. (21) and (22) of GL1, the negative 
of the logarithmic derivative of the external wave 
function is a three-parameter function given by 


En(k,6) = {n— RL nga (h)/J n(R) J} (26). 


In GLi a transformation made it possible to obtain 
values of E,,(k,6) from the graph of /;(e’), the negative 
of the logarithmic derivative of the internal wave 
function. This transformation is not useful here because 
of the restricted range of the diffuseness parameters. 


(10) 


Therefore, it was imperative in this study to develop 
tables and graphs for obtaining the logarithmic deriva- 
tive of the external wave function for fine intervals of 
n and k within the restricted range of from 0-3. Using 
all available tables of fractional Bessel functions and 
evaluating various special cases by series and recur- 
rence relationships, the function 


fn(k)=n—kL Ings (h)/Tn(k) J (11) 


was generated. The values of this function so obtained 
are presented in Fig. 4. Here the horizontal scale repre- 
sents f,(k) for the values of m which label the curves 
and for the vertical coordinates which correspond to 
the k? values. To obtain the actual logarithmic deriva- 
tives for various 6, a scale for graphical division by 26 
is provided on the lower right. The scales are chosen so 
that the output Z,(&,6) on the right is on the same scale 
as that used for J;,(e’) in GL1, Fig. 1. Thus by coupling 
the two graphs, the process of matching the logarithmic 
derivatives can be accomplished mechanically. 

The scale to the extreme left on Fig. 4 represents 
values of m and, in conjunction with auxiliary scales, 
provides a method which automatically accomplishes 
the solution of 


—nt= 46° 2—1(1+-1)]. (12) 


A typical set of auxiliary scales which automatically 
introduce the factor 46 is shown in Fig. 5. The lines 
labeled by letters are positioned at the values of /(/+-1). 
The appropriate foreshortenings were determined by 
swinging an arc of length k?= 7.717 on the scale of Fig. 4 
and drawing radial lines such that the intersections on 
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an initially assumed value of m. (c) Read the corre- 
sponding value of ¢” on the auxiliary scale. (d) Going 
to the e” on Fig. 1 of GL1 obtain the value of J;(e’). 
(e) Transfer horizontally through the right scale of 
Fig. 4 to the 26 dividing line, and then transfer verti- 
cally to the horizontal level corresponding to k*. If the 
corresponding value of » interpolated from the family 
of curves does not agree with the initially assumed 
value, a new # is chosen and the cycle repeated. This 
rapidly convergent process is continued until agreement 
is achieved. One thus obtains the » and e’ eigenvalues 
which are simultaneous solutions of £,(k,6)=,(e’) and 
Eq. (12). These results are shown for the complete 
range of A in Figs. 6 and 7. Considerable care and 
effort were expended towards eliminating error in 
these graphical determinations. In general, the work 
was repeated where necessary until significant incon- 





A=150 
¢”* 


Fic. 5. Auxiliary scales. To solve Eq. (10), align the line corre- 
sponding to the value of A with the left vertical scale of Fig. 4. 
Setting the / index at the value of m, one reads the value of e” 
next to the value of k. 


the scale of Fig. 5 correspond to the value of «0? for 
each A. It follows from Eq. (17) of GL1 that for /=0, 
this procedure gives a compressed scale which multi- 
plies any distance on the scales in Fig. 5 by the factor 
46 when that distance is read on the k? scale of Fig. 4. 

The procedure for finding the » and ¢’ eigenvalues 
once k, /, and 6 are prescribed is as follows: (a) Place a 
thin horizontal straight edge at the value of k?. (b) Set 
the auxiliary scale such that the / index corresponds to 





° 








re ee ee ee ee ee ee a a ee 
a ey Oe ee ee ee on oe oe ee " : ° 50 100 150 200 250 A 


50 100 150 














Fic. 7. Wave-function parameter ¢’ as a function of A for 
. 6. Wave-function parameter n as a function of A various states. The portions of the curves to the left of the eo 
for various states. curve correspond to positive energy states. 
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sistencies were eliminated. It is estimated that the 
precision of these determinations was such that the 
probable error would not exceed two line widths. 

It is interesting to observe in Fig. 7 that, for other 
than s states, discrete positive energy eigenvalues are 
obtained. These correspond to states virtually bound 
by the centrifugal barrier. This method of approxima- 
tion which neglects leakage becomes somewhat suspect 
for the states of higher / close to the top of the cen- 
trifugal barrier. However, one may be fairly confident 
of those just above zero and of the eigenvalues for 
low / values. 

The absolute energy eigenvalues are shown in Fig. 8 
based upon the choice Vo=40. The fact that the 3s 
and 4s levels intersect W=0 near 55 and 170 confirms 
the efficacy of a part of our involved adjustment 
process. 

The locations of the outermost neutrons for beta- 
stable nuclei with 10, 20, 30, --- neutrons are indicated 
by square symbols in Fig. 9. The line labeled B,°* repre- 
sent the general trends of experiment [see Eq. (12), 
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Fic. 8. Neutron energy eigenvalues for various values of A. 
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Fic. 9. The energies of the outermost protons and neutrons in 
beta-stable nuclei. The open circles denote values computed with 
one-half the classical Coulomb potential. The closed circles denote 
values computed with the full classical Coulomb potential. The 
squares denote neutron energies. The straight lines represent the 
empirical energies. 


reference 1 |. It will be noted that these are in general 
agreement which further illustrates the efficacy of this 
well parameter adjustment process. It should be re- 
marked that the inclusion of spin-orbit splittings will 
not only reduce the sizes of the discontinuities and 
generate the well-known magic numbers, but it will 
also depress slightly the general trends of the predicted 
energies. The splittings, of course, directly lower the 
states for i=/+4. While the states for i’=/—4 are 
raised, nevertheless, since these states fill up at slightly 
larger A values, a small systematic downward shift 
results. For reasonable spin-orbit splittings, this effect 
helps to improve further the agreement between the 
predicted and the empirical neutron energies. Before 
considering the proton energies shown in Fig. 9, 
it is necessary to develop a method for handling 
perturbations. 


(3) PERTURBATION METHOD 


It is desirable to extend the usefulness of the eigen- 
values and the eigenfunctions corresponding to this 
simple nuclear model so that they may be applied to 
closely comparable potential forms. A simple and direct 
basis for doing so employs the fact that the parameters 
which characterize a square well enter the dimensionless 
radial wave equation only through the dimensionless 
well strength parameter 


€0°= Vo(2ma?/h?). 


(13) 


Since nuclear potentials fall off rather sharply, one 
might, as a first step, seek a procedure for finding the 
equivalent square well strength of an arbitrary well 
with a diffuse boundary. An obvious parameter for an 
arbitrary well which goes over to ¢* for the square 
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well is 


(14) 


S= 2¢2m/tt) f V (r)rdr. 


On this basis, the equivalent well strength of the model 
under study here is 


S= €¢7(1-+ 26+ 26?) = €?-+ 2C ep + 2C?. (15) 


It might be noted that for small 6 this result corresponds 
approximately to an earlier definition for equivalence 
derived from the locations of the 2s, 3s, and 4s wave 
maxima [see Eq. (16), reference 1]. The function S for 
various values of A in our simple nuclear model is 
plotted in Fig. 10. Using Eq. (12) to compute S, this 
curve may be used to find the equivalent A corre- 
sponding to an arbitrary nuclear potential. To apply 
this method to small perturbations in such a manner as 
to minimize the uncertainties in the definition of 
equivalent square well strength, one may calculate the 
shift in A by means of 


AA= (dA/dS)AS=[0.5890A1/(a+1)]aS. (16) 


The coefficient of AS is also plotted in Fig. 10. 

When the perturbing potential is proportional to 
Vir), ie., v=kV(r), the shift in A is given by AA 
=kS(dA/dS). S(dA/dS) is also plotted on Fig. 10. 
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Fic. 10. Functions for calculating equivalent A. S is to be 
read on the right scale. 
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Having obtained an equivalent A, the task still 
remains of finding the appropriate radius parameter 
In the latter case, of course, the unperturbed radius 
parameter is to be used. However, for other perturba- 
tions or other potentials, some alteration of a may be 
essential. 

The following procedure is regarded as a reasonable 
one for a monotonically decreasing potential V(r). 
One first calculates 7;, r2, and r; which satisfy 


V (71) =0.9V (0), V(r2)=0.5V (0), V(rs)=0.1V(0). (17) 


Using the characteristics of our simple exponential 
model, the effective d may then be determined by letting 


13—7)= 2.197d. (18) 
The effective a then follows from 


a=r2—0.6932d. (19) 


Alternatively, one might use a variety of graphical pro- 
cedures for finding a suitable a to be associated with the 
equivalent A. The ultimate objective in these pro- 
cedures is to find the member of the set of dimensionless 
potentials, characterized in our model by A alone, 
which most nearly corresponds to a dimensionless 
form of the exact potential. If the residual between the 
dimensionless exact potential and the dimensionless 
model potential undergoes several alternations in sign, 
then, not only will the error in the energy eigenvalue 
be small, but, apart from small local differences, the 
model wave function for the equivalent A will be close 
to the exact wave functions. The second-order effect of 
the residual (including the residual centrifugal energy) 
upon the eigenvalues and eigenfunctions can finally be 
determined by numerical methods. 


(4) COULOMB CORRECTION FOR PROTONS 


If one assumes that each proton experiences the 
Coulomb repulsion of the remaining protons as well 
as the nuclear potential, one must use a modified po- 
tential well for protons. To arrive at the effective 
individual particle potential for each proton, one must 
first make a reasonable assumption as to the proton 
distribution. Thus, one must, in effect, solve the 
complete self-consistent field problem for the nucleus. 
Since, however, the Coulomb potential energy is a 
relatively small perturbation and rather insensitive to 
the fine details of the charge distribution, it is possible 
to proceed on the basis of almost any reasonable dis- 
tribution of protons in arriving at an appropriate 
potential energy for a single proton. The procedure 
followed here shall be based on the assumption that the 
Z—1 protons which act upon the last proton are dis- 
tributed according to 

r)= r<de, 
p(r) Po, (20) 


=poexpl—(r—a.)/d], r>dae, 
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where po is a constant and a, and d, are lengths which 
characterize the charge distribution. On the basis of a 
classical calculation, the Coulomb potential of a single 
proton is 


(Z— “| r 


-—|, r<a, 
6a2 


r (Z— “| 6. de 


V.(r)= 


Acc 


1———(r+26.a,) exp 


r Ace 


(21) 
(22) 


where 
Ke= $ + bo+ 6. 
and 
A.= 3+6.+ 26+ 26,3. 


In seeking an equivalent A which will correct for the 
major effect of the Coulomb perturbation, one is im- 
mediately confronted with the fact that the AS for the 
Coulomb perturbation diverges. However, the slow 
decay of the Coulomb perturbation suggests an approxi- 
mation in which Coulomb potential energy is replaced 
by a constant plus an additional potential which is 
proportional to the nuclear potential [see Eq. (11) and 
Table II, reference 1]. The constant term simply 
causes a corresponding shift in the proton energy with- 
out altering the wave function. The term proportional 
to the nuclear potential, however, not only effects the 
energy, but also influences the wave functions. The 
major corrections to the energy as well as to the wave 
functions may be determined by the perturbation 
method discussed in the previous section. The shift in 
A is simply given by 


AA=—(Z—1)[2a(5)U./Voa]S(dA/dS), (24) 


where a is the function given in Table III of reference 
2 and U.=0.8639 Mev. 

In using the eigenvalues given in Fig. 8 for the 
equivalent A, one must take note of the fact that these 
eigenvalues represent W=e,.?(h?/2ma’). Thus the de- 
sired proton eigenvalues which include the effect of 
the constant term are given by 


W=W(A’)(a"?/a*)+2(Z—1)U.8/a, 
~W(A+A4A)[1+ 2a (da/dA)AA] 
+2(Z—1)U.8/a, (25) 


where £ is the second function in Table III of reference 
2. The function 2a~'(da/dA) is also shown in Fig. 10. 
Using Eq. (24), the proton binding energies have 
been calculated for beta-stable nuclei with Z=10, 20, 
etc. These are indicated by the solid circles in Fig. 9. 
The experimental trend is indicated in this figure by the 
line labeled B,*. It should be clear that the proton 
binding energies obtained by adding the classical 
Coulomb potential energy are highly unsatisfactory. 
Indeed this calculation indicates that the last proton 
in medium and heavy nuclei is not even bound. One 


(23) 
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obtains fairly satisfactory proton binding energies if 
one adds only one-half the Coulomb potential energy 
to the nuclear potential. The results based upon such a 
perturbation are indicated by the open circles in Fig. 9. 
The efficacy of the use of one-half the Coulomb poten- 
tial to provide satisfactory proton binding energies has 
been checked by more direct perturbation methods and 
seems strongly established. 

It is tempting to relate this empirically established 
factor of one-half with the two-body character of the 
electrostatic interaction in the sense that only one-half 
of the Coulomb interaction energy of a single proton 
with the remaining protons may be taken as the 
“share” of this proton. The independent-particle-model 
Coulomb perturbation was used in reference 2 as well as 
the one chosen ina recent work by Bleuler and Terreaux.® 
This explanation might be objected to on the grounds 
that the Hartree self-consistent field method for many- 
electron systems, which requires corrections for the 
two-body effect in total energy calculations, neverthe- 
less, leads to separation energies which are approxi- 
mately equal to the eigenvalues computed on the basis 
of the full Coulomb potential energy.* One might, of 
course, question whether these results are applicable 
to the nucleus—a system so vastly different from the 
atom in its density and compressibility. It should be 
clear that an equivalent device to reduce the Coulomb 
potential energy by one-half would be to assume that 
in addition to the neutron potential and the full classical 
Coulomb potential each proton feels an anomalous 
attractive potential which cancels approximately one- 
half the repulsive Coulomb potential. In the absence of 
an understanding as to the origin of the shell model 
potential, this interpretation should be relatively free 
from objection at this time. An important argument in 
favor of the idea of an attractive proton anomaly has 
come out of a recent analysis of low-energy proton 
scattering.’ To facilitate a quantitative study of the 
proton potential, the total proton perturbation will be 
represented by 

Vp=UetVa, (26) 
where », is the full classical Coulomb perturbation and 
vq is the additional anomaly. Let it be assumed that the 
proton density distribution is characterized by Eq. (20), 
and consequently the classical Coulomb potential act- 
ing on an individual proton is given by Eq. (21). Since 
the inner radius function a=1.32A'—0.8~1.16A?! is 
slightly smaller than the radii of the nuclear charge 
distribution as observed in electron scattering and 
u-mesonic x-ray studies, it is not unreasonable for 
initial studies te let a,~a, provided one uses a proton 
decay length which is smaller than the decay length 


5 K. Bleuler and Ch. Terreaux, Helv. Phys. Acta 28, 254 (1955). 

6 E. V. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, Cambridge, 1955). 

7 Melkanoff, Moskowski, Nodvik, and Saxon, Phys. Rev. 101, 
507 (1956). 





1332 ALEX £. 
of the nuclear potential. The effect of the classical 
perturbation acting upon the proton may now be 
treated by the perturbation methods developed in the 
preceding section. A simpler and more direct way will 
now be used for computing the well-strength change 
associated with the slowly decreasing Coulomb poten- 
tial. This method involves introducing a cut-off radius 
r- beyond which the classical Coulomb perturbation 
has no appreciable effect upon bound states. If r, is 
expressed in the form a+-nd,, where m is a pure number, 
the Coulomb energy at this distance is 


ve(r-)= (Z—1)e(a+nd,)+ 
(1-82-71 + (n+-2)6-]e-*}. 


Assuming that nd,~d, which is essentially choosing 
the cutoff at a+d, and then estimating m to be of the 
order of 2-5, it clearly becomes safe to ignore the second 
term in the bracket. Accordingly, one may make a 
partial correction for the effect of the classical Coulomb 
perturbation upon bound states of protons simply by 
raising the proton energy levels by 


0.(r7-)= (Z—1)e*/(a+d). 


(27) 


(28) 


A comparison of this with the classical expression 
6(Z—1)e?/SR, based upon the assumption that the 
outermost proton and the remaining protons are uni- 
formly distributed over the radius R, suggests that 
Eq. (28) accounts for the bulk of the classical Coulomb 
effect. To correct for the small residual influences on 
both the wave functions and the eigenvalues, the 
approximate method outlined in Sec. 3 may be used. 
According to this procedure, this residual Coulomb 
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Fic. 11. Illustration of the general nature of the potentials 
assumed to act in a heavy nucleus (soHg™). V denotes the nuclear 
potential, », the Coulomb potential, 2, the anomaly based upon 
Eqs. (31) and (20) with k=0.7, and dnet the_net perturbation. 
Vet is the net potential acting upon a proton, Vnet is the approxi- 
mate one used in this analysis, and 2, is the residual which is 
ignored. 
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perturbation causes a well-strength change 


2m Te 
as.=-2(=) f [v.(r)—0.(r-) dr 


= (2ma?/h?)(Z—1)e(12d.a)“{1+12A.5en 
—1262—485,3—485,!+1252e—" 


X [1+ (20+4)6.+ (2n+2)%2]}. (29) 
Expanding A, and ignoring terms of the order of 6, 
and higher, it follows that the A shifts associated with 
the residual Coulomb perturbation are given by 


AA.=— (dA/dS)e2(Z—1)(5U./12V oa) 
x[1+4n5,—36,]. 


For the purposes here, it is sufficiently accurate to let 
né,=6 in the second term in the bracket and 36,~6 in 
the third term. The Coulomb A shifts so computed are 
given in Table I. 

In view of the previously noted success from the 
particle binding energy standpoint of the simple device 
of reducing the Coulomb interaction by one-half, one 
is led to investigate the possibility that the anomaly is 
indeed associated with a direct distortion of the Cou- 
lomb interaction. For greater realism, it shall be 
assumed here that the distortion occurs only on the 
inside of the nucleus. As a simple exploratory step, 
borrowing from well-known atomic methods, let it be 
assumed that the proton anomaly is the product of the 
Coulomb interaction and a dimensionless function ¢(r) 
which is close to zero at r, and which builds up rapidly 
to —k as one proceeds towards r=0. If for simplicity 
this function is taken as 


(30) 


¢(r)=—k,r<a; o(r)=—k exp[(a—r)/dal,r>a, (31) 


it follows by calculations analogous to those leading to 
Eq. (29) that the A shift due to the anomaly (to linear 
order in 6, but exact in 6,=d,/a) is 


AA g= 25k(Z—1)ec2(12a)-1{ 1— (3/5) 6, 
+ (8/5)da[1—exp(—d/da) ]}dA/dS. 


If as previously assumed 6,<«<6, the second term can 
safely be ignored, and if 6.~6 the third term makes only 
a small contribution. For concreteness and to conform 
to the assumption that g(r) is small near r,=a+d, it 
shall be assumed that d,=4d. The A shift due to this 
anomaly as well as the net A shift then may be com- 
puted for any choice of k. The final expected proton 
energies are given by Eq. (25) but with »,(r,) replacing 
the second term and with AA representing the net A 
shift. After investigation of the consequences of a 
number of choices of k, the value k=0.7 was found to 
yield proton binding energies in approximate accord 
with the experimental trends. The A shifts associated 
with this anomaly and the net A shifts are also given in 
Table I. Particle binding energies based upon these 


(32) 
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AA’s conform quite closely to the B,* line in Fig. 9. 
An illustration of the general nature of the potentials 
which are assumed to act in a typical heavy nucleus 
(soHg™) is shown in Fig. 11. V here denotes the nuclear 
potential, », the Coulomb potential, », the anomaly 
based upon Eqs. (31) and (20) with k=0.7. net is the 
net perturbation acting upon a proton. Also shown on 
this diagram is }v,, which clearly provides a moderately 
good average representation of the net perturbation. 
The net potential acting upon a proton is indicated by 
Vuet- The approximate proton potential used in this 
analysis which is arrived at by the cut-off device and 


the method of A shifts is denoted by Vnet. The residual, 
?¢= Vaet— Vet, Which is ignored in this analysis, is also 
shown. It is satisfactory that even in the case of a 
heavy nucleus this residual is small in the region of 
importance and changes sign several times. The effect 
of the residual which varies somewhat from state to 
state, could be handled in the next approximation by 
numerical methods. 

The overall agreement between 3, and et indicates 
that both devices would be about equally effective from 
the standpoint of particle binding energies. The differ- 
ences between these two perturbations would, however, 
influence the wave functions. Because of the slow 
decline of »2,, this perturbation would push out the 
proton probability distribution relative to the neutron 
distribution in the same quantum state. On the other 
hand the abrupt rise in pet indicates that with the 
alternative interpretation the proton is pulled in rela- 
tive to a neutron in the same quantum state. The 
extent of these effects will be examined in a later paper 
in which the wave functions will be developed. 


(5) DISCUSSION AND CONCLUSIONS 


It might be hoped that the reasonableness and 
success of this simple model might shed some light on 
the relationship between the theory of nuclear forces 
and the phenomenological nuclear potentials required 
for shell model studies. The proton potential anomaly 
must certainly be a significant clue in this direction. 
While the potential anomaly described here has been 
related to the Coulomb effect, it is important to point 
out that alternative interpretations concerning the 
origin of the anomaly have been examined which also 
yield satisfactory proton binding energies. These will 
be reported in a later work. For the moment, it is per- 
haps best to use the net A shifts and the constants 
given in Table I to characterize the net perturbing 
force acting upon protons without regard to their 
interpretation. 

The fact that in this model the region of buildup of 
the nuclear potential occurs in a distance of the order 
of 1X10-" cm, independent of the mass number, is 
quite reasonable from the standpoint of meson theory 
of nuclear forces. One would expect such a diffuse 
boundary potential as long as the nuclear density dis- 
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TaBLeE I. Coulomb A shifts. 
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1.51 

5.37 
10.77 
17.65 
25.90 
34.87 
44.92 
55.98 
68.06 
80.25 


AAe AAo 


—1,44 2.95 

9.63 
18.60 
29.83 
43.11 


57.36 














tribution falls off in a region smaller than the region of 
fall-off of the potential function. Preliminary studies*® 
indicate that the composite nucleon densities calculated 
from this type of potential fall off more rapidly than 
the assumed nuclear potential. 

The good agreement of the eigenvalues with experi- 
ment suggests that, quite apart from the fundamental 
significance of this phenomenological potential, this 
model will serve a useful role in many applications of 
the shell model. Good agreement is here to be inter- 
preted in the sense of gross structure rather than fine 
structure, i.e., the eigenvalues of outermost particles 
are close from the standpoint of a range of possibilities 
extending from about —40 Mev to, say, +10 Mev. 
Since the experimental data used in the adjustment 
process bounds the energy region in which the shell 
model has been most successfully applied, one might 
look to the eigenvalues, and certainly to the eigen- 
functions based upon this simple potential, for a realistic 
and quantitative realization of what has long been 
expected in qualitative discussions of the nuclear shell 
model. 

The use of the critical 3s and 4s A values in the 
adjustment process, as well as the close resemblance 
between this potential and the real part of the cloudy 
crystal ball model potential, makes it obvious that the 
remarkable neutron scattering predictions of the sharp 
boundary cloudy crystal ball model will not be sacri- 
ficed by the substitution of the potential used here. 
Indeed, the scattering predictions might well be further 
improved by the use of a diffuse boundary potential.® 
The fact that this restricted type of nuclear potential 
successfully embraces both the low-energy neutron 
scattering problem and the bound state problem is no 
mean accomplishment. The widely used harmonic oscil- 
lator potential is obviously incapable of this. The 
square well' and other still more realistic potentials’ 
have also been found inadequate in this regard. Other 
advantages of this nuclear potential are the finiteness 
of the potential gradient, an important consideration 
in correcting for the spin-orbit effect as well as other 
surface phenomena, and the fact that the eigenfunctions 
are Bessel functions, which have numerous useful 

8K. Lee and A. E. S. Green, Phys. Rev. 99, 1627(A) (1955). 


*V. F. Weisskopf (private conversation). 
1 R, D. Lawson, Phys. Rev. 100, 957(A) (1955). 
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analytic properties and which are among the most ex- 
tensively tabulated sets of functions. The normalization 
constants, as well as several important diagonal matrix 
elements associated with this nuclear potential, have 
been computed and are now being prepared for 
publication. 
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Nuclear Magnetic Resonance Measurements of the Isotopes 
Barium-135 and Barium-137 
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By comparison with the nuclear magnetic resonance of Cl*, the nuclear magnetic moments of Ba"** and 
Ba"? were found to be 0.832293+0.000025 and 0.9310743-0.000055, respectively, without diamagnetic 


correction. 


HE nuclear magnetic resonances of the barium 
isotopes have been determined by means of 
nuclear induction using a variable frequency nuclear 
magnetic resonance spectrometer! and enriched stable 
isotopes of barium. The electronically regulated magnet! 
having 12-inch diameter poles and a 2.13-inch gap 
provided a magnetic field of approximately 9200 gauss 
having a homogeneity of better than 0.05 gauss over 
the sample volume. Frequency determinations were 
made using a Signal Corps BC-221 frequency meter 
calibrated with its internal crystal and radio station 
WWYV. The combined short-time stability of the radio- 
frequency oscillator and magnetic field system was 
greater than 1 part in 250 000. 

The samples were saturated aqueous solutions of 
BaCl, sealed in 15-mm test tubes. No magnetic catalysts 
were added. Both samples exhibited signs of small BaCl, 
crystals in the bottom of the tube. The barium-135 
sample contained 1.5 grams of barium enriched to 
58.5% barium-135, and the barium-137 sample con- 
tained 1.5 grams of barium enriched to 43.5% barium- 
137. All frequency comparisons were made with respect 
to the resonance frequency of the Cl** in the samples. 
The line widths as determined by maximum deflection 
of the derivative of the absorption curve was approxi- 
mately 2.5 gauss. The modulating field was 1.3 gauss 
and it was necessary to use a relatively high level of 
radio-frequency field. 

The results of these measurements indicate that the 


* Now located at Commercial Atomic Power Activities, West- 
os Electric Corporation, P.O. Box 355, Pittsburgh, Penn- 


" Manufactured by Varian Associates, Palo Alto, California. 


barium-to-chlorine frequency ratios are 
v(Ba'*) /»(C}**) = 1.01387+0.00002, 
v(Ba"*’) /y(C}**) = 1.13420-+0.00005, 


and by calculation we find the resonance frequency 
ratio to be 


v(Ba"*’) /y(Ba'®*) = 1.11868-+0.00006. 


This result compares favorably, but is more precise 
than the earlier molecular beam determination by Hay’ 
which gives the ratio of the barium gyromagnetic 
factors to be 1.1184++0.0010. 

Using the chlorine-to-deuterium ratio of Walchli® 
and the deuterium-to-proton ratio of Lindstrom,‘ and 
choosing the value of the proton moment as 2.79267 
nuclear magnetons with known spins of } for the 
barium isotopes,’ we have calculated the nuclear 
moments, without diamagnetic correction, to be 


u(Ba'®) =0,832293-+.0.000025, 
u(Ba"*7) =0,931074-0.000055. 


This work was performed in the Metals Research 
Laboratory of the Electro Metallurgical Company, 
and the enriched samples were provided by the Stable 
Isotope Research and Production Division of the Oak 
Ridge National Laboratory. 


2 R. H. Hay, Phys. Rev. 60, 75 (1941). This report states the 
ratio to be 1.1174+0.0010, but moment values reported give a 
ratio of 1.1184. 

7H. E. Walchli, M.S. thesis, University of Tennessee, June, 
1954 (unpublished); also Oak Ridge National Laboratory 
Report ORNL-1775 (unclassified) (unpublished). 

( oat) Lindstrom, Physica 17, 412 (1951); Arkiv Fysik 4, 1 
1951). 
5 J. E. Mack, Revs. Modern Phys. 22, 64 (1950). 
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Fission of Bismuth with 15- and 22-Mev Deuterons* 


A. W. FAIRHALL 
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Radiochemical studies of bismuth bombarded with 15- and 22-Mev deuterons give evidence of fission 
product species, clearly distinguishable from species arising from activation of target impurities. The mass- 
yield curve of fission products from bismuth bombarded with 22-Mev deuterons is unlike the double- 
humped curves of the heavier elements (Z 290) excited to comparable energies: it is single humped, sym- 
metric about mass 103.5 and quite narrow. The width of the curve at half-maximum is only 17 mass units. 
The cross sections for fission of bismuth by 20-Mev deuterons is estimated to be about 1X 10~* cm’, and for 
15-Mev deuterons about 4X 10~* cm?. The competition between fission and neutron evaporation in high- 


energy fission is discussed. 


I. INTRODUCTION 


LEMENTS of atomic number 290 (thorium) are 

observed to fission rather readily, either spon- 
taneously or upon bombardment with very moderate 
energy particles. Little is known about the fission be- 
havior of elements between thorium and bismuth 
(Z=83) because these elements are all radioactive, 
with short half-lives. With the exception of radium, 
which is unpleasant to handle, only the minutest 
quantities of these elements could be available for 
fission studies. 

Elements from bismuth on down to quite light nuclei 
have been observed to fission when bombarded with 
high-energy particles, or quanta, of energy in excess of 
50 Mev.'-* At the time the present studies were begun, 
the few fission excitation functions of bismuth which 
had been measured down to energies of the order of 
50 Mev implied that the fission cross section is small for 
deuteron energies of about 20 Mev.’:* However, it was 
thought to be of interest to look for the fission of bis- 
muth at this relatively low energy to see whether or 
not the mass distribution of fission products showed 
the asymmetry which is characteristic of the heavy 
elements (Z>90) at comparable excitation energies. 
The fission of bismuth is predicted to be asymmetric 
by a theory of fission which shows considerable promise 
of interpreting mass distributions of the heaviest 
elements.’ 

A second reason for choosing to study the fission of 
bismuth at as low an energy as possible was the expecta- 
tion that the fissioning species would be well defined, 


' Supported i in part by the U. S. Atomic Energy Commission. 

1 A review of work prior to June, 1952 is given by R. W. Spence 
and G. P. Ford, in Annual Reviews of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1953), Vol. II, p. 399. 

2W. F. Biller, University of California Radiation Laboratory 
Report UCRL-2067, December, 1952 (unpublished). 

’P. Kruger and N. Sugarman, Phys. Rev. 99, 1459 (1955). 

4L. G. Jodra and N. Sugarman, Phys. Rev. 99, 1470 (1955). 

5.N. A. Perfilov and V. I. Ostroumov, Proc. Acad. Sci. U.S.S.R. 
103, 227 (1955). 

CE. L. Kelly and C. Wiegand, Phys. Rev. 73, 1135 (1948). 

7R. H. Goeckermann and I. Perlman, Phys. Rev. 76, 628 
(1949). 

8 J. Jungerman, Phys. Rev. 79, 623 (1950). 

9 P, Fong, Phys. Rev. 89, 332 11953); 102, 434 (1956). 


and interpretations therefore made easier. This would 
be in contrast with the experiments at high energy. 
There it is believed that the emission of various numbers 
of neutrons may precede the fission event,’ so that 
those results may arise from a superposition of fissions 
of different nuclear species at different excitation 
energies. 

The present paper gives the results of some experi- 
ments on the fission of bismuth with 15- and 22-Mev 
deuterons. 


II. EXPERIMENTAL PROCEDURE 


Highest purity (>99.99%) bismuth” metal, spec- 
troscopic standard material, was used as the target. 
The principal impurities detected spectroscopically 
were silver and copper, with a trace of silicon and lead. 
A host of elements were reported to be undetectable. 
Impurities in the target are very undesirable since they 
can be activated by the deuteron beam to give activities 
which might mask the fission product activities being 
sought. Uranium or thorium impurity would obviously 
be particularly undesirable. 

Likewise the material that is used to hold the bismuth 
target during bombardment has to be especially pure. 
Activation analysis with lower energy deuterons indi- 
cated that the bismuth was free of thorium and 
uranium, and that the super-pure aluminum” foil and 
target holders used in the bombardments gave no 
interfering activities. 

The bismuth was bombarded in the form of coarse 
powder held into grooves in a water-cooled pure 
aluminum target plate by thin aluminum foil. In addi- 
tion to water cooling helium cooling was also necessary 
in order to prevent the bismuth particles from melting. 
In each experiment the targets, which were thick to 
the deuteron beam, were bombarded for one hour at a 
deuteron flux of 3 microamperes/cm?. The first experi- 
ments were performed at the Massachusetts Institute 
of Technology Cyclotron using deuterons of incident 
energy 15.5 Mev, and a target of 3.0-cm? area. These 


1 We are very grateful to Mr. J. A. Nock, Jr., of the Aluminum 
Research Laboratories, Aluminum Company of America, for 
supplying the very high purity (>99.99%) aluminum used in the 
experiments at 22 Mev. 
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TaBLE I. Yields of fission products of bismuth bombarded 


AS 


with 22-Mev deuterons. 
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* From observed amount of Y* daughter. 

> By direct observation. 

© The fission yields of the other fission products are measured relative to 
this nuclide. The fission yields of all mass numbers integrate to 200%. 

4From decay of Pd"! and independent formation. 


experiments were later repeated at the University of 
Washington Cyclotron using deuterons of 22 Mev and 
a target of 1.1-cm? area. Following bombardment, the 
target was processed radiochemically for specific ele- 
ments. The chemical separations which were used are 
outlined in the Appendix. 

Each sample of separated element was mounted on 
Scotch tape in a 1-inch hole in a sample mounting card 
and covered with thin (2 mg/cm?) polystyrene. In the 
experiments at the higher energy the counting was done 
in a set of 4 end-window G-M counters with identical 
geometries. The detection efficiencies of the four 
counters differed by less than 5%. A set of 3 counters, 
having a slightly different shelf assembly but otherwise 
essentially identical with the counting equipment used 
in the higher energy runs, were used in the experiments 
at M.1.T. The decay curves were measured and 
analyzed in the usual way, and corresponding saturation 
counting rates were computed. Corrections were applied 
for chemical yield, for counter detection efficiency, for 
absorption of the radiations by the sample covering, 
air, and counter window," and for self-scattering and 
self-absorption of the radiations within the sample.” 
The species 10-hr Y® was found to be a convenient 
nuclide to use as a standard to which other yields were 
normalized. It was separated in each bombardment and 
assigned an arbitrary fission yield until the complete 
mass-yield curve could be defined. As is customary 
with mass-yield curves, the fission yield curve was then 
normalized to a total yield of 200% for all fission 
products. 


Ill. EXPERIMENTAL RESULTS 


A detailed survey of all the elements examined using 
15-Mev deuterons is given in the appendix. Some 


uC. D. Coryell and N. Sugarman, Radiochemical Studies: The 
Fission Products (McGraw-Hill Book Company, Inc., New York, 
1951), National Nuclear Energy Series, Plutonium Project Record, 
Vol. 9, Div. IV, Part I. 

12 W. E. Nervik and P. C. Stevenson, Nucleonics 10, 18 (1952). 
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showed activities most likely coming from activation of 
impurities. Others could be produced only by a fission 
process. 

The results of experiments using 22-Mev deuterons 
are given in Table I, the limits of error being the 
standard deviations of the measurements in replicate 
runs. Each nuclide, except Sr, Sr®, and Sb”’, which 
were measured quantitatively only once, was measured 
at least twice, and some were measured several times. 
No attempt has been made to assess systematic errors, 
although these are felt to be small where no chemical 
complications would be expected. The difficulty of 
measuring ruthenium fission yields is well known, and 
the fission yield of Ru might be in error on this 
account. 

The fission yields of Table I represent cumulative 
yields of each mass chain up to the species separated 
radiochemically. They do not include species formed 
independently which lie closer to stability than the 
nuclides examined. The tabulated values therefore 
represent lower limits of the yields of all nuclides of that 
particular mass. However, it is likely that the measured 
yields are close to the total mass yields of each mass 
number listed if the charge distribution of primary 
fragments follows the pattern of equal charge displace- 
ment for light and heavy fragments observed with 
other kinds of fission.” On the reasonable assumption 
that two neutrons are lost from each primary fission 
fragment (see below), the primary species from which 
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each nuclide in Table I comes all lie closer to stability 
than does the complementary fragment. The species 
listed will therefore come predominantly from the decay 
of precursors, and the formation of unobserved species 
lying closer to stability must be small. 

An alternative assumption would be to postulate 
that fission takes place with unchanged charge distribu- 
tion. Again this assumption would lead to the same 
conclusion. The fact that the yield of mass 92 calcu- 
lated from the observed amount of Y® is closely the 
same as the yield of Sr” observed separately, and the 
absence of detectable independent formation of 3.2-hr 
Ag" are considered good evidence that the yields 
given are close to total mass yield for all fragments 
having the observed mass. 

The fission yields of Table I are plotted in Fig. 1, 
with reflected points being assigned on the assumptions 
that the energy involved is sufficient to evaporate four 
neutrons from the nascent fission fragments, and the 
fissioning species is Po”. Bismuth 209 bombarded with 
deuterons will give either Po*', if the deuteron is 
captured whole, or Bi” (or possibly Po”) if the deu- 
teron is stripped and only one nucleon enters the 
nucleus. Both reactions undoubtedly occur, with much 
more energy deposited in the compound nucleus in the 
former case than in the latter. Since the fission process 
is so energy-sensitive in this energy region, the fission 
of Po* will undoubtedly predominate. The energy 
deposited in Po”! by a 20-Mev deuteron impinging on 
Bi may be readily calculated from the nuclear masses 
of the species involved.!® The value obtained is found 
to be of the order of 27 Mev. 

The mass distribution shown in Fig. 1 is evidently 
single-humped, symmetric about mass 103.5, and has 
no pronounced fine structure. The width of the curve 
at half the maximum yield is 17 mass units, and at 
about 1% of the maximum yield the width may be 
estimated to be about 40 mass units. 


IV. CROSS SECTION FOR FISSION 


The computation of the cross section for fission of 
bismuth by a deuteron of given energy is difficult to 
make using the data from these experiments because of 
the thick targets which were used. However, the 50-fold 
increase in observed counting rate in the runs at 22 Mev 
over those at 15.5 Mev indicated that the cross section 
for fission is varying very rapidly in this energy region. 


4 The possibility that the fission products observed in bombard- 
ments with deuterons from the University of Washington Cyclo- 
tron arise from 44-Mev helium ions contaminating the deuteron 
beam was eliminated in experiments in which bismuth was 
bombarded with 44-Mev helium ions. In these bombardments, 
the yields are about a factor of 10 higher. The contamination of 
helium ions in the deuteron beam is known to be less than 1%, 
so that activation by helium ions cannot be responsible for the 
activities being reported here. In the experiments at M.I.T., no 
helium ions had been accelerated for many months prior to the 
bismuth fission studies. 

16K. T. Bainbridge, Experimental Nuclear Physics, edited by 
E. Segré (John Wiley and Sons, Inc., New York, 1953), Vol. I, 
p. 559. 
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Assuming an average effective deuteron energy of 
20 Mev for the experiments at the higher energy, an 
estimation of the total fission cross section gives a 
value of 1X 10-* cm*. In the experiments at the lower 
energy if the average effective deuteron energy is taken 
to be 15 Mev, a value of 4X10-*! cm? is obtained for 
the total fission cross section. These values are probably 
reliable within a factor of 2 or 3. They are very much 
smaller than the value of 0.2 10-*4 cm? observed for 
the fission of bismuth with 190-Mev deuterons.’ 


V. COMPARISON WITH HIGH ENERGY FISSION 


The mass distribution displayed in Fig. 1 may be 
compared with the distribution observed by Goecker- 
mann and Perlman for fission induced by high energy 
deuterons.’ Using 190-Mev deuterons they also ob- 
tained a single-humped curve, but their distribution 
includes a much wider range of masses than is observed 
here. The width of their curve at half-maximum is 
40 mass units, and at 1% of the maximum yield covers 
a range of 80 mass units. 

Their distribution peaks at a lower mass number than 
that of Fig. 1, being centered at about mass 99. 

Using lower energy deuterons, Goeckermann and 
Perlman concluded that the mass-yield curve becomes 
somewhat narrower at lower energies. A similar obser- 
vation was made by Sugarman"* in experiments on the 
photofission of bismuth using 85-Mev bremsstrahlung. 

The mass distribution of fission fragments from the 
heaviest elements resembles that of bismuth fission 
when the excitation energies are large. That is, the 
curves are single-humped and broad.!*~® With lower 
bombarding energies, and in particular at excitation 
energies of 25 to 30 Mev, there is a well-defined asym- 
metry to the mass-yield curves of these elements.” 
Bismuth is up to now unique in having such a narrow 
symmetric mass distribution at moderate excitation 
energies. 


VI. MODELS OF HIGH-ENERGY FISSION 
Fission of Bismuth 


The results observed by Goeckermann and Perlman 
were interpreted by them as representing the fission of 
the species Po'™, They postulated that this species was 
produced by the reaction Bi?®(d,12”), with almost all 
of the excitation energy brought into the nucleus by 


16. N. Sugarman, Phys. Rev. 79, 532 (1950). 

17 R. R. O’Connor and G. T. Seaborg, Phys. Rev. 74, 1189 
(1948). 

18 Folger, Stevenson, and Seaborg, Phys. Rev. 98, 107 (1955). 

19 Vinogradov, Alimarin, Baranov, Lavrukhina, Baranova, 
Pavlotskaya, Bragina, and Yakovlev, Conference of the Academy 
of Sciences of the U.S.S.R. on Peaceful Uses of Atomic Energy, 
July 1-5, 1955, Session of the Division of Chemical Sciences 
(translated by Consultants Bureau, Inc., New York, 1955), 
Vol. 2, p. 65. 

20 A. S. Newton, Phys. Rev. 75, 17 (1949). 

*1 Fowler, Jones, and Paehler, Phys. Rev. 87, 174 (1952). 

22H. A. Tewes and R. A. James, Phys. Rev. 88, 860 (1952). 

*8 Turkevich, Niday, and Tompkins, Phys. Rev. 89, 552 (1953). 

* R. A. Schmitt and N. Sugarman, Phys. Rev. 95, 1260 (1954). 
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the deuteron being dissipated in the evaporation of 
neutrons. The species Po! has a value of Z?/A com- 
parable with that of U**, and presumably fissions 
rather readily at low excitation energies. In order to 
account for the observed fission products it was assumed 
that the Po™ fissioned symmetrically and with un- 
changed charge distribution. They pointed out, how- 
ever, that the same experimental results would be 
observed if symmetric fission took place in the highly 
excited compound nucleus, preceding or in competition 
with neutron evaporation, and neutrons were subse- 
quently lost from each of the highly excited fission 
fragments. 

The possibility that the present results represent the 
fission of species like Po”’* or Po™, formed with neces- 
sarily low excitation energy in neutron boil-off from 
Po*", seems very unlikely. The slight increase in fission- 
ability of Po”* over Po", corresponding to a difference 
in Z*/A of only 1.5%, could scarcely be comparable 
with the effect of about 20 Mev more excitation energy 
in a species only three neutrons heavier. 

The observation of the fission of polonium nuclei 
excited to about 27 Mev, formed by bombardment of 
bismuth with about 20-Mev deuterons, suggests that 
the results of Goeckermann and Perlman may indeed 
represent fission taking place at high energy in com- 
petition with neutron emission. The observed behavior 
at higher energies suggests, as one possibility, that the 
probability of fission of nuclei in the region of bismuth 
increases with increasing excitation energy; and that 
the mass distribution of fission products becomes in- 
creasingly broad as the energy of the fissioning nucleus 
increases. 

Another possibility which could account for the 
breadth of the fission yield curve for fission induced by 
190-Mev deuterons would be to postulate that fission 
taking place at high energy is always symmetric with 
a rather narrow mass distribution; and that there is an 
admixture of asymmetric fission of the residual Po! 
nuclei formed from the evaporation of neutrons in 
competition with high-energy fission. Approximately 
equal proportions of symmetric high-energy fissions 
and asymmetric low-energy fissions would be sufficient 
to account for the shape of the mass-yield curve of 
Goeckermann and Perlman. With decreasing excitation 
energy the asymmetric fissions would be expected to 
disappear, since fewer neutrons could be evaporated and 
the residual nuclei would not be so readily fissile with 
small excitation energy. Thus the mass distribution 
would become narrower and single-humped at lower 
energies. 

The possibility that the curve obtained by Goecker- 
mann and Perlman represents the superposition of 
many narrow curves like the one observed here can be 
eliminated by a consideration of the energetics in- 
volved. To account for the lightest fission product 
species they observed on this basis, it would be neces- 
sary to assume a curve centered about mass 80. This 
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would involve the emission of about 50 neutrons, which 
is energetically impossible. These light fragments must 
therefore represent very asymmetric fissions. The sym- 
metry of the light and heavy wings of the observed 
curve suggests that these represent complementary 
fragments. Since the wings are centered about mass 99, 
as are the most probable fission fragments, the asym- 
metric fissions and the symmetric fissions must be 
associated in some way with the same highly excited 
compound nucleus, whether or not fission precedes 
neutron emission. 

The observation of Jungerman and Wright that the 
fission fragments from fission of bismuth induced by 
90-Mev neutrons have an energy expected for low- 
energy fission®® is not inconsistent with a picture of 
fission taking place at high energy. The velocity of 
fission fragments probably arises from Coulomb repul- 
sion and does not reflect the internal energy of the 
fissioning system to any marked degree. 


Fission of the Heaviest Elements 


If highly excited nuclear species in the mass region of 
bismuth fission with a symmetric mass distribution, one 
would expect a similar behavior for nuclei of the 
heaviest elements. The increasing probability of sym- 
metric fission in the heaviest elements as the energy of 
the fission-inducing particle is increased has already 
been mentioned. At moderate energies, however, asym- 
metric fission is still the predominant fission mode. 
With these heavy elements, however, there is an added 
complication. While the energy of the bombarding 
particle may give nuclei excited to 25 or 30 Mev, if 
neutron emission competes with fission, which is the 
case for excitation energies of 15 to 20 Mev,” the 
resulting species may have excitation energies ranging 
from 0 to about 20-25 Mev. For these nuclei, the proba- 
bility of fission at excitation energies greater than about 
5 Mev is quite high. Nuclei in this mass region with 
excitation energies of a few Mev in excess of this 
amount are observed to give asymmetric mass distri- 
butions.”*.” It may be that all highly excited nuclei 
that undergo fission have a symmetric mass distribu- 
tion, but in the case of the heaviest elements the 
admixture of low-energy asymmetric fissions following 
neutron evaporation gives the observed shallow asym- 
metric mass-yield curves. In this view of fission, 
asymmetric fission is to be associated only with nuclei 
excited to a few Mev in excess of the fission threshold 
energy. 

The recent observation that radium fissioned with 
11-Mev protons gives a triple-humped mass-yield 
curve,”® with symmetric fission being much more 
probable than would be expected on the basis of the 
systematics pointed out by Fowler, Jones, and Paehler,”! 

25 J. Jungerman and S. C. Wright, Phys. Rev. 76, 1112 (1949). 

26 A. Turkevich and J. B. Niday, Phys. Rev. 84, 52 (1951). 


27 H. G. Richter and C. D. Coryell, Phys. Rev. 95, 1550 (1954). 
#8 R. C. Jensen and A. W. Fairhall (to be published). 
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is consistent with the above interpretation. The rather 
narrow central peak of this mass yield curve may be 
ascribed to the fission of Ac”’, formed with about 
16 Mev of excitation energy in the capture of an 11-Mev 
proton in Ra”*, The two peaks on either side are 
ascribed to the fission of Ac”®, formed with lower 
excitation energy in the Ra”*®(p,n) reaction. The loca- 
tion of these asymmetric peaks fits the prediction of the 
empirical curve recently noted by Swiatecki.” The 
lower proportion of asymmetric fission, relative to 
symmetric fission, would reflect the decreasing fission- 
ability of Ac”® at low excitation energy compared 
with uranium nuclei. 

Calculations of the energetics of bismuth fission by 
the theory of Fong’ predict asymmetry in the mass 
distribution, with the peaks occurring in the mass 
regions 70 and 140. It has not been possible, so far, to 
resolve the discrepancy between theory and experiment. 
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APPENDIX 


The following elements were examined for fission product 
activity produced in bombardments of bismuth with 15-Mev 
deuterons. The chemical separations used are briefly described 
where they differ from the usual radiochemical procedures.” 
These modifications were introduced because of the presence of 
a relatively high concentration of bismuth in the solution of the 
target material. The quantity of each element added as carrier 
was usually 10 mg. 

The activities observed in each element are given, and the 
most probable source of the activity noted, whether produced by 
activation of impurities or by a fission process. 

In the experiments with 22-Mev deuterons, only those elements 
were examined (Sr, Y, Zr, Mo, Ru, Pd, Ag, Te from Sb precursors, 
and Ba) which showed no clear evidence of admixture of activities 
from activation of impurities. Some of these could come from 
(d,p) reactions on impurities, but the much higher yields observed 
at the higher energy, and the fact that the observed yields give 
so smooth a fission yield curve makes it probable that all the 
activities tabulated in Table I are fission-produced. 


Zinc 
Most of the bismuth was precipitated by hydrolysis. Zinc was 
purified by repeated scavengings with Fe(OH); from NaOH 
solution. The decay curve showed abundant 60-minute and 14- 


hour species, probably 14-hr Zn®” and 52-min Zn® produced 
from Zn**(d,p) reactions. 


Gallium 
Extraction of gallium from 8M HCl by dichloroethyl ether 
removed most of the bismuth. Purification was by bismuth 


scavengings from acid solution with HS, with a final extraction 
into dichloroethyl ether. The decay curve showed abundant 


"9 W. J. Swiatecki, Phys. Rev. 100, 936 (1955). 
39 See reference 11, Part VI. 
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70-minute, 9.7-hour, and 14-hour components, presumably re- 
spectively Ga®* and Ga® from (d,2m) reactions on zinc isotopes, 
and Ga” from (d,p) reaction on Ga?! impurity. 


Germanium 


Germanium was isolated from the same solution as bromine, 
being distilled from strong HCl solution after the removal of 
bromine ‘by distillation. Bismuth was scavenged from alkaline 
solution with H2S and the germanium was redistilled before final 
precipitation as the sulfide. The decay curve was mostly 40-hour 
species, presumably 39.6-hr Ge® from (d,2m) activation of Ga® 
impurity, with some 80-minute period, presumably 82-min Ge” 
from (d,p) reaction on germanium impurity. The absence of 
complementary mass 132 rules out the possibility of this species 
being a fission product. 


Selenium 


Selenium was distilled from solution with HBr and precipitated 
with SO:. Repeated precipitations with SO, from acid solution 
gave a ‘sample decaying with 57-minute half-life, presumably 
Se®™. It had a yield about 30-fold greater than Y*. The absence 
of a fission fragment of mass 127 indicates (d,p) activation of a 
trace of selenium impurity. 


Bromine 


KBrO; was used as bromine carrier, being reduced to Br 
during solution of bismuth metal in dilute HNO;. The bromine 
was oxidized to Bre with KMnQ, in HNO; solution and distilled 
from solution. Extractions into CCl, gave further purification. 
The decay curve showed very large amounts of 18-minute, 4.5- 
hour, and 36-hour species, undoubtedly Br®, Br®™, and Br® 
respectively, all produced by (d,~) reactions on bromine impurity, 


Strontium 


Strontium and barium were precipitated with fuming nitric 
acid from bismuth solution, and separated and purified in the 
usual way, but with an added Bi.S; scavenging step. The decay 
curve of the strontium fraction had a trace of 5-day period, pre- 
sumably Bi#° contamination, the remaining activity being com- 
patible with a 9.7-hour (Sr”) component and a 2.7-hour parent 
decaying to a 3.5-hour daughter (Sr®— Y*). About 8 counts/min 
of 9.7-hour species were observed in replicate runs. Yttrium 
separated from strontium after a suitable growth period showed 
the 3.5-hour daughter of 2.7-hr Sr”. There is no conceivable way 
these species could be produced except by a fission reaction. The 
possibility that they could be produced from activation of zir- 
conium impurity was ruled out by bombarding some zirconium 
oxide with deuterons and isolating strontium. From the observed 
amount of 17-hr Zr” in bombarded bismuth the strontium activity 
to be expected from this source would be unobservable. 


Vitrium 


Bismuth was removed by repeated H.S scavengings and further 
purification was accomplished by repeated YF; precipitations. 
The decay curve showed two prominent species of 3.5-hour (Y”) 
and 10-hour (Y®) half-life when a trace of longer-lived species, 
of half-life indistinguishable from 5 days (Bi), was subtracted. 
Activation of zirconium impurity was ruled out as the source of 
these activities by activation of zirconium with deuterons. 
Yttrium isolated from bombarded zirconium had only 3.5-hour 
and 61-hour components. Less than 10% of the observed 3.5-hour 
yttrium fission activity could come from zirconium impurity. 


Zirconium 


Zirconium was isolated from the HF solution following YF; 
precipitation, by precipitation of the insoluble barium fluozir- 
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conate. Further manipulations followed the usual procedure for 
zirconium. The decay curve showed a very pure 17-hour species 
(Zr*”) with an initial increase in activity corresponding to the 
growth of 72-min Nb* daughter. This zirconium species could be 
a fission product or come from (d,p) activation of zirconium 
impurity. 


Molybdenum 


No very good evidence was obtained for any 67-hr Mo™ in the 
runs at 15 Mev, the yield from a 1-hour bombardment being too 
low to be observable above the ubiquitous background of a few 
counts per minute of 5-day Bi?"°. With 22-Mev deuterons, where 
the yields were much higher, the decay curve indicated impurities 
in the molybdenum fraction. This difficulty was finally overcome 
by the following chemical procedure. Molybdenum was extracted 
from the mixed sulfides, obtained on gassing the original acid 
solution of bismuth with H,S, by means of sodium sulfide solution. 
Molybdenum was precipitated from the basic solution upon 
acidification. Repeated sulfide scavengings were made, inter- 
spersed with precipitations of molybdenum from acid solution 
with a-benzoin oxime reagent. An extraction into ether of the 
thiocyanate complex from dilute HCI containing stannous chloride 
served to purify molybdenum completely, and a pure 67-hour 
period was obtained (Mo”). This could be a fission product or 
could come from (d,p) reaction on molybdenum impurity. 


Ruthenium 


The standard perchlorate distillation was used to separate 
ruthenium. No activity was observed in the ruthenium sample 
when the bismuth target was dissolved in nitric acid alone. How- 
ever, when aqua regia was used to dissolve bismuth and the 
carrier solution added after the bismuth solution had been treated 
repeatedly with aqua regia there was satisfactory evidence of 
4.5-hr Ru. The decay curve in the 22-Mev runs had a small 
amount of very long-lived species, compatible with a mixture of 
40-day Ru™ and 1-yr Ru (evidence from absorption data of 
a high-energy 8 ray), in yields about equal to Ru™®. When this 
background was subtracted the counting data fitted exactly on 
the curve expected for a 4.5-hour parent decaying to a 36-hour 
daughter with relative counting efficiencies taken into account. 
Ru™ can be fission-produced or come from (d,p) reaction on 
ruthenium impurity. Ru" can only be fission-produced. 


Palladium 


A separation of palladium from bismuth by plating the former 
on copper powder removed it from most of the bismuth. Iron 
scavengings from ammoniacal solution gave high purity of the 
final palladium dimethylglyoxime precipitate. In the experiments 
using 15-Mev deuterons a few counts per minute of activity were 
observed to decay with a haif-life of about 20 hours (Pd"*). The 
statistical errors for such low counting rates were so large that no 
breakdown of the decay curve into possible 13.4-hour (Pd™) and 
5.5-hour (Pd) components could be made. Since Pd is 
detected via its 3.2-hr Ag" daughter, failure to observe an initial 
increase in counting rate implies that some shorter-lived species 
must be present, or that the observed activity was due to con- 
tamination. In the experiments using 22-Mev deuterons, the 
decay curve was resolved into 21-hour (Pd"*), 13.4-hour, and 
5.5-hour components. While the latter two can come from (d,/) 
activation of palladium impurity, Pd" can only be fission- 
produced. The 5.5-hr Pd™™ species is not observed in fission of 
Us with thermal neutrons. The decay of the Rh™ precursor is 
therefore to the 22-min Pd™ ground state. The presently-observed 
5.5-hr Pd™™ therefore represents independent formation or 
activation of palladium impurity. 
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Silver 


The separation was by standard methods. The decay curve 
showed 5.3-hour (Ag™’) and 7.5-day (Ag!) components. Rapid 
separation of silver gave a 22-minute component, but this ap- 
peared to be largely 8* activity, presumably 24-min Ag"* from 
(d,t) reaction on Ag impurity, the principal impurity known to 
be present in the bismuth target. Deuteron bombardment of 
cadmium gave principally 3.2-hr Ag" so the observed Ag"® is 
certainly fission-produced. 

In the experiments using 22-Mev deuterons, the amount of 
3.2-hr Ag" formed from decay of 21-hr Pd", during bombard- 
ment and during the time before silver was separated from the 
target, was calculated to be about 6.5% of the observed 5.3-hr 
Ag" activity. This amount of 3.2-hour species would be detected 
with difficulty in a decay curve consisting mainly of 5.3-hour 
species. An admixture of 15% of 3.2-hour species would be readily 
apparent in the decay curve, however, even after 8 hours of decay. 
Since the decay data, with 7.5-day species subtracted, fell exactly 
on a 5.3-hour curve over a period of 18 hours, beginning 8 hours 
after the end of the bombardment, the admixture of 3.2-hour 
species is certainly less than 15% of the 5.3-hour species. The 
independent formation of Ag" does not appear to be detectable 
in these experiments. 


Tin 


Extraction of mixed sulfides with NaOH removed tin, which 
was purified by bismuth scavengings from alkaline solution. The 
tin sample showed abundant 10-day (Sn), 27-hour (Sn!) and 
40-minute (Sn) periods, consistent with activation by (d,p) 
reactions of tin impurity. 


Antimony 


No satisfactory separation of a small amount of antimony 
from one gram of bismuth was found. A search for the tellurium 
daughters of 95-hr Sb!’ and 4.2-hr Sb” showed these two species 
to be absent in detectable amount. 


Tellurium 


Tellurium was separated from the bismuth solution remaining 
after selenium was distilled with HBr. Precipitation with SO, 
accomplished the separation, and the purification of the tellurium 
was by standard methods. Components of 30-hour (Te), 9-hour 
(Te’) and 70-minute (Te™) half-lives, present in copious amount, 
indicate (d,p) activation of tellurium impurity. Iodine isolated 
from the purified tellurium showed only the 8-day daughter of 
Te! and no 2.4-hour daughter of 77-hr Te’. 


Barium 


The barium fraction separated in the standard way showed a 
trace of activity which decayed with a half-life of a few days, 
probably 5-day Bi*° contamination. The absence of 85-min Ba! 
is the best evidence that uranium and thorium are absent in 
detectable amount, and that Sr®!.%, Y%, Pdl2, and Ag"3 are 
bismuth fission products. 

Several experiments were tried at the beginning to observe the 
23.3-min Th** and 23.5-min U** (d,p) products of Th? and U8, 
respectively, if these elements were present as impurities. The 
branching ratio between these products and fission were deter- 
mined separately. No short period was observed in either thorium 
or uranium separated from bismuth, although it was difficult to 
complete the chemical separation in less than an hour. It was 
concluded that thorium and uranium were absent in detectable 
amounts from these experiments. 
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A new state in O"8 at an excitation energy of 3.555+0.013 Mev is established by a proton group from the 
reaction O'7(d,p) with Q=2.262+0.015 Mev and by a deuteron group from the reaction O'8(d,d’) with 
= —3.551+0.019 Mev. A level reported by Ahnlund at 1.986+0.014 Mev is confirmed. No evidence is 
found for states between these two, in particular for one reported by Holmgren and coworkers at 2.445 Mev. 





I. INTRODUCTION 


N working out the consequences of a central field 

assumption for nuclei, those nuclides with two or 
three particles or holes, besides closed shells, occupy 
an especially important place. Recently Elliott and 
Flowers' and Redlich? have calculated energy levels, 
wave functions, and a number of associated nuclear 
properties, for two and three particles moving in the 
field of doubly magic O'*. Because of the scarcity of 
data for states in O'* and F'’, extensive comparison 
with experiment was possible only for F!*. The present 
investigation is part of an effort to obtain more experi- 
mental information concerning the two-particle system. 


II. EXPERIMENTAL PROCEDURE 


The 42-in. Michigan cyclotron makes available in a 
shielded room next to the machine a few tenths micro- 
ampere of deuterons, monoenergetic to within 15 kev, 
at a mean energy near 7.8 Mev. Charged reaction 
products are analyzed by a one-meter radius, 90° de- 
flection, double-focusing magnet with an _ ultimate 
resolution of about 5 kev at 10 Mev, and a solid angle 
of 6X10~ steradian. The instrumentation is described 
in another paper.’ 

The present work was made possible by the loan of 
20 mg of oxygen gas, enriched to about 45% in O'8 and 
about 13% in O'’, from Professor A. O. Nier of the 
University of Minnesota. The oxygen was exploded 
with hydrogen to make enriched water vapor, and the 
vapor allowed to react with evaporated films of lithium 
metal to form targets of LiOH. During the chemical 
reaction it was necessary to have the lithium in inti- 
mate contact with a solid support to prevent wrinkling; 
therefore the evaporation was made onto a 0.02 mg/cm? 
film of Formvar backed by a glass plate. After forma- 
tion of the hydroxide, strips were peeled from the plate 
and mounted between Formvar films in a target frame. 
Lithium hydroxide converts slowly to the carbonate in 
air, so that it was necessary to store the target in 
vacuum between runs. For high intensity, a moderately 
thick target was used. The 1.2 mg/cm? surface density 


t This work was supported in part by the U. S. Atomic Energy 
Commission and by the Michigan Memorial Phoenix Project. 
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chosen led in transmission measurements to proton 
peaks at 10 Mev of width about 50 kev, and to deuteron 
peaks at 4 Mev of width about 70 kev. (Groups from 
Li were wider because of the rapid change in reaction 
product energy with angle.) 

Particles were detected at the image plane of the 
analyzer magnet by 1 in.X12 in. Kodak NTB nuclear 
emulsions, each plate covering a range in energy of 
15%. Proton and deuteron spectra were obtained at 
laboratory angles of 28.5°, 49.7°, 58.5°, 68.5°, and 
89.7°. The measurement of momentum and range 
established the particle type. An hour’s run yielded 
several hundred tracks, typically, in the weak groups 
resulting from reactions leading to excited states in O'%. 


III. EXPERIMENTAL RESULTS 


Proton and deuteron groups were identified corre- 
sponding to known states in Li® and Li’, in C” and C*, 
and in O!®, O!7, O'8, and O”. 

In the deuteron spectrum at 49.7°, Fig. 1(a), a new 
group appears which, if due to inelastic scattering of 
deuterons from O!'8, corresponds to an excitation of 
that nucleus by 3.551+0.019 Mev. A portion of the 
spectrum at 68.5°, Fig. 1(b), shows the new group 
focussed now at higher energy than the nearby Li® 
group; analysis of the shift in energy with angle of the 
unknown group restricts the mass number of its target 
nucleus to 18+1. A=17 is not possible because the 
very well investigated O'” level diagram shows no state 
at the required excitation energy. Although the situation 
in F"® is less clear-cut,‘ again no state has been found 
at this excitation. The fact that in the present work no 
proton groups are found from the high-yield stripping 
reaction F'°(d,p) is a stronger argument that the new 
deuteron group is not from F'*(d,d’). 

The proton spectrum at 49.7°, Fig. 2(a), shows a 
new group which, if due to the reaction O'"(d,p) has a 
Q=2.262+0.018 Mev. The group can be seen only for 
a narrow range in angle, due to the encroachment of 
groups from C(d,p) and O'*(d,p), but appears at 
58.5°, Fig. 2(b), with an energy which requires for the 
target nucleus a mass number A= 17+2. Target nuclei 
O'® and O'8 are excluded because the observed (Q is 
greater than the maximum possible for these nuclei. 
N"™ and Ne” are excluded because the Q’s calculated 


‘F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955), and references therein. 
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Fic. 1. Deuterons scattered inelastically from a target of LiOH 
enriched in O" and O"*, (a) at 49.7° (Ez=7.68 Mev) and (b) at 
68.5° (Ez=7.83 Mev). The state of excitation of a residual nucleus 
is indicated by a subscript. 





from the observations differ, by 80 kev and over 400 
kev respectively, from those of the nearest known 
groups in these well studied reactions. The group might 
result from the reaction F'*(d,p)F”, Qs=2.178 Mev,‘ 
since the Q calculated from the observations differs from 
this by only 30 kev, or two standard deviations. How- 
ever, the absence of all of the many other groups from 
this reaction makes this explanation unlikely. 

Finally, the coincidence of excitation energies in O'%, 
which occurs when the new groups are assumed to re- 
sult from O'*(d,d’) and O'"(d,p) reactions, respectively, 
may be considered a confirmation of the assignments. A 
best value for the excitation energy of the new state is 
3.555+0.013 Mev. 

The (d,d’) excitation energy quoted is calculated* 
from the observed displacement of the unknown group 
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Fic. 2. Protons from (d,p) reactions in a target of LiOH 
enriched in O!” and O08, (a) at 49.7° (Ea=7.68 Mev) and (b) at 
58.5° (Ea=7.83 Mev). The state of excitation of a residual 
nucleus is indicated by a subscript. 
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from the Li®(d,d’) peak shown in Fig. 1(a). An uncer- 
tainty of +0.5° in the incident beam direction is the 
principal source of the error given. The (d,p) Q-value 
quoted is calculated* from the separation of the un- 
known proton group in Fig. 2(a) from the ground-state 
group of the reaction O'*(d,p). Here the principal un- 
certainty is in the measurement of the peak position of 
the very weak unknown group. The excitation energy 
which follows from the Q-measurement assumes for 
the O'7(d,p)O"* reaction leading to the ground state a 
Q-value’ Qo= 5.821+0.010 Mev. 

Ahnlund® has found a state in O"* at an excitation 
energy of 1.986+0.013 Mev. In the present work, 
proton groups from the reaction O!"(d,p) corresponding 
to this state are observed at 28.5° and 89.7°; a deuteron 


5K. Ahnlund, Phys. Rev. 96, 999 (1954). See also reference 4. 
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group from the reaction O'*(d,d’) leading to this state 
is seen at 58.5°. Since Ahnlund’s Q has been used in a 
determination’ of the incident beam energy, an inde- 
pendent Q-value cannot be given, but the existence of 
the state is well verified. 

Between the states of excitation 1.986 and 3.555 
Mey, no evidence is found for any level in O"*. In Fig. 3 
are assembled the data having a bearing on this ques- 
tion. Numbers of particles per unit momentum are 
plotted as-ordinate against a single abscissa represent- 
ing excitation energy in O'*—with the assumption that 
the reactions O'’(d,p) and O'8(d,d’) are responsible for 
the protons and deuterons observed. At the ends of 
the excitation energy scale are shown proton or deu- 
teron groups leading to the 1.986- or 3.555-Mev states; 
the intensity of each group is reduced by the numerical 
factor written at the peak. Upper bounds on the cross 
sections for transitions to states of excitation E£, 
1.998 <E<3.555, may be estimated by comparing the 
statistical errors at E with the reduced peak heights. 
These bounds are given in Table I. In Fig. 3, attention 
is called to the excitation energy E= 2.445 Mev, where 
a state is reported by Holmgren and co-workers.® 

The O'7(d,p)O'® spectrum of Ahnlund® offers an 
extraordinarily clear view of the region of excitation 
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Fic. 3. Proton and deuteron spectra for the region of excitation 
in O'8 between the states at 1.986 Mev and 3.555 Mev. In each 
spectrum is shown a particle group corresponding to one or the 
other established state, reduced in intensity by the numerical 
factor written at the peak. For upper limits on the cross sections 
leading to possible states of excitation EZ, 1.986<E£ <3.555, see 
the text and Table I. 

¢ Holmgren, Hanscome, and Willett, Phys. Rev. 98, 241 (A) 
(1955). 
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from 0 to 1.986 Mev, and we cannot provide more 
restrictive limitations on the intensity of transitions to 
possible states in this region. 


IV. DISCUSSION 


The energy level diagram for O'* indicated by the 
experiments is shown in Fig. 4. Adjacent is the level 
diagram predicted by Elliott and Flowers' with the 
constant Ve in their interaction potential chosen 
equal to 50 Mev. With this choice, the absolute binding 
energy of a neutron in O is predicted somewhat 
larger than observed, but by an amount which cannot 
be deduced from their published results. A smaller Vc 
leads to a still smaller spacing between first and second 
excited states than shown. Thus the agreement between 
theory and experiment is not good, and alteration of 
the form of the interaction energy assumed for the two 
neutrons outside O"* is indicated. 

On the other hand, for less speculative comparison 
with the theory, experimental spins and parities are 
very much needed. In this laboratory the O'"(d,p)O"* 
angular distributions are being measured, and should 
yield the parities of the three known states. For the 
determination of spins, O'8(a,e’) angular distribution 
measurements have been proposed’ and are under 
consideration. 
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TasLe I. Upper bounds on the differential cross section ¢ (0,£) 
for O'7(d,p) or O'8(d,d’) reactions at laboratory angle 6 leading to 
possible states of excitation energy E in O'*. The bounds are on 
the ratio of o(6,£) to the cross section ¢(0,Eo) leading to a known 
state in O'8 at excitation energy Eo=1i.986 or 3.555 Mev. All 
energies are given in Mev. 
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Upper bound for 
Reaction 6 @(0,E)/a(0,Eo) Eo 


0'8(d,d’) 49,7° 0.03 1.986 
68.5° 0.08 3.555 


0.20 1.986 
0.20 3.555 
0.20 3.555 
0.30 1.986 
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Disintegration of Ge*®*+ 


BERND CRASEMANN, D. E. Renruss,* AND H. T. EAsTERDAY 
Department of Physics, University of Oregon, Eugene, Oregon 
(Received February 15, 1956) 


The isotope Ge®* has been prepared by the bombardment of zinc with 37-Mev alpha particles and sepa- 
rated chemically. The half-life of Ge®* is 27520 days, as determined by comparison with a Co standard 
over 10 months. The positron spectrum was measured with a thick-lens magnetic spectrometer. Positron 
groups from Ga®* have maximum energies of 1.94 and 0.92 Mev and relative intensities of 1 and 0.04, 
respectively; no positrons from Ge®* were observed above 0.3 Mev. The scintillation spectrum shows 
annihilation radiation and a 1.02-Mev gamma ray from Ga**. Comparison of areas under these two peaks, 
corrected for crystal efficiency, indicates that there are 14.4+1.7 positrons per 1-Mev quantum. Within 
the probable error, this result is compatible with the decay of Ge® by electron capture alone. 


I. INTRODUCTION 


HE radioactive isotope Ge® probably was first 

produced in 1938 by Mann! who described, but 
did not definitively assign, a long-lived (~195 day) 
germanium activity obtained in the bombardment of 
zinc with 17-Mev alpha particles. Hopkins** obtained 
Ge® among 38 nuclear species formed through spalla- 
tion reactions in the bombardment of arsenic with 
190-Mev deuterons. He reported a half-life of 250 days 
and decay by electron capture. Batzel ef al.‘ found a 
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Ge®*- Ga®® 
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long-lived activity in the germanium fraction from the 
high-energy spallation products of copper, which was 
comparable with that expected for Ge®. 

Since so little information was available on Ge®, it 
was considered worth while to produce a sample of this 
isotope directly, to redetermine its half-life, and to 
verify the absence of gamma rays and positrons. 


II. SOURCE PREPARATION 


The Ge® sample was prepared by bombarding a zinc- 
coated copper probe with 220 microampere-hours of 
37-Mev alpha particles in the Crocker Laboratory 
cyclotron of the University of California, leading to 
the reaction Zn®(a,2n)Ge*’. The zinc layer on the probe 
was dissolved in cold concentrated HCl! containing Ge 
carrier. GeCl, was distilled into dilute H,SO, and GeS: 
precipitated by bubbling H»S through the solution. 
The germanium sulfide was washed and dissolved in 


‘ NH,OH, then transferred to thin Tygon foils mounted 


on Lucite source holders. 


Ill. HALF-LIFE DETERMINATION 


Beginning 330 days after bombardment, the activity 
from a sample of Ge®* was determined weekly with a 
well-shielded Victoreen 1B67 Geiger tube in fixed 
geometry. A standard source of Co® was counted 
immediately after every Ge® count. The ratio of the 
two activities was plotted, thus eliminating the effect 
of any slow drift in the efficiency of the counting 
device. The measurements extended over 300 days. 
Using Brosi and Ketelle’s® value of 5.380.03 years for 
the half-life of Co™, a half-life of 275420 days was 
obtained for Ge®. 


5 Way, King, McGinnis, and van Lieshout, Nuclear Level 
Schemes (U. S. Atomic Energy Commission, Washington, D. C., 
1955), p. 70. 
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IV. POSITRON SPECTRUM 


The positron spectrum of Ge®* and its daughter, 
Ga*®, was determined with a thick-lens magnetic spec- 
trometer that has been described previously.6 The 
detector was a Geiger tube with a 0.67-mg/cm? Mylar 
window. Figure 1 is a Fermi plot of the data, which 
shows the two known positron branches from the decay 
of Ga®*.”? The end point of the high-energy positron 
group is at 1.94+0.05 Mev. The counting rate for the 
low-energy group is not sufficient to fix its end point 
from the Fermi plot alone. The measured energy (see 
below) of the Ga®* gamma ray, however, determines the 
maximum energy of the second positron branch as 
0.92 Mev. The intensity of the low-energy group is 
(4.1+1.4)X10~ times the intensity of the 1.9-Mev 
group. The excess of positrons below 0.3 Mev pre- 
sumably is due to source thickness, made necessary by 
low specific activity of the germanium samples. No 
positron group that may be ascribed to Ge® is observed 
above 0.3 Mev, and no conversion electron peaks were 
found when the spectrometer was set to detect electrons. 


V. GAMMA-RAY SPECTRUM 


A scintillation spectrometer was used to examine the 
spectrum of gamma rays emitted by the sample of Ge**. 
The detector consisted of a cylindrical NaI(T1) crystal 
(13-in. diameterX 1-in. height), and a Du Mont type 
6292 multiplier phototube. The distance from source to 
crystal face was 4.9 cm. 

The pulse-height distribution obtained with this 
equipment is reproduced in Fig. 2. Curve A covers the 


6B. Crasemann and D. L. Manley, Phys. Rev. 98, 66 (1955). 
7A. M. Mukerji and P. Preiswerk, Helv. Phys. Acta 25, 387 
(1952). 
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energy range up to 1.2 Mev. In addition to the 1-Mev 
gamma ray known to occur in the decay of Ga®*,’ only 
annihilation radiation is observed, with its Compton 
edge at 0.34 Mev and backscattering peak at 0.17 Mev. 
The energy of the Ga®* gamma ray was found to be 
1.02+0.02 Mev. The gamma rays from Co® and Na” 
were used to produce calibration peaks in the immediate 
vicinity of the unknown. The germanium and reference 
sources were counted simultaneously in order to main- 
tain the total counting rate at a constant level, since the 
Du Mont 6292 tube may display a shift of pulse height 
with counting rate.® 

In order to compare the intensities of the 1-Mev 
gamma ray and of the annihilation radiation, the 
scintillation spectrum of the former was redetermined 
with the gain of the linear amplifier reduced to. one- 
half of its previous value. In this way, the two peaks 
appear superimposed and any errors due to a variation 
of window width with pulse height are eliminated.° 
Counts were accumulated for one hour at each setting 
of the pulse-height selector. Curve B (Fig. 2) shows the 
results. Curve C represents the counts due to the 1-Mev 
gamma ray alone, after background has been sub- 
tracted. The ratio of the area under the annihilation 
radiation peak to the area under the 1-Mev gamma 
peak is 142+15. In order to obtain a true intensity 
ratio, the area ratio has to be corrected for crystal 
efficiency. 

The relative efficiency of the scintillation spectrom- 

5P. R. Bell, in Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (North-Holland Publishing Company, Amsterdam, 
1955), p. 147. 


* Astrém, Wapstra, Thulin, and Bergstrém, Arkiv Fysik 7, 247 
(1954). 





CRASEMANN, REHFUSS, 


°° 
27S! Ges 


Fic. 3. Decay scheme for Ge®®—Ga®. 

eter at 0.511 and 1.02 Mev was determined in two steps. 
First, the efficiency for detecting annihilation radiation 
was found to be 5.91+0.15 times the efficiency for de- 
tecting a 1.28-Mev gamma ray, from the respective 
areas in the scintillation spectrum of Na™. Account was 
taken of the electron-capture to positron-branching 
ratio for this isotope.” Second, the relative crystal 
efficiency at 1.28 and 1.02 Mev was obtained from the 
peak-to-total ratios published by Bell." By applying 
the proper efficiency correction to the area ratio in the 
scintillation spectrum and accounting for the fact that 
each positron will be represented by two annihilation 
quanta, it was determined that 14.4+1.7 positrons per 
1-Mev gamma quantum occur in the decay of Ge® 
and Ga®, 


VI. DISCUSSION 


The Fermi plot of Fig. 1 fails to indicate whether 
low-energy positrons occur in the decay of Ge®. In 
principle, this fact could be determined by studying 
whether the decay scheme of Ga® will admit the 
positron-to-gamma ratio found experimentally. If this 
ratio is too high, the excess positrons must stem from 
the decay of Ge*, 

A decay scheme for Ga** has been reported by 
Mukerji and Preiswerk.’ This is included in Fig. 3. 
According to the curves of Feenberg and Trigg,” the 
electron-capture to positron ratio is 0.1 for 6, and 1.1 
for Bs. Let No be the total number of Ge®* nuclei de- 
caying in unit time, and therefore also the total number 
of Ga*® nuclei that decay in unit time. Now let Ng be 
the total number of positrons emitted in unit time by 


1 R. Sherr and R. H. Miller, Phys. Rev. 93, 1076 (1954). 
1 P, R. Bell, reference 8, p. 139. 
FE. Feenberg and G. Trigg, Revs. Modern Phys. 22, 406 
(1950). 
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both Ge® and Ga*, Ng, the number of 1.94-Mev 
positrons and Ng: the number of 0.92-Mev positrons 
from Ga**, Ngo the number, if any, of positrons emitted 
by Ge*, and NV, the number of 1-Mev gamma rays. It 
then follows that the number of positrons emitted by 
both Ge*® and Ga® per 1-Mev gamma quantum is 


No/Ny= (Nert+Noet+Noo)/(2.1N p2), (1) 


and that the fraction of all Ge®* decays that occur by 
positron emission is 


Ng0/No= (Np2/2 1) ( N, pi/No) 


x<([2. 1(N~/1 V,)—1]— 


Te1/No=0.91/[1+1.91 (Ng2/No1)]. (3) 


The experimentally determined positron branching 
ratio indicates that the abundance Ng:/No of the high- 
energy positron group is 0.84+0.03. It then follows 
from Eq. (2) and from the experimental value for Vs/N, 
that the fraction Ngo/No of all Ge®* decays that take 
place by positron emission is 0.15++0.46. 

The large probable error, which makes this result 
inconclusive, is mostly due to the uncertainty in the 
positron branching ratio Ng2/Ngi, which could not be 
measured more accurately with the low amount of 
activity available for study. It would appear desirable 
to produce a strong sample of Ga® directly and to re- 
determine the branching ratio precisely. Because of the 
short half-life of Ga®* (68 min), this could only be 
accomplished in the immediate vicinity of an ac- 
celerator. 

Theoretical considerations make the emission of 
positrons by Ge®* appear unlikely. The curves of Way 
and Wood" for beta-decay energy systematics lead to 
an expected value of only 0.7 Mev for the energy avail- 
able in the Ge®*— Ga® decay. A further estimate of the 
decay energy may be gained by considering comparative 
half-lives. The Ge**—Ga*® transition presumably is 
allowed, since the ground state of Ge®* (even-even) is 
0+ and the ground state of Ga®* must be 1+ because 
it is linked by allowed transitions to both the 0+ 
ground state and the 2+ first excited state of Zn®. 
The logft value for the decay of Ge®* by electron 
capture can therefore be assumed to lie below 6.5." It 
can then be seen from the nomogram of Moszkowski!® 
that theory predicts a decay energy of less than 0.6 Mev. 
The present experiments, however, do not exclude the 
possibility of some low-energy positron emission by Ge®. 
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Coupling Constants in the Theory of 6 Decay 


M. A. PRESTON AND KAILASH KUMAR 
Hamilion College, McMaster University, Hamilton, Ontario, Canada 


(Received October 26, 1955) 


Certain symmetry arguments have been used to suggest that the beta-decay interaction is S—7+P. 
It is shown that if the negative electron in these arguments is replaced by the positron, the result is S+7+P 
and that the proposed symmetries do not lead to Hermitian Hamiltonians which treat negatrons and 


positrons on the same footing. 


HERE have recently been enunciated!* a number 
of theoretical postulates, on the basis of which 

it is possible to deduce that the 8-decay interaction is 
S—T+P. On the other hand, there are experimental 
indications’ that the relative sign of the tensor and 
scalar terms is positive. We have therefore examined 
the proposed theoretical assumptions in some detail. 

The result of Stech and Jensen depends on two 
postulates: (1) Two of the particles in a 6 process 
disappear and two materialize (hole theory). In the 
coordinate system in which the momenta of the two 
vanishing particles are equal and opposite, the direc- 
tional distribution of either of the products must be 
isotropic. (2) The annihilated particles are taken to be 
neutrino and neutron. For the decay of a neutron, the 
neutrino is in a negative energy state, so that the final 
products include an antineutrino. 

Stech and Jensen then consider the various invariants 
in the form in which neutron and neutrino are bracketed 
together: 


Si= (Gr" yada) Vp" vabe) +c.¢., 
Vi= (o,4 v4sYWn) 5 (yp# Vase) +C.c., ClE,, 


where the subscripts , p, e, v stand for neutron, proton, 
electron (negatron), neutrino, y is the field of the 
particle indicated and ¢ is the field of the antiparticle, 
i.e., ¢- is the positron spinor. The superscript H means 
Hermitian conjugate. They point out that only the 
scalar and pseudoscalar invariants S; and P; are 
unaltered if the axes are rotated in the coordinate 
system described above. Hence postulate (1) requires 
that the Hamiltonian contain a linear combination of 
only S; and P;. But it can be shown that 


4S,;=(V—A)—(S—T+P), 
4P\=—(V—A)—(S—T+P), 


(1) 


(2) 


where S, V, etc., stand for the customarily used 
invariants in which the neutron and proton are brack- 
eted together: 


S= (Vp yah») Ve” va.) +0.c., ete. 


1B. Stech and J. H. D. Jensen, Z. Physik 141, 175 (1955). 

2D. C. Peaslee, Phys. Rev. 91, 1447 (1953); Phys. Rev. 99, 
1654 (A) (1955). 

3G. E. Lee Whiting, Phys. Rev. 97, 463 (1955); M. A. Preston, 
Phys. Rev. 99, 1654 (A) (1955). 


(3) 


Hence, since experiment shows that the interaction 
includes 7, and not A, the conclusion of this analysis 
is that the interaction is S—T+ P. 

On the other hand, postulate (2) appears to be 
arbitrary and we would like to point out that it seems 
equally satisfactory to describe the neutron decay as 
the vanishing of a neutron and of a positron in a 
negative energy state, coupled with the creation of a 
proton and an antineutrino. (A negatron is described 
as a vacancy in the sea of negative-energy positrons.) 
This neutron-positron coupling suggests writing the 
interaction in the form 


S2= Wp" van) Wa” yape*)+c.c., etc., 


where the subscript a signifies antineutrino. Stech and 
Jensen couple neutron and neutrino because it is 
suggested by the generally used order of writing S, 7, 
etc. [Eq. (3) ]. However, any order of coupling the four 
fields can be expressed in terms of any other order by 
equations like (2) and (7), and there would seem to be 
no a priori reason to prefer order (3) to order (4). If 
we adopt (4), the isotropy postulate requires invariance 
under rotation in a system in which the neutron and 
positron have cancelling momenta. Then, using the 
arguments of Stech and Jensen, one sees that the 
interaction can contain only the two invariants 


S3= (p.+# Vn) (Wp Vibha) +C.C., 
P3= (e+# Yayn) Wp” Yevsba) +C.c. 
Since ¢.+=y, and ¢a=y,, we see that 
S3= (ve Yan) (yp yr) +C.C. 
It is easily seen‘ that 
4S3= (V+A)+(S+T+P), 
4P,;=—(V+A)+(S+T+P). 
Thus we deduce that the interaction with the 
invariants written in the customary order is S+7+P. 
If we turn from the formalism and look at the physical 
processes, we are tempted to say that electron capture, 
in which a proton and a negatron actually do vanish, 
supports the coupling of the neutron and neutrino. On 


the other hand, capture of positrons by neutrons is 
presumably equally probable and supports the alter- 


(4) 


(5) 


(7) 


* See, for example, R. H. Good, Jr., Revs. Modern Phys. 27, 
187 (1955), p. 210. 
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native pairing. On this basis, we conclude that there is 
no Hermitian Hamiltonian which seems equally appli- 
cable to 8 and f* processes and at the same time 
satisfies Stech and Jensen’s isotropy postulate. 
Konopinski and Mahmoud? have constructed a con- 
sistent account of the interactions between fermions, 
in which the concept of ‘‘particle” as opposed to 
‘‘antiparticle” plays a leading role. They treat nega- 
trons, positive mu mesons and nucleons as “particles,” 
as do Stech and Jensen. However, it seems that the 
arguments of Konopinski and Mahmoud remain valid, 
especially insofar as forbidden processes are concerned, 


5 E, J. Konopinski and H. M. Mahmoud, Phys. Rev. 92, 1045 
(1953). 
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if one lets the “particles” be positrons, negative mu- 
mesons and nucleons. 

We would also note that Peaslee? has shown that 
when the invariants are constructed by associating the 
particles in the customary way (S, 7, etc), the Hamil- 
tonian S—7+P is an eigenvector of the operator 
which interchanges neutron and neutrino wave func- 
tions, but that for neutron-positron exchange the inter- 
action must be S+7+P. Again, there is no Hermitian 
Hamiltonian which allows interchange in both orders 
of pairing. 
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Excitation curves at 0° and 90° were studied for neutrons and y rays produced in bombardment of thin 
targets of Be®, B, B", C8, and O* by a particles with energies of from 1.8 to 5.3 Mev. Resonances were 
observed in the Be®(a,n)C” reaction at bombarding energies of 1.9, 2.3, 2.6, 3.98, 4.4, and 5.0 Mev. The 
C3(a,n)O"* reaction showed resonances at 2.09, 2.25, 2.42, 2.605, 2.69, 2.775, 2.825, 3.09, 3.33, 3.42, 3.67, 
3.73, 4.125, 4.42, 4.50, 4.63, 4.75, and 5.05 Mev. The B"(a,n)N* excitation curve has resonances at 2.16, 
2.25, 2.90, 4.53, 4.85, and 5.36 Mev, while the y-ray yield from the B°(a,py)C™ reaction showed all these as 
well as resonances at 3.6 and 3.95 Mev. The B"(a,n)C® reaction has resonances at bombarding energies of 
2.06, 2.60, 2.93, 2.97, 3.23, 3.54, 3.72, 3.92, 4.25, 4.34, and 5.00 Mev. The O'(a,2) Ne reaction was studied 
with a thicker target (90-130 kev). Resonances in the neutron yield were resolved at 2.21, 2.47, 2.57, 2.72, 
2.94, 3.24, 3.63, 3.91, 4.12, 4.22, 4.33, 4.52, and 4.82 Mev. Cross sections and widths of the resonances in 


the various reactions were determined. 


INTRODUCTION 


XCITATION curves of reactions from a-particle 
bombardment of the light elements have recently 
been studied extensively’ at energies up to 2.5 to 
3 Mev with an energy resolution of from 10 to 100 kev. 
Earlier experimental work? in this field was carried out 
using natural a emitters with limited resolution and 
intensity. Recent alterations in the Rice Institute Van 
de Graaff accelerator have made it possible to obtain 
a singly charged alpha-particle beam up to 5.5 Mev in 
energy with currents of up to 5 microamperes in the 


+ Supported in part by the U. S. Atomic Energy Commission. 

* Now at the College of the Pacific, Stockton, California. 

t Now at the California Institute of Technology, Pasadena, 
California. 

1 Bennett, Roys, and Toppel, Phys. Rev. 82, 20 (1951); 93, 
924(A) (1954). F. L. Talbott and N. P. Heydenburg, Phys. 
Rev. 90, 186 (1953); R. E. Trumble, Phys. Rev. 94, 748(A) 
(1954); E. S. Shire and R. D. Edge, Phil. Mag. 46, 640 (1955); 
Walton, Becker, Clement, and Zucker, Phys. Rev. 99, 1649(A) 
(1955); F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 
77 (1955). 

21. Halpern, Phys. Rev. 76, 248 (1949); R. L. Walker, Phys. 
Rev. 76, 244 (1949). 


target area. Excitation curves on several light elements 
were run for a-particle induced reactions, studying only 
neutrons and y rays as reaction products. The object 
of the experiments was to observe resonances in these 
reactions in order to find the energies of the excited 
states of the compound nuclei involved. Another pur- 
pose of the experiments was to obtain cross sections for 
the reactions as an aid in understanding the mechanism 
of disintegrations produced by a particles. 


EXPERIMENTAL PROCEDURES 


The modifications of the Van de Graaff generator 
consisted of installing a leak in the high-voltage terminal 
permitting helium to flow into the rf ion source at.the 
required rate of a few ml per hour. To keep the neutron 
background to a minimum, all measurements were 
conducted twenty feet from the analyzing magnet over 
a deep pit covered with a }-inch aluminum floor. 

The neutron detector used was a modified long- 
counter with a paraffin moderator 5 inches in diameter 
and 5 inches long surrounding a BF; counter which was 
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Fic. 1. Neutron and y-ray yields from the a-particle bombard- 
ment of a Be® target. The target was about 10 kev thick to 2-Mev 
alphas. Statistical errors are less than or equal to the diameter 
of the points. 


1 inch in diameter and extended to the front surface 
of the paraffin. This smaller and more compact counter 
was used in place of a long-counter so that considerable 
angular resolution could be obtained with the counter 
in a position such that its paraffin face was only 5 inches 
from the target. Under such geometrical conditions the 
background counts were small in comparison to the 
counts from thin targets of the elements that were 
investigated. The modified long counter does not have 
an exactly flat response, independent of neutron energy ; 
its efficiency for counting 4-Mev neutrons is only 60% 
as great as for 1-Mev neutrons. Neutron cross sections 
were obtained by using weighed targets and comparing 
the yield to that from a Ra-Be source calibrated by 
the National Bureau of Standards. The cross sections 
measured in this way are accurate for neutron energies 
that approximate that of the Ra-Be source, but may 
introduce uncertainties as great as 50% in some of the 
reactions which were studied. In order to check the 
thin-target cross-section measurements, an alternative 
method was used with thick targets where the difference 
in yield was obtained between two points on the 
excitation curve. When this was equated to the area 
under the corresponding portion of the differential 
excitation curve, a cross section was obtained. This 
latter method used the stopping power in the various 
target materials for 2-Mev a particles, a quantity 
which is known only to an accuracy of about 10%; 
however, this uncertainty was usually as small as that 
of the mass of evaporated ntaterials on the thin targets. 

A 1 in.X1 in. Nal crystal mounted on a DuMont 
6292 photomultiplier tube was used for the y-ray de- 
tector. Gamma-ray cross sections were obtained by 
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using the yield of 4.4-Mev y rays from a standardized 
RaD-Be source assuming 0.6 y rays per neutron.’ This 
is thought to be accurate to about 10%. Direct calcu- 
lation of the efficiency of the NaI counters for 4.4-Mev 
¥ radiation gave results which would give cross sections 
that are 15% larger. The detector efficiencies were 
corrected where the y-ray energy was different from 
that used for calibration. 

Bombarding energies were determined by measuring 
the magnetic field in the analyzing magnet with a Li’- 
moment detector. The Li’(a,n) threshold, which was 
calculated from mass values to occur at 4.385-+0.005 
Mev, was used for calibration at the higher energies 
and the Li’(p,n) threshold for molecular hydrogen at 
lower energies. Energies below 4.5 Mev are believed to 
be accurate to 15 kev. Above this energy bombarding 
energies are kndwn to approximately 30 kev. More 
rapid accumulation of carbon on the targets was ob- 
tained with a-particle bombardment than with protons 
or deuterons; errors in absolute energy determinations 
as great as 40 kev were observed with targets that had 
only been bombarded for about 10 hours. 


Be®(a,n)C!*, Q@=5.71 Mev 


The excitation curve for this reaction is shown in 
Fig. 1. The neutron curve includes the total neutron 
yield, while the y rays are almost entirely due to the 
4.4-Mev state in C”. It is estimated that at most 10% 
of the y-ray yield could be caused by neutrons in the 
Nal crystal. 

As is to be expected, all the resonances found for 
4.4-Mev y rays also appear in the neutron yield since 
they are due to neutrons leaving C” in its 4.43-Mev 
first excited state. Not all the neutron resonances, 
however, show up as peaks on the y-ray excitation 
curve. The information on the resonances is summarized 
in Table I. The neutron resonances at 1.9, 2.3, and 2.6 
Mev agree with those found by Trumble,' who studied 
the neutron yield up to 3.5-Mev bombarding energy, 
except for the state he reports at 3.4 Mev. No peak was 


TABLE I. Resonances in the reactions Be®(a,n)C” 
and Be®(a,ny)C™. 








Excitation 
energy in C¥ 
Other 
reac- 
tions 
(Mev) 


Reso- Differential cross sections, mb/sterad 

nance (laboratory coordinates) 

widths Neutrons Neutrons Gammas Gammas 
(kev) 0°-20° 70°-110° 0°-10° 60°-90° 


Present 
work 


E 
(Mev) (Mev) 





200 . 2 : 11.92» 
~200 


30 








® Uncorrected for effects of Coulomb barrier penetration. 
bH. Hall and T. W. Bonner, Bull. Am. Phys. Soc. Sec. II 1, 96 (1956). 
¢ Becker, Perkins, and Barschall, Phys. Rev. 99, 1649(A) (1955). 


J). E. Diller and M. F. Crouch, Phys. Rev. 93, 362(A) (1954). 
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Fic. 2. Neutron yields from the a-particle bombardment of a 67% enriched C™ target. The target was about 
20 kev thick to 3-Mev a particles. Since several of the resonances are narrower than 20 kev, the differential cross- 
section scale does not always indicate the true differential cross sections. 


found in this experiment corresponding to a resonance 
at that energy. The previously reported? broad rise at 
4.4 Mev was resolved as due partly to the narrow reso- 
nance at 3.98 Mev and to two or more broad resonances. 
The resonances at 1.9 and 2.3 Mev give energies of 
excited states in C® which are 50 to 80 kev higher than 
the states found in C® by neutron scattering in C”. 
With such wide levels in the compound nucleus the 
effects of the Coulomb barrier penetration on the a par- 
ticles would tend to displace the peaks to higher 
energies. The cross section calibration was made at the 
1.9-Mev resonance using both weighed evaporated Be 
targets on 0.002 in. aluminum foil and a thick Be 
target. A stopping power of 1.40 Mev/mg/cm? was used 
for 1.9-Mev alphas in Be®. The excitation curve was 
made using a target which was 5-10 kev thick depending 
on the bombarding energy. It is estimated that the 
neutron cross sections are accurate to about 25% while 
the y-ray cross sections are probably known to 40%. 
All cross sections, angles, and energies are given in the 
laboratory system. 

The differential cross section for neutron emission is 
in good agreement with the total cross-section measure- 
ments of Halpern,’ who obtained a cross section of 0.40 
barn at 5.3 Mev and 0.13 barn at 1.9 Mev. 


C!3(a,n)O', 0=2.20 Mev 


The excitation curve for this reaction is given in 
Fig. 2. For most of the excitation curve, only the 
neutron group that leaves O"* in its ground state can 
be observed. No y radiation was observed from this 
reaction that could be attributed to anything but 
neutron effects in the Nal crystal. The threshold for 
the 6.06-Mev state in O'* was observed at a bombarding 
energy of 5.05 Mev, as is shown by the sharp rise in 
the 0° neutron yield with no corresponding rise in the 
90° yield. All the resonances observed are listed in 
Table II. The excitation curves were obtained with a 
target that was 20 kev thick for 3.0-Mev a particles 
and several of the resonances had an experimental 
width which was approximately this amount, indicating 
a true width which was narrower than 20 kev. For those 
resonances which were narrower than the target thick- 
ness, an approximate value of the width was obtained 
from measuring the energy interval for the rise on the 
leading edge of the resonances. Cross sections were 
calculated by assuming the resonances to have the 
widths listed in Table II, and using 20 kev for the 
target thickness. The actual measurement of the cross 
sections was made with a weighed C* foil from which 
the yield of the 4.42-Mev resonance was measured. 
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This counting rate was compared to that from the 
calibrated Ra-Be source. With the exception of some 
of the lower resonances, for which interference effects 
appear to be strong, all the resonances were observed 
to be more intense in the forward direction than at 90°. 
Similarly, interference can account for the energy 
difference in some of the peaks, as observed at the two 
angles. These were at 2.43, 3.425, and 4.7 Mev at 0° 
and 2.40, 3.405, and 4.77 Mev at 90°. It seems remark- 
able, in view of the results obtained from the other 
isotopes studied, that the nonresonant yield between 
3.5 and 4.0 Mev was virtually zero. 

The lower levels observed are in good agreement 
with other work! on the same reaction. Some informa- 
tion in this region of excitation of O' is known from 
the neutron scattering experiments with O'*; however, 
as can be seen from the levels listed above 9 Mev in 
Table II, many levels were not observed in the neutron 
scattering experiments because of the limited energy 
resolution. 

B°(e,n)N'*, Q@=1.07 Mev and 
B"(a,py)C*, Q=4.07 Mev 


Resonances in the neutron yield and y-ray yield 
obtained with a 96% B" target are shown in Fig. 3. 
The neutron yield can be due to neutrons leaving N™ 
in its ground state or first excited state at 2.37 Mev, 
and above 3.4 Mev bombarding energy in the second 
and third states. The NaI counter was biased in such a 
manner that it would efficiently detect the 3.68- and 
3.86-Mev y ray from C*, Because of the limited resolu- 
tion of a scintillation detector, it is impossible to state 
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TABLE II. Resonances in the reaction C(a,n)O"*. 








Differential cross 
sections, mb/sterad 
(laboratory 

nance coordinates) 


width Neutrons Neutrons 
(kev) 0°-10° 80°-100° 


100 2.7 4.6 
100 6.7 6.2 8.06" 

80 14 6.8 8.21 

<6 12 >15 8.3,¢ 8.358 
10 8.41," 8.38" 
10 465 8.47." 8.468 
<7 8 8.51," 8.5® 
90 9.1 8.70," 8.7 
150 8.91," 8.878 
8.96," 9.0 


Excitation 

energy from 

other work 
(Mev) 


Reso- 
Excitation 
energy in 

O17 (Mev) 
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* Resonances in the C'(a,n)O!* reaction, Walton, Becker, Clement, and 
Zucker, reference 1; R. E. Trumble, reference 1, 

b Data on scattering of neutrons in O' (Los Alamos) given by D. J. 
Hughes and J. Harvey, Brookhaven National Laboratory Report BNL 325, 
1955 (unpublished). 

¢ Freier, Fulk, Lampi, and Williams, Phys. Rev. 78, 508 (1950); 
Baldinger, Huber, and Proctor, Helv. Pliys. Acta 25, 142 (1952). 


what fraction of the y-ray yield shown could be assigned 
to the 3.51-Mev y ray from N™, which has a threshold 
at an a-particle energy of 3.42 Mev. It is clear, however, 
from the cross sections that at least at the lower 
energies the y-ray yield is almost entirely due to the 
(a,py) reaction. 
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Fic. 3. Neutron and y-ray yields from the a-particle bombardment of a 96% enriched B" target. The target was about 10 kev 
thick to 2-Mev alphas. The resonances in the neutron yield assigned to B” and to B" are indicated. 
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Fic. 4. Neutron yields from the a-particle bombardment of B". The target was 15-kev thick to 2-Mev a particles. 





At energies above 4.5 Mev there is a prominent 
resonance on two of the curves at 5.35 Mev and a 
weaker resonance on all three curves at 4.85 Mev. 
There is some indication of several other weak reso- 
nances in this region which have not been listed in 
Table III. The resonances at bombarding energies of 
2.16, 2.26, and 2.90 Mev have been previously reported.! 
Some of the peaks observed correspond to resonances 
observed in the C”(d,p)C™ reactions, where the com- 
pound nucleus is also N™. The characteristic feature of 
the neutron yield is a very low cross section, compared 
to the other elements studied, up to approximately 
3.4 Mev. Between 3.4 and 4.5 Mev the neutron yield 
at 90° shows an increase of a factor of 6. This large 
increase is probably due to a stronger competition 
between the (a,m) reaction to the (a,py) reaction at 
energies where the N™ may be left in its second and 
third excited states. These states have spins of 3/2~ and 
5/2+ and are mirror states of the levels in C™ at 3.68 
and 3.86 Mev, which give rise to the y rays which have 
an intensity about 10 times as great as the neutrons at 


TABLE ITI. Resonances in the reactions B”(a,n)N¥ 
and B(a,py)C®. 








Differential cross Excita- 
Reso- sections, mb/sterad tion 

nance (laboratory coordinates) energy 
widths Neutrons Neutrons Gammas_ in N* 
(kev) 0°-20° 70°-110° 40°-S0° (Mev) 


Excitation 

energy from 

other work 
(Mev) 
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* F. L. Talbott and N. P. Heydenburg, reference 1. 
> Bonner, Eisinger, Kraus, and Marion, Phys, Rev. 101, 209 (1956). 
¢ E. S. Shire and R. D. Edge, reference 1, 


bombarding energies below 3 Mey. Such a change in 
yield would be expected from levels in the compound 
nucleus with J> 2, since B™” has an angular momentum 
of 3 and the ground state and first excited states of N% 
are 1/2-. 

Both the neutron and the y-ray cross sections were 
determined from the weighed evaporated B targets 
which were 96% B"; an additional check was obtained 
by comparing the cross section of B” to that of B" 
from the relative intensities of the B® and B" resonances 
as observed with the 96% B"” targets. The target used 
in the excitation curve was thin compared to all the 
resonances observed. 


B"(a,n)N“4, Q=0.15 Mev 


An evaporated normal boron target which was about 
15 kev thick for 2-Mev a particles was used to investi- 
gate the yield of neutrons from B". Neutrons were 
observed at 0°-20° and at 70°-110°, and y radiation at 
85°-95°. The results for neutrons are shown in Fig. 4. 
The Nal crystal which was used as a + detector was 
biased so that it would count y radiation of 2.31 Mev 
from the first excited state of N™ as well as the 3.09-, 
3.68-, and 3.86-Mev ¥ radiation from C"*. The resulting 
yield of y radiation showed the same resonances as 
that obtained from a B" target with the exception of 
a resonance at 5.00 Mev which was the only one which 
could be attributed to B". These results indicate that 
the yield of y radiation from the reaction B"(a,py)C® 
is much greater than from the reaction B"(a,ny)N™ 
except at the 5.00-Mev resonance. From the data of 
Fig. 4, the widths and differential cross sections of nine 
resonances were determined and are given in Table IV. 
Two of the resonances at 2.93 and 2.97 Mev were as 
narrow as the target thickness and so were investigated 
with a target that was approximately 4 kev thick. The 
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results, which are given in Fig. 5, indicate that the 
resonance at 2.93 Mev is narrower than 3 kev and that 
the higher resonance has a width of 7 kev. In addition 
to the sharp resonances there is a rise in the continuum 
between resonances in the region from 2 Mev to 4 Mev. 
This slow rise may be due to one or more wide reso- 
nances or to a continuum. The resonance at 3.92 Mev 
has a normal resonance shape at 70°-110° but appears 
as an antiresonance at 0°-20° due to interference effects 
with the continuum. Below 3.5 Mev the contribution 
to the total yield of neutrons from B" is negligible. 
Above this energy the yield of neutrons from B” rises 
rapidly and at the 4.53-Mev resonance in B” amounts 
to 36% of the yield at 0°-20° and 17% at 70°-110°. 
The yield of neutrons from B'® has been subtracted 
from the experimental data so that the curves of Fig. 4 
give the true cross section for B™. 

Experiments of Trumble! above 2 Mev indicated 
resonances at 2.09, 2.63, 3.00, and 3.26 Mev and 
experiments by Shire and Edge' showed the resonance 
at 2.05 Mev. The doublet at 2.93 and 2.97 Mev was 
not resolved in the earlier experiment. The same 
excited state in the compound nucleus N" at 12.49 Mev 
has also been observed in the elastic scattering of 
neutrons from N"“.4 A number of the higher excited 
states of N'® have also been observed in neutron 
scattering experiments‘ but the resolution in the experi- 
ments was not sufficient to clearly resolve all the levels 
that were found in the present experiments. 

The differential cross section for neutron emission 
from B"-+-a has not been previously reported. The total 
cross section experiments of Walker? with a polonium 
source give a value of 0.17 b at 4 Mev and 0.22 b at 
5.0 Mev, which amounts to 13.5 and 17.4 mb/sterad, 
respectively, if spread uniformly in all directions. These 
values are in rough agreement with the 70°-110° cross 
sections obtained in the present experiment. 


TABLE IV. Data on the resonances in the reaction B"(a,n)N™ 








Differential cross 
sections, mb/sterad 
Reso- (laboratory 
nance coordinates) 
widths Neutrons Neutrons 
(kev) 0°-20° 70°-110° 


Excita- 
tion 
energy 
in N15 
(Mev) 


Excitation 
energy in 
N'5 from 
other 
work 


Angular 
a-par- m 
ticle 
energy 





12.49a.b 
12,938 


5/2*+® 
3/2-* 


LM BG Ses Go 2900 09 
Seesseceses 
PUNN wWIWOS 


14.66 








« J. L. Fowler and C. H. Johnson, reference 4, 
bE. S. Shire and R. D. Edge, reference 1. 
¢ D, J. Hughes and J. Harvey, see footnote b of Table II. 


4J. L. Fowler and C. H. Johnson, Phys. Rev. 98, 734 (1955); 
D. J. Hughes and J. A. Harvey, Brookhaven National Laboratory 
Report BNL 325, 1955 (unpublished). 
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Fic. 5. Neutron yields from the a-particle bombardment of B"™ 


near the narrow resonances at 2.93 and 2.97 Mev. The target 
thickness was approximately 3 kev. 


O'8(a,n)Ne*!, Q= —0.70 Mev 


O'8 enriched to 40% isotopic concentration was 
kindly provided by Professor A. O. C. Nier. The targets 
were prepared by heating a tungsten disk in an induc- 
tion heater with a sample of the enriched oxygen. 
A surface layer of the target was thus transformed into 
tungsten oxide with the approximate composition of 
W,0;. The targets which were prepared primarily for 
use with protons and deuterons were rather thick for 
a-particle experiments, being about 90 kev thick for 
5-Mev a particles. The excitation curve for neutrons 
at 0°-30° is shown in Fig. 6. A number of resonances 
are shown by the curve and undoubtedly others are 
present but are not resolved because of the relatively 
thick target. 

Cross sections were obtained by estimating the 
amount of oxygen in the target from the yield obtained 
in measuring the O'*(d,n) threshold.® Knowing the 


TABLE V. Resonances in the reaction O'8(a,n)Ne”. The values 
of Eq have been corrected for target thickness. 








Differential cross 
sections, mb/sterad* 
(laboratory 
coordinates) 
0°. 0° 


Excitation 
energy of 
Ne” (Mev) 


3 11.47 
9 11.68 
3 11.75 
6 11.89 
2 
2 


Resonance 
E. widths 
(Mev) (kev) 
2.21 30 
2.47 <15 
2.56 25 
2.72 
2.94 
3.24 
3.63 
3.91 
4.12 

4.22 | 
4.33 
4.52 
4.82 





0 

0 

2 

<15 2: 
~40 5 12.07 
~70 9 12.31 
~200 16 12.63 
13 12.86 

16 13.03 

~40 29 13.11 
~100 42 13.20 
~70 27 13.35 


~40 31 13.60 


~40 
~40 








® Cross sections are averages over the target thickness which varies from 
90 kev at the highest energies to 130 kev at the lowest energies. 


5 Harlow, Marion, Chapman, and Bonner, Phys. Rev. 101, 214 
(1956). 
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Fic. 6, Neutron yield from the a-particle bombardment of a 407 enriched O"* target. The target thickness varies 
from 90 kev to 130 kev. Many of the resonances are narrower than the target thickness and so the differential cross 
sections are the average values over the target thickness. 


O'*(d,n) cross section and the enrichment of the oxygen 
used, one can calculate the amount of O'* in the target. 
Since several steps were involved in the calculation of 
the cross section it is not believed to be accurate to 
better than +50%. Also, since most of the resonances 
are narrower than the target used, the resonance cross 
sections are actually higher than would appear from 
the scale on the excitation curve, which are averages 
over the target thickness. The energies of the 13 excited 
states in Ne” calculated from the resonances are given 
in Table V. No other excited states in Ne” have been 
observed above an excitation of 4.9 Mev. 


DISCUSSION 


Whereas some measure of similarity might have been 
expected between (a,) reactions on similar nuclei, such 
as Be® and C, which are similar on the basis of the 
a-particle model, their excitation curves turned out to 
be quite different. The C(a,n)O"* reaction is charac- 
terized by a large number of narrow resonances with 
very little overlapping between the levels, especially at 
higher bombarding energies. In the region between 
bombarding energies of 3.5 and 4 Mev the nonresonant 


yield appears to be essentially zero, with the resonances 
all being less than 20 kev wide. The a-particle bombard- 
ment of Be®, on the other hand, yields neutrons in the 
same region of bombarding energy that show several 
broad overlapping states and a large steadily rising 
yield. Only one comparatively narrow state was ob- 
served from this reaction, at 3.98 Mev with a width 
of 60 kev. It appears that if the levels in the compound 
nucleus are single-particle states so that their widths 
are to be explained entirely on the basis of penetra- 
bilities, then @ particles with an angular momentum of 
at least three are needed to explain widths of less than 
30 kev. Angular distribution studies on these reactions 
are now in progress in this laboratory. Definite spin 
and parity assignments might explain the differences 
observed in these two reactions. 

There is a large difference between the yields in the 
B"(a,n) and B"(a,n) reactions at the lower bombarding 
energies. At the higher bombarding energies the cross 
sections are not strikingly different. The cross section 
of the B'(a,py) reaction at the lower energies indicates 
that the cross sections for compound nucleus formation 
from B" plus alphas and B" plus alphas are not 
especially different. 
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Compound Nucleus Effects in Deuteron Reactions: C!*(d,«)B'! and C!*(d,t)C!’+ 
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Excitation functions for the C*(d,«)B" and C4(d,t)C” reactions have been measured at several laboratory 
angles in the range of deuteron energy from 1 to 3 Mev. Two prominent resonances were observed in the 
(dy) reaction at 1.80 Mev ('=55+10 kev) and at 2.20 Mev (f= 22+4 kev). The latter resonance was ob- 
served at 14 angles of observation from 25° to 140°. The 1.80-Mev resonance was observed at 9 angles in 
the (d,a) reaction and at 3 angles in the (d,#) reaction. The 2.20-Mev resonance was not found in the (d,t) 
reaction, but the a-particle group leaving B" in the first excited state was observed to be resonant at this 
energy. Both of the narrow resonances exhibit striking interference effects with the nonresonant background. 
An analysis of the interference effects at the 2.20-Mev resonance indicates that deuterons with 3 or 4 units 
of angular momentum are responsible for the formation of the corresponding N™ level. The differential cross 
section for the (d,w) reaction was measured at 17 angles from 11.2° to 144.6° (c.m.) at Ez=2.28 Mev. Terms 
at least as high as cos‘# are necessary to fit the forward peak. This forward peaking in the (d,a) reaction 
persists over the entire energy range studied in spite of the large number of resonances in this region. This 
behavior suggests that some of the approximations usually made in the theory of highly excited states of 


nuclei are not of general validity. 





INTRODUCTION 


HEN a nucleus is bombarded with deuterons the 
intermediate nucleus is formed in a highly ex- 
cited state. For the light nuclei, these excitation energies 
are usually 15 Mev or greater. The virtual levels that 
are formed can almost always emit highly energetic 
protons, neutrons, and a particles. Consequently the 
energy states in these regions are generally not well 
defined and are difficult to study. The stripping theory 
has had great success in obtaining the spins and parities 
of the states of the residual nuclei formed in (d,n), 
(d,p), and (d,t) reactions, and much effort has recently 
been placed on this aspect of deuteron reactions. For 
these reasons the compound nucleus effects in these 
reactions have not been emphasized nor well studied 
except for reactions produced in the deuteron bombard- 
ment of the tightly bound nuclei, C and O"*. In these 
cases, the excitation energy in the compound nucleus is 
sufficiently low that many discrete resonances (with 
widths ~0.1 Mev) have been observed. 

It has been found that, in the light nuclei, the angular 
distributions obtained for (d,z) and (d,p) reactions are 
usually well described by the Butler’ theory when the 
bombarding energy is about 4 Mev or greater, i.e., 
when the deuteron energy exceeds the Coulomb barrier. 
At energies of less than about 1 Mev, the stripping 
contribution to the cross section is usually small and the 
cross sections increase with bombarding energy follow- 
ing the penetration function, indicating that a com- 
pound nucleus is formed. It is therefore to be expected 


t Supported t, the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. A report of 
this work was given at the Houston meeting of The American 
Physical Society, February, 1956 [Bull. Am. Phys. Soc. Ser. II, 
1, 94 (1956)]. 

* National Science Foundation Postdoctoral Fellow. 

t International Corporation Administration Research Fellow, 
on leave of absence from Max Planck Institut fiir Chemie, 
Mainz, Germany. 

1S, T, Butler, eek: Roy. Soc. (London) A208, 559 (1951). 


that the range of deuteron energies from about 1 Mev 
to about 4 Mev will produce competition between com- 
pound nucleus formation and the rising contribution 
from stripping. 

These effects have been observed and studied in the 
C"+d reactions up to bombarding energies of 6.1 
Mev.?~* At the lower energies, the reaction appears to 
proceed almost entirely by compound nucleus forma- 
tion, while the stripping process appears to dominate 
at the higher energies. Even up to 6 Mev, however, 
compound nucleus effects are still quite apparent, 
giving rise to a much larger cross section for angles in 
the backward hemisphere than is predicted on the 
basis of the stripping theory. 

Pronounced resonances also have been observed?® in 
the deuteron bombardment of O'*. In this case com- 
pound nucleus effects in the (d,p) reaction appear to 
be more pronounced for the ground-state proton group 
than for the group leaving O" in the first excited state. 
The O'*(d,n)F"7 reaction has also been found to exhibit 
weak, broad resonances, some of which correspond to 
those observed in the (d,p) reaction.® 

Such detailed information as exists for the C’+d 
and O'*+d reactions has not yet been obtained for the 
rest of the light nuclei, although a few angular dis- 
tributions and excitation functions for at least one 
angle of observation have been measured for the (d,p) 


2 Bonner, Eisinger, Kraus, and Marion, Phys. Rev. 101, 209 
(1956). 

3 Holmgren, Blair, Simmons, Stratton, and Stuart, Phys. Rev. 
95, 1544 (1954). 

4 McEllistrem, Chiba, Douglas, Herring, and Silverstein, Phys. 
Rev. 99, 632(A) (1955); Takemoto, Dazai, Chiba, Ito, ae 
namata, and Watanabe, J. Phys. Soc. Japan 9, 447 (1954); 
Phillips, Phys. Rev. 80, 164 (1950); Bonner, Evans, Hanis. + 
Phillips, Phys. Rev. 75, ‘1401 (1949); Bailey, Freier, and Williams, 
Phys. Rev. 73, 274 (1948); Bennett, Bonner, Hudspeth, Richards, 
and Watt, Phys. Rev. 59, 781 (1941). 

5 Stratton, Blair, Famularo, and Stuart, Phys. Rev. 98, 629 
(1955); N. P. Heydenburg and D. R. Inglis, Phys. Rev. 73, 230 
(1940); J. C. Grosskreutz, Phys. Rev. 101, 706 (1956). 

6 Marion, Brugger, and Bonner, Phys. Rev. 100, 46 (1955). 
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Fic. 1. Momentum profile of the a particles and tritons from 
the deuteron bombardment of C™ at an energy of 1.30 Mev. The 
observation angle was 90° and the target was a thin C*-enriched 
foil. The CsI crystal detector was biased to respond to a particles 
and tritons but not to protons. The fluxmeter setting is propor- 
tional to the reciprocal of the momentum. 


reactions on Li®, Be’, B”, and C", up to a bombarding 
energy of 2 or 3 Mev by observing the emitted protons 
directly; residual activities corresponding to the (d,p) 
reactions on Li’, B", and F"® have also been measured 
as a function of energy.’ With the exception of the 
Li’(d,p) reaction, no pronounced resonances have been 
observed in these reactions. Much less experimental 
information concerning (d,v) reactions has been ob- 
tained. For bombarding energies above 1 Mev, only 
the Li®(d,a)He* reaction has been studied.® 

There has not yet been developed an adequate 
method of making calculations from the theory of the 
interference between the stripping process and com- 
pound nucleus formation’; furthermore, the deter- 
mination of resonance parameters for broad overlapping 
levels is virtually impossible even when stripping is 
not important. In spite of the present difficulties in the 
theoretical analysis of highly excited states in nuclei, 
it seems desirable to obtain further experimental in- 
formation concerning this energy region in the hope 
that more detailed results will hasten the development 
of the theory. 

In the planning of a program designed to investigate 
compound nucleus effects in deuteron reactions, it was 
felt desirable to make measurements on at least two 
different kinds of reactions for each target nucleus, 
namely, the (d,p) and (d,v) reactions. The (d,p) re- 
action is expected to exhibit interference effects between 
stripping and compound nucleus formation, while the 
(djx) reaction presumably proceeds entirely through 
compound states. In addition, for the reactions Be’+d 
and C*-+d, it is possible to obtain information concern- 
ing the (d,t) reactions as well. 

In general, both (d,p) and (d,v) reactions have large 
positive Q-values. It is frequently possible to separate 


7F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 

8 W. Whaling and T. W. Bonner, Phys. Rev. 78, 258 (1950); 
Heydenburg, Hudson, Inglis, and Whitehead, Phys. Rev. 74, 
405 (1948). 

®W. Tobocman, “A review of deuteron stripping at low and 
intermediate energies,” 1955 (unpublished); R. G. Thomas, 
Phys. Rev. 100, 25 (1955). 
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the proton groups by pulse-height analysis in a scintilla- 
tion detector after stopping the slower deuterons in a 
thin foil. By using an angular distribution chamber 
with observation ports at a number of angles, one may 
readily obtain excitation functions and angular dis- 
tributions for the (d,p) reactions. The situation becomes 
more complicated for the (d,a) and (d,t) reactions, since 
the emitted particles tend to be stopped in foils thick 
enough to prevent the deuterons from entering the 
detector, and magnetic or electrostatic analysis of 
these reaction products is usually necessary. 

In this paper we shall describe the investigation of 
the C¥(da)B" and C¥(d,t)C” reactions, using a mag- 
netic spectrometer to separate the reaction products, 
and in a later paper" we shall describe the investigation 
of the C%(d,p)C™ reaction, using an angular distribu- 
tion chamber and pulse height analysis in a scintillation 
detector to separate the desired proton group. Studies 
of deuteron reactions in Be’, B”, N", and F" are in 


progress. 
EXPERIMENTAL PROCEDURE 


A. General 


The separation of the reaction products in the deu- 
teron bombardment of C® was made with the Kellogg 
Laboratory’s 16-in. double-focusing 180° magnetic 
spectrometer. The momentum profile obtained at a 
bombarding energy of 1.30 Mev and at an observation 
angle of 90° is shown in Fig. 1. The target was a thin 
C®-enriched foil. The CsI crystal detector was biased 
to allow pulses from a particles and tritons, but not 
protons, to be counted. The protons could be readily 
discriminated against since the thickness of the crystal 
was approximately 0.0007 in. and protons with an 
energy greater than about 1.4 Mev pass through the 
crystal and consequently give only small pulses. The a 
particles and tritons were completely stopped and gave 
pulses corresponding to their full energy. The peaks 
shown in the spectrum are due to tritons leaving C” in 
the ground state and a particles leaving B" in the ground 
and first excited (2.14 Mev) states. The large width of 
the lower energy a-particle group is due to straggling in 
the foil target. 

The differential cross section for a particular reaction 
may be computed from a knowledge of the spec- 
trometer resolution and solid angle, the number of 
target atoms per cm’, the deuteron flux, and the area 
under the peak in the momentum profile obtained 
according to the relation, 

N(D) 
A= | ——d/, 

I 
where J is the fluxmeter current and NV (J) is the number 
of particles detected per unit deuteron flux at a flux- 


meter setting, 7." In order to obtain an excitation 


10 J. B. Marion and G. Weber (to be published). 
4 Snyder, Rubin, Fowler, and Lauritsen, Rev. Sci. Instr. 21, 
852 (1950). 
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function for a reaction, one needs to determine the 
area under the profile peak at each bombarding energy, 
since this quantity is directly proportional to the cross 
section. To facilitate the taking of data, only the maxi- 
mum counting rate in each profile at a particular 
energy was determined. Ordinarily, five or six points 
were necessary to establish the peak. An empirical 
correction curve, relating the peak counting rate to the 
cross section, was determined by taking complete pro- 
files at six bombarding energies between 1 and 3 Mev 
with the foil target. This curve was found to be identical 
for the ground-state a particles and tritons and is shown 
in Fig. 2. At low bombarding energies, straggling of the 
particles in the carbon foil and the greater thickness of 
the target to the incident deuterons increase the width 
of the profile and the shape tends to become trapezoidal. 
This effect is evident for the lower energy a-particle 
group in Fig. 1. As a result, the correction curve rises 
steeply as the bombarding energy is decreased below 
about 1.8 Mev. At higher energies the effects tending 
to increase the profile width are less important and the 
peak counting rate is almost directly proportional to 
the cross section. 

The correction curve of Fig. 2 was obtained at an 
observation angle of 90°. That the same curve was 
applicable for other angles was checked by taking 
profiles at 45° and 135°. No significant deviations from 
the 90° curve were noted. Owing to the greater straggling 
of the a-particle group leaving B" in the first excited 
state, a separate correction curve was necessary for 
this group. 


B. Target Composition and Thickness 


Targets enriched in C™ were prepared by cracking 
methyl iodide onto hot tantalum strips, following the 
method of Seagrave” and Milne. The manufacturer’s 
determination of the C enrichment was 60%. In 
order to check this figure, the ratio of the C¥(d,p) to 
the C(d,p) cross section was measured in the same 
geometry and at the same energy with foils made from 
the enriched sample and from a sample containing 
natural carbon (1.1% C). Owing to the low counting 
rate from the C¥(d,p) reaction in the natural carbon 
target, this measurement was accurate only to about 
15%. The value obtained for the enrichment was 
54+8%, in satisfactory agreement with the manu- 
facturer’s figure. The 60% value was used in the 
calculation of the cross sections. 

Two targets were used in these experiments, a self- 
supporting foil, stripped from the tantalum, and a 
thinner target on a tantalum backing. The thicknesses 
of these targets to 1.00-Mev deuterons was measured by 
observing the displacement of the elastic scattering 
edge between a tantalum blank and the tantalum back- 


2 J. D. Seagrave, Phys. Rev. 85, 197 (1952). 
13 FE, A. Milne, Phys. Rev. 93, 762 (1954). 
4 Eastman Kodak Company, Rochester, New York. 
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Fic, 2. Empirical correction curve relating the peak counts in 
a momentum profile to the differential cross section. The curve is 
for the ground-state @ particles and tritons from C%-+d and was 
obtained with the foil target. 


ing of the targets; a piece of clean tantalum was placed 
behind the foil for this measurement. The measured 
thicknesses at 45° to the beam direction were 38.4+1.0 
kev and 8.8+1.0 kev for the foil and thin target, respec- 
tively. Using a value of (7.38+-0.15)X 10~'® ev-cm? for 
the stopping cross section of carbon for 500-kev pro- 
tons,!® it was calculated that the foil target presented 
(3.12+0.10)10'8 C8 atoms/cm? when oriented at an 
angle of 45° to the beam. 

For 2.2-Mev deuterons, these targets had thicknesses 
of 27 kev and 6 kev. A less precise but confirmatory 
check on these thicknesses was obtained in the following 
manner. The relative counting rates from the two 
targets were measured at the same bombarding energy, 
and then the width of a narrow resonance in the C8 (d,a) 
reaction at 2.20 Mev was obtained for both targets. 
These three measurements allowed the target thick- 
nesses to be calculated; the values obtained were 28 
kev and 7 kev. 


C. Spectrometer Constants and Differential 
Cross-Section Calculations 


Direct measurements of the solid angle and resolution 
of the magnetic spectrometer have previously been 
made!® by scattering protons from copper. For the 
geometry employed in these experiments, the solid 
angle was 62.4X 10~ steradian and the resolution p/Ap 
was 452. An indirect check of these spectrometer con- 
stants was obtained by measuring the C(d,p) and 
C(d,p) differential cross sections at the same bom- 
barding energy and angle, using the foil target, with 
both the magnetic spectrometer and an angular dis- 
tribution chamber (described later), the solid angle 
of which was precisely known. The measurements were 
carried out at EHag=2.00 Mev, 6(lab)=30° and the 


16 Reynolds, Dunbar, Wenzel, and Whaling, Phys. Rev. 92, 
742 (1953). 
16 W. Whaling, private communication. 
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Fic. 3. Excitation curves for the C¥(d,«)B" (ground state) 
reaction as a function of the bombarding energy at observation 
angles of 45°, 90°, and 135°. The foil target was used and the 
energy scale is uncorrected for target thickness. 


values obtained are shown in Table I. The indicated 
errors are not independent since both include the un- 
certainties in target thickness, stopping cross section, 
and current integrator calibration. Since there is no 
significant difference between these measurements, it 
was concluded that the spectrometer constants used 
could not be seriously in error. A further check on these 
cross section measurements is afforded by the deter- 
mination of the C(d,p) differential cross section at 
Ea=2.00 Mev, 6(lab)= 30°, made by the Rice group, 
who obtained a value of 26+4 mb/sterad (lab), in 
excellent agreement with the present value. 

In view of the uncertainties in the target thickness 
(3%), in the stopping power of carbon (2%), in the C¥ 
enrichment (assumed 3%), in the spectrometer con- 
stants (1.5%), in the current integrator calibration 
(1%), in the determination of the peak counting rates 
(3%), and in the application of the correction curve 
(8%), the absolute differential cross-section measure- 


TaBLe I. Differential cross sections for oe p) and 
C¥8(d,p) at Ez=2.00 Mev, 0(lab)= 
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ments for the C¥(d,a) and C¥(d,t) reactions are prob- 
ably accurate to about 10%. 

Values of the C¥(d,a)B" and C¥(d,#)C” differential 
cross sections at Eg=1.00 Mev, @(lab)=90°, have 
previously been obtained by Li and Whaling.’” Their 
values are compared with the present results in Table IT. 
There is good agreement between the two determina- 
tions for both reactions. The published differential cross 
sections for the C¥(d,t)C” reaction measured at 2.19 
Mev by the Minnesota group* are larger than the 
present determination by approximately a factor of 2. 
However, the method by which their target thickness 
was measured probably underestimated the average 
thickness by about 30%.!* This would tend to reduce 
the cross sections and bring them into satisfactory 
agreement with the present results. 


RESULTS 
When C" is bombarded with deuterons, the following 
reactions may take place’: 
C(d,p)C% 
C8 (dn)N‘, 
C¥(d,a)B", 
cs (d,t)C®, 


Q=5.944 Mev; 
Q=5.317 Mev; 
Q=5.163 Mev; 
Q= 1.309 Mev. 


The corresponding reactions in C® all have much 
smaller Q-values, so that the highest energy particles 
of a given type produced in a carbon target enriched 
in C® result from the C¥+d reactions. 

By using the foil target, excitation functions were 
measured for the range of bombarding energy from 1 to 
3 Mev at observation angles of 45°, 90°, and 135° for 
the C¥(d,a)B" and C¥(d,t)C” reactions. These curves 
are shown in Figs. 3 and 4. The differential cross sec- 
tions in millibarns per steradian (lab) are plotted 
against incident deuteron energy (i.e., uncorrected for 
target thickness). At @=45°, the (d,t) curve could not 
be extended above 2.1 Mev since for these energies the 
triton momentum exceeds the limit of the spectrometer. 

In addition to a number of broad, overlapping reso- 
nances, several pronounced peaks were observed in both 
reactions. The only resonances which appear to be 
common to both reactions occur at 1.4 Mev and at 
1.80 Mev. The 1.4-Mev peak occurs at all three angles 


TaBLe II. Comparison of the differential cross sections for 
the —— and C¥(d,t)C" reactions at Ez=1.00 Mev, 
6(lab)=90 








Cross section, mb/sterad (lab) 
Li and Whaling'’ Present work 


7 +42 10.6+1.1 
1.7+0.4 1.50.2 


Reaction 


C8(d,a)B" 
C8(d,t)C® 














d,p) 27 +3 


Guat 28.6 +1.4 
C8(d,p) 4.4+0.4 


4.26+0.21 








17C, W. Li and W. Whaling, Phys. 
W. Whaling, private communication. 
18 J. M. Blair, private communication. 


Rev. 82, 122 (1951); 





COMPOUND NUCLEUS EFFECTS IN 


for the (d,a) reaction, whereas the (d,t) reaction shows 
only a weak effect at 90° and none at 45°. Both reactions 
show the most pronounced effects in the forward direc- 
tion and both show a tendency for the total cross sec- 
tion to decrease with increasing bombarding energy. 

One of the more interesting features of these excita- 
tion curves is the occurrence of the two relatively 
narrow resonances in the (d,a) reaction at 1.80 Mev 
(T=55+10 kev) and at 2.20 Mev (f=22+4 kev). 
The corresponding N" states are located at 17.71+0.01 
and 18.06+0.01 Mev; such narrow levels have not 
been observed at comparable excitation energies in 
other nuclei.’ Since both of these resonances show rather 
striking interference effects with the nonresonant back- 
ground, the region from Ez=1.6 to 2.3 Mev was in- 
vestigated at a number of other angles. At angles of 
72.5°, 80°, 90°, 100°, 110°, 120°, 130°, and 140°, this 
region was studied with the thin target; these data are 
shown in Fig. 5. In the forward direction the foil target 
was used and observations were made at angles of 25°, 
35°, 45°, 55°, and 65°; Fig. 6 shows these results. At an 
angle of 35°, the excitation function for the a-particle 
group leaving B" in the first excited state (2.14 Mev) 
was measured for this same energy range. This curve is 
presented in Fig. 7 and it shows the 1.80- and 2.20-Mev 
resonances as well. 
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Fic. 4. Excitation curves for the C¥8(d,t)C® (ground state) 
reaction as a function of the bombarding energy at observation 
angles of 45°, 90°, and 135°. The foil target was used and the 
energy scale is uncorrected for target thickness. 
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Fic. 5, Excitation curves for the C(d,a)B" (ground-state) 
reaction as a function of the bombarding energy in the vicinity 
of the 1.80- and 2.20-Mev resonances at 8 observation angles from 
72.5° to 180°. The thin target was used so that the corrections for 
target thickness are negligible. 


In the (d,f) excitation curve at 6=9%)° and 135°, 
there is a weak maximum near 2.2 Mev, In order to 
determine if this effect was due to the same compound 
nuclear state that gives rise to the narrow resonance in 
the (d,«) reaction, the energy region near 2.20 Mev was 
investigated with the thin target at angles of 90°, 
120°, and 140°. These curves are shown in Fig. 8 in 
which the (d,«) curves have been included for compari- 
son. The cross sections given are for the C'(d,t) re- 
action. It appears that there is a weak resonance for 
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Fic. 6. Excitation curves for the C¥(d,z)B" (ground state) 
reaction as a function of the bombarding energy in the vicinity 
of the 2.20-Mev resonance at 6 observation angles in the forward 
directions. The foil target was used and the energy scale is un- 
corrected for target thickness. 


the (d,#) reaction in this energy range, but the resonance 
energy is about 25 kev greater than that for the narrow 
(d,a) resonance. Furthermore, the width is about twice 


TABLE IIT. Resonances in C¥+d. 








Ea (Mev)* 


0.64 n,p 
0.85 n 
1.10 a 
1:,.24+0.04 t 
1,40+0.04 p,a,t 
1.55 
1.64+0.04 
1.78+0.05 
1.80+0.01 
2.20+0.01 
2.2340.02 
2.45 


r (kev) N'5 (Mev)> 


16.70 
16.89 
17.10 
17.22 


17.35 


17.57 
17.69 
17.71 
18.06 
18.08 


18.3 
19.15 


Emitted particles References 





£ 
Qa 
i) 


’ 


broad 
= 200 


~400| 


= 200 

= 600 
55+10 
22+ 4 
= 50 

= 400) 
270+70/ 
= 150 


> 
ae 


os 
= 


~ 


~ 
a 
> 
~~ 
> 


= 


So eo mrmn moO oO Oo 


SwerweRerns 


2.55 
3.46+0.03 








* Corrected for target thickness. 

>» Uncorrected for barrier penetration. 

© (dm) data from J. E. Richardson, Phys. Rev. 80, 850 (1950). 

4 (d,p) data from Koudijs, Valckx, and Endt, Physica 19, 1133 (1953), 
and C. D. Curling and J. O. Newton, Nature 165, 609 (1950). 

© (d,p) data from reference 10, 

! (d,a) and (d,t) data from this work. 

« (d,p) data from reference 19, 

* (d.m) data from Marion, Bonner, and Cook, Phys. Rev. 100, 847 (1955). 
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that for the (dj) peak. Therefore, these resonances 
appear to be distinct and if the (d,t) reaction has a 
resonance corresponding to the 2.20-Mev (d,a) reso- 
nance, it is certainly very weak. 

Table III summarizes the results obtained thus far 
on resonances in C¥+d reactions. The (d,) resonance 
at 2.45 Mev is probably the same as the 2.55-Mev 
resonance for the (d,p) and (d,a) reactions. Similarly, 
the 1.55-Mev resonance in the (d,m) reaction is prob- 
ably to be identified with the 1.40-Mev resonance 
which appears in the (d,a) and (d,f) reactions and in 
the integrated cross section for the (d,p) reaction,” 
since in the latter case the 90° yield shows the peak 
shifted to 1.55-Mev.’ Figure 5 shows that the 1.80- 
Mev resonance becomes quite weak at the most 
backward angles investigated. At 140° the effect ap- 
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Fic. 7. Excita- 
tion curve for the 
C8(d,a)B" (2.14-Mev 
state) reaction as a 
function of the bom- 
barding energy in the 
vicinity of the 1.80- 
and 2.20-Mev reso- 
nances. The foil tar- 
get was used and the 
energy scale is un- 
corrected for target 
thickness. 
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pears to have almost disappeared and an underlying 
resonance becomes discernible. This peak probably 
corresponds to the 1.78-Mev resonance observed in the 
(d,n) reaction. 

At a bombarding energy of 2.28 Mev, some additional 
data were obtained on the differential cross section for 
the (d,x) reaction at angles near the forward direction. 
These data were combined with the differential cross- 
section data of Figs. 3, 5, and 6, and are presented in 
the form of an angular distribution in Fig. 9. Measure- 
ments at 17 center-of-mass angles from 11.2° to 144.6° 
are shown and the data are summarized in Table IV. 
Two curves, one containing powers of cos@ up to cos 
and the other up to cos“# are shown in Fig. 9. The solid 
curve is of the form o(6)=6.0+6.2 cos#+3.1 cos 
+2.8 cos*?+ 21.9 cos‘? and the dashed curve is (6) 


1 Bennett, Bonner, Hudspeth, Richards, and Watt, Phys. Rev. 
59, 781 (1941). 
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= 4.0+-9.4 cos#+ 22.0 cos’@. It appears that terms at 
least as high as cos‘#, and probably higher, are neces- 
sary to give an adequate description of the angular 
distribution. The indicated errors apply to the absolute 
differential cross section. 
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Fic. 8. Excitation curves for the C¥(d,t)C” (ground-state) re- 
action as a function of the bombarding energy in the vicinity of 
the 2.20-Mev resonance. The curves for the C(d,a) reaction are 
the same as those shown in Fig. 5 and have been included for 
purposes of comparison. The thin target was used so that correc- 
tions for target thickness are negligible. The indicated differential 
cross sections are for the (d,t) reaction only. 


DISCUSSION 


A. Narrow Resonance 


It is clear from the manner in which the shape of the 
(dja) excitation function changes with the angle of 
observation at the 2.20-Mev resonance that there are 
strong interference effects between the resonant and 
nonresonant contributions to the cross section. In order 
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Fic. 9. Differential cross section for the C¥(d,a)B" (ground- 
state) reaction at a bombarding energy of 2.28 Mev. The dashed 
curve is a least-squares fit to the experimental points of the form 
a+b cos6+c cos’; the solid curve includes terms up to cos. 
See text for the coefficients. 


to obtain an angular distribution for the resonant por- 
tion, the two effects were separated according to the 
method of Bonner, Eisinger, Kraus, and Marion,? in 
which the total differential cross section, o(£,9), is 
written as the square of the sum of two parts, a non- 
resonant or “background” term and a resonant term 
which obeys the Breit-Wigner relation: 


or? (6) 


o(E,0) = |op(EP)e® +3 a 
E-E,+4ir 

where o,!(E,9)=amplitude of the nonresonant back- 
ground, or!(6)= amplitude of the resonant contribution, 
5(6)=relative phase between cg! and ori, I'=total 
width, E=bombarding energy, E,=resonance energy, 
and 6=c.m. angle. 


TaBLeE IV. Differential cross sections for the C¥(d,a)B" 
reaction at Ey=2.28 Mev. 








@ (c.m.) 


11.2° 
16.8° 
22.5° 
28.0° 
33.6° 
39.1° 
50.1° 
60.9° 


6 (c.m.) 


15° 
793° 
87.1° 
97.2° 
107.1° 
116.8° 
126.2° 
135.5° 
144.6° 


o, mb/sterad (c.m.) 


9.8+1.0 
8.2+0.8 
6.4+0.6 
5.0+0.5 
4.8+0.5 
5.10.5 
5.80.6 
6.90.7 
10.2+1.0 


o, mb/sterad (c.m.) 


38.043.8 
36.043.6 
34.943.5 
30.0+3.0 
24.142.4 
17.6+1.8 
14.8+1.5 
12.0+1.2 
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It is necessary to choose the three parameters cz}, 
or’, and 6 to fit the experimental points. This is done 
by first estimating what the excitation function would 
be if the resonance were not present; i.e., a curve is 
drawn through the resonance region which joins 
smoothly on to the experimental curve a few half- 
widths away from £,. Such curves must be drawn for 
the data at each angle and therefore cz} is a function 
of E and @. Then cp! and 6 are chosen to make o(E,6) 
agree with the experimental curve. This process is 
carried out graphically and the parameters giving the 
best fit are said to characterize the resonance con- 
tribution at that angle. This procedure is an over- 
simplification of the actual situation since it neglects 
the effects of spin. If such effects were taken into 
account, both terms in the expression for o(£,) would 
require averages over the projections of the incoming 
channel spins and sums over the projections of the 
outgoing channel spins. If the compound nucleus state 
is assumed to have a definite J-value and parity, it is 
reasonable to consider only the smaller of the two deu- 
teron angular momenta which may form this state; 
however, the nonresonant background contains con- 
tributions from many broad levels with differing J- 
values and parities and many deuteron angular mo- 
menta are effective. 

It is just this latter effect which introduces a great 
complication into the analysis since the background 
contains contributions from deuteron angular momenta 
at least as large as 2, and probably 3. Furthermore, the 
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Fic. 10. Angular distribution of the interference term, 
optort, at the 2.20-Mev resonance in the C8(d,)B" (ground- 
state) reaction. 
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data of Figs. 5 and 6 indicate that the resonance still 
appears in the total cross section and is asymmetric. 
This could occur only if the interference term, (which 
contains og'cp') does not vanish when integrated over 
angles, and therefore implies that cg!c? contains a 
Po(cos@) term. If op! contains angular terms up to 
P;(cos@), if og! contains terms up to Py, and if cgiop! 
contains terms Py, then {|/—/’|<L<|/+/’'|. The 
nonvanishing of the integrated interference term im- 
plies that the minimum value of L is zero. Conse- 
quently, the nonresonant background must contain 
contributions from deuteron angular momenta at least 
as large as that required to form the 2.20-Mev reso- 
nance. Therefore, /</' max. Figure 10 shows the angular 
distribution of the interference term obtained from the 
analysis of the data of Figs. 5 and 6. Terms at least as 
high as cos are necessary to give a description of such 
a complicated angular dependence. Therefore, /+-/’>6 
and since /’/>2 and probably > 3, it seems reasonable 
to conclude that /=/’>3. 


TaBLE V. Reduced widths for deuterons and a particles 
at the 2.20-Mev resonance in C¥(d,a)B". 








a-Particles> 


Ya?/ ( ; aa) 


Deuterons* 
(3 fe 
Ye? | (5 ==) 
6.7X 1075 
1.210~4 
4.4x10~* 
3.8X 10-3 
6.4X 107 
3 c 





3.6X 1073 
3.810 
4.2X 10% 
5.110% 








® R(C8+d) =4,40 X10-" cm. 
b R(BU +a) =5.60 K10-" cm. 
© Extrapolated. 


Figure 11 shows the relative phase, 6(@), between the 
resonant and nonresonant parts of the differential cross 
section at the 2.20-Mev resonance. That the inter- 
ference term does not vanish when integrated over 
angle is also shown by the shape of the function 6(@), 
which would tend to have as many positive as negative 
values if the integral were to vanish. 

The total resonance cross section may be estimated 
in the following manner: 


fwto- ( f crtensit) ( f cuit) 


The value obtained was fcrdQ2&1 mb. This is to be 
compared with a value of about 150 mb for the total 
cross section at this energy. Even though the resonance 
cross section is less than one percent of the total cross 
section, the resonance is rendered observable by virtue 
of the much larger (~16%) ratio of the interference 
term to the total cross section. The total width, I, is 
22+4 kev. It is known that I’; is small; furthermore, no 
narrow resonance at this energy is found in either the 
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(d,p) reaction” or in the (d,m) reaction,” so that 
I',+I, must also be small. Since the angular dis- 
tribution indicates that deuteron angular momenta of 
at least 3 are involved, ['g is probably much smaller 
than [',, and therefore, ',=I’. Consequently, ['g may 
be obtained from the Breit-Wigner formula if we take 
for the statistical factor 


(2J+1) 


1(2J+1) 1 


(2s+1)(2F+1)(2/+1) 6 QI+1) 6 


The partial width obtained for the deuteron is 'g0.2 
kev. By using the tables of Coulomb wave functions of 
Breit and his co-workers,” the penetrabilities for the 
deuterons and a-particles were computed. The ratios of 
the reduced widths to the sum-rule limit were then 
calculated and are shown in Table V. For a deuteron 
angular momentum of 4, the reduced width is only 6% 
of the limit. The angular distribution indicates that 
lg>3, while the reduced widths require that /g<4. 
Therefore, 3 or 4 units of angular momentum must be 
supplied by the incoming deuteron in the formation of 
the 18.06-Mev state in N'®. Another possibility that 
could account for the very small width of this level is 
that this state is rendered narrow by violation of 
isotopic spin conservation. This possibility can be 
considered since the region of excitation near 18-20 
Mev in N' probably contains the first T=5/2 levels 
of that nucleus. If the reaction were to proceed through 
such a state it would require AT=1, and consequently 
a small width. 

It was not possible to analyze the 1.80-Mev resonance 
by the method used on the 2.20-Mev resonance because 
of the larger width and the more complicated nature of 
the background (there is an additional resonance at 
1.78-Mev). It is evident, however, from the excitation 
curves of Figs. 5 and 6 that the resonance contribution 
is peaked near 90°. The fact that the effect of this 
resonance almost disappears at the 130° and 140° 
(Fig. 5) and is quite small at 45° (Fig. 3) indicates that 
the isotropic term in the angular distribution is prob- 
ably small. 


B. (d,a) Angular Distribution 


The angular distribution of the a particles taken at a 
bombarding energy of 2.28 Mev (Fig. 9) shows a pro- 
nounced forward peaking which requires terms at 
least up to cos‘@ to give an adequate representation of 
the experimental data. It is clear from the excitation 
functions measured at observation angles of 45°, 90°, 
and 135° (Fig. 3), that this forward peaking persists 
over the entire deuteron energy range studied (1 to 
3 Mev). 


® Marion, Bonner, and Cook, Phys. Rev. 100, 847 (1955). 
21 Bloch, Hull, Broyles, Bouricius, Freeman, and Breit, Revs. 
Modern Phys. 23, 147 (1951). 
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Fic. 11. Relative phase between the resonant and nonresonant 
parts of the cross section at the 2.20-Mev resonance in the 
C¥(d,x)B" (ground-state) reaction. 


Wolfenstein” has shown that, in reactions proceeding 
through a compound nucleus which is sufficiently highly 
excited to allow the use of the statistical theory, the 
emitted particle groups are distributed symmetrically 
about 90°. This result requires the assumption that the 
interference terms between states with differing J- 
values and parity (which would destroy the symmetry) 
tend to cancel when averaged over many levels because 
the outgoing waves have random phases. This is 
equivalent to the assumption that the y,-, the square 
roots of the reduced widths of the levels \ and the 
channels c, which occur in the R-matrix formulation of 
nuclear reactions,* are uncorrelated in sign. Since 
(dja) reactions are thought to proceed through com- 
pound nucleus formation and since the regions of ex- 
citation reached in deuteron-induced reactions contain 
many overlapping levels, on the basis of random phases 
(i.e., uncorrelated y,.), the angular distribution should 
be symmetric about 90°. Since the present experiments 
have shown that this is not the case for a wide range of 
excitation energies in the C'¥(d,a) reaction, it is possible 
that a highly excited compound nucleus can be formed 
in such a way that the y), are correlated. 

Thomas” has pointed out that in the surface region 
of nuclei, where the interactions are not as strong as in 
the interior, the y,. can become correlated and that 
therefore by increasing the channel radii to include this 

2 L. Wolfenstein, Phys. Rev. 82, 690 (1951). 


8 E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947). 
*4 R. G. Thomas. Phys. Rev. 97, 224 (1955). 
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surface region, the R-matrix theory can account for 
such processes as pickup and stripping reactions. This 
procedure requires the explicit use of wave functions 
and a weak-interaction potential. It does not seem 
realistic to try to account for the forward peaking in a 
(dj) reaction using the customary approximations for 
the treatment of surface phenomena (i.e., pickup or 
direct interaction). Nevertheless, it appears that some 
sort of a direct interaction process holds the only hope 
as a basis for calculations. 


PHYSICAL REVIEW VOLUME 


102, 


MARION AND G. WEBER 


ACKNOWLEDGMENTS 


The authors would like to express their appreciation 
for several helpful discussions with Professor R. F. 
Christy, Professor W. A. Fowler, and Professor T. 
Lauritsen. They would also like to thank the National 
Science Foundation and the International Cooperation 
Administration for research fellowships held during 
the course of this work, and the members of the Kellogg 
Radiation Laboratory staff for extending to them the 
use of the laboratory’s facilities. 


NUMBER 5 JUNE 1, 1956 


Anomaly in Energy Level Density Measurements* 


G. Ico anp H. E. WEGNER 
Brookhaven National Laboratory, Upton, New York 


(Received January 23, 1956) 


An analysis of nuclear reactions in the intermediate energy range has been made in terms of the statistical 
theory of nuclear reactions using the Fermi gas level density, const Xexp[(aE)*], where E is the energy of 
excitation. The quantity, 2, determined from excitation function experiments and from the (a,p) reaction 
at 40 Mev shows an anomalous behavior when plotted against atomic number, A. On the other hand, the 
values of a determined from several inelastic scattering and reaction experiments show the correct de- 
pendence on A. The effects of noncompound-nucleus processes are discussed. 


HE dependence of the density of energy levels on 

excitation energy can be determined' from 
reaction and inelastic scattering experiments and from 
a study of excitation functions for reactions in which 
neutrons are emitted from the compound nucleus 
produced by bombardment with energetic particles or 
photons. Data from reaction, inelastic scattering, and 
excitation function measurements has been analyzed 
in terms of the statistical model of nuclear reactions 
employing the Fermi gas level density formula, w(£) 
=C exp[ (aE)! ]. The quantity, w(), is the energy level 
density; C and a are constants; and £ is the nuclear 
excitation energy. Figure 1 shows a compilation of the 
values of a obtained from the analysis. 

The anomaly is that the values of a obtained from 
the analysis of y-ray, neutron, and charged-particle 
excitation function data? and from the 40-Mev (a,p) 
experiment® are reasonably independent of A and 
abnormally small for large A. These values of a are 
grouped about the line, a= 8 Mev-. This is in disagree- 
ment with the Fermi gas prediction of a=constX A. 


* Work performed under the auspices of the U. S. Atomic Energy 
Commission. 

1 See for instance, J. M. Blatt and V. F. Weisskopf, Theoretical 
Nuclear Physics (John Wiley and Sons, Inc., New York, 1952), 


p. 365. 
2K. G. Porges, Phys. Rev. 101, 225 (1956); E. Kelly and E. 


Segré, Phys. Rev. 75, 999 (1949); G. Temmer, Phys. Rev. 76, 
424 (1949); Brolley, Fowler, and Schlacks, Phys. Rev. 88, 618 
(1952); Bleuler, Steffins, and Tendam, Phys. Rev. 90, 460 (1953); 
R. W. Hayward, University of California Radiation Laboratory 
Report UCRL-3093 (unpublished); P. R. Byerly, Jr., and W. E. 
Stephens, Phys. Rev. 83, 54 (1951). 

5 Fisberg, Igo, and Wegner, Phys. Rev. 100, 1309 (1955). 


On the other hand, values of a obtained from an 
analysis of some of the available reaction and inelastic 
scattering data‘ are in agreement with the Fermi gas 
prediction of a=constXA.*° Some experimental data, 
such as that from the (,p’) experiment at 31 Mev® and 
from the (m,p) reaction at 14 Mev,’ have not been 
included in the analysis since they have been interpreted 
as being predominantly noncompound-nucleus 
processes.* Also, the values of a obtained from the 
inelastic scattering of 14-Mev neutrons® are not in- 
cluded in the present compilation because of the 
uncertainties which arise in correcting the spectra for 
the very large contribution of the second neutron from 
(n,2n) events. This correction has been calculated in 
several ways,’ and the values of a which result differ 
considerably. However, they are in rough agreement 
with the upper curve in Fig. 1 regardless of how the 
corrections are made. 

4 J. M. B. Lang and K. J. LeCouteur, Proc. Phys. Soc. (London) 
A67, 586 (i954); P. C. Gugelot, Phys. Rev. 81, 51 (1951); P. C. 
Gugelot, Phys. Rev. 93, 425 (1954). 

5 J. M.B. Lang and K. J. LeCouteur, Proc. Phys. Soc. (London) 
A67, 586 (1954). These authors have also pointed out that level 
densities determined from fission neutron measurements have 
the same dependence on A. 

®R. M. Eisberg and G. Igo, Phys. Rev. 93, 1039 (1954). 

7E. B. Paul and R. L. Clarke, Can. J. Phys. 31, 267 (1953); 
L. Rosen and L. Stewart, Phys. Rev. 99, 1052 (1 955). 

8 “Statistical Aspects of the Compound Nucleus”, ~ ‘apmanen 
National Laboratory Report, 1955 (unpublished), p. 68 

* E. R. Graves and L. Rosen, Phys. Rev. 89, 343 (1953). 

LL. Rosen and L. Stewart, LA-1560, Los Alamos Scientific 
Laboratory Report, 1953 (unpublished); A. Tomasini, Nuovo 


cimento 12, 134 (1954); and K. J. LeCouteur, Birmingham 
Conference Notes, 1953 (unpublished). 
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The effect of noncompound-nucleus processes on 
this analysis must be considered since cross sections for 
noncompound-nucleus processes in this energy range 
are sometimes large.’ In the experimental work of 
Mrs. Skyrme,* materials were bombarded with approxi- 
mately 150-Mev protons. It was found that there was 
a strongly peaked forward distribution of high-energy 
protons, which were interpreted as due to direct 
collisions (noncompound-nucleus processes). In such 
a collision the residual nucleus was excited to about 50 
Mev. In addition, an isotropic distribution of low- 
energy protons were observed which were interpreted 
as the “boil-off” spectrum from the excited nuclei. 
Lang and LeCouteur® have analyzed the energy spectra 
of the isotropic distribution, only, to obtain the values 
of a plotted in Fig. 1. In the measurement of (,n) 
reactions at 18 Mev, the energy spectra observed have 
the Maxwellian shape predicted by the statistical 
theory of nuclear reactions. The high-energy component 
usually associated with noncompound-nucleus 
processes, is small. Therefore, no correction was made 
for noncompound-nucleus processes. In the measure- 
ments of the inelastic scattering of 18-Mev protons, 
noncompound-nucleus processes probably contribute a 
large part to the high-energy tail of the observed 
spectrum.’ Accordingly, only the low-energy component 
of the proton spectra was used to obtain the quantity, a. 
The values of a obtained agree with the values obtained 
from the (p,m) data at 18 Mev and from the 150-Mev 
proton data as is shown in Fig. 1. However, because 
a large part of the observed cross section is assumed to 
be due to noncompound-nucleus processes, the values 
of a obtained are probably less reliable. The excitation 
function measurements discussed above involve re- 
actions in which two low-energy neutrons are emitted. 
Consequently, noncompound-nucleus processes prob- 
ably contribute very little, since in this energy range, 
noncompound-nucleus processes are associated with 
the highest energy component of the spectrum of 
emitted particles.*’ Therefore, no corrections were 
made for noncompound-nucleus events. In the (a,p) 
experiment at 40 Mev,’ the striking agreement of the 
energy level densities of Cu, Ag, and Au with the 
predictions of the Fermi gas level, as well as the observa- 
tion of reasonably flat angular distributions in the 
backward hemisphere, implies that the statistical 
model should be valid." The number of high-energy 
protons, representing a small fraction of the total 
number emitted in the (a,p) reaction at 40 Mev, did 


4 The angular distribution in the forward hemisphere is peaked 
forward strongly. Therefore, at forward angles, noncompound- 
nucleus processes probably predominate. 
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Fic. 1. Compilation of energy level density measurements: 
(a) Reaction and inelastic scattering: O(p,n) at 18 Mev, A(p,p’) 
at 18 Mev, O 150-Mev data, and $(a,p) at 40 Mev. (b) Excita- 
tion function measurements induced by @ vy rays, ™ neutron 
and 4 alpha particles. 


not agree with the number predicted by the Fermi gas 
calculation. Also, the differential cross section for 
emission of high-energy protons continued to decrease 
even at the largest angle of observation. Consequently, 
they were omitted from the analysis because they are 
probably due to noncompound-nucleus processes. No 
further attempt was made to correct the data of this 
compilation for noncompound-nucleus processes, since 
no reliable criterion is available. 

A possible explanation for the anomalous values of a 
obtained from an analysis of excitation function 
experiments and of the (a,p) experiment at 40 Mev 
is that the nucleus may be only partially excited in 
these reactions." For example, the nucleons in some 
of the nuclear energy shells may not be excited. The 
result could then be that the nucleus acts like an inert 
core plus a group of excited nucleons numbering 
approximately 30 (see Fig. 1). Another possible explana- 
tion may be, of course, that although these reactions 
appear to proceed by compound nucleus formation, 
noncompound-nucleus events play a large part.” 
Additional measurements of the parameter, a, will be 


needed to clarify the situation. 


2 V. F. Weisskopf, Am. Acad. Arts, Sci. 82, 360 (1952-1953). 

13K. G. Porges, Phys. Rev. 101, 225 (1956). 

4 R. Nakasima and K. Kikuchi, Progr. Theoret. Phys. (Japan) 
14, 126 (1955). 
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The decay scheme of 282-day Ce™ was investigated using a thin-lens beta spectrometer, proportional 
counters, and scintillation counters. Intensity measurements and coincidence studies were used to obtain 
the decay scheme. Two beta rays were found; the main branch is a 76%, 309-+-5-kev beta ray to the ground 
state while the 24+5%, 175-kev beta ray goes to a 134-kev level in Pr, From this level there are three 
parallel y-ray branches: In 15.3% of the Ce disintegrations one observes a 134-kev gamma ray, in 7.2% a 
cascade of 81-kev and 54-kev gamma rays, and in 1.5% a cascade of 100 kev and 34 key. For the conversion 
of the 134-kev gamma ray, ax=0.71+0.20 and K/L=7.1+0.5, while for the 81-kev gamma ray, ax=1.2 
+0.3 and K/L=5.8+0.7. There is insufficient intensity in the 54-kev gamma ray to explain observed co- 
incidences and a strong unobserved 42-kev gamma ray is implied. 





I. INTRODUCTION 


HIS paper describes a series of measurements on 
the much studied 282-day' Ce™. When we did 
this work in 1952 and 1953, four different research 
groups’ had reported detailed studies of the complex 
conversion electron spectrum but very little work had 
been done on the photons, on coincidence measurements, 
or on intensity measurements. Since our results were 
not conclusive and since we hoped to improve them, we 
merely reported® that our data confirmed the main 
features of the decay scheme suggested by Porter and 
Cook.® Since our work was done, three other reports 
have appeared’*~* which have emphasized the need for 
data such as we obtained. Since we have been unable 
to do any more work on this problem, we shall report 
the results we obtained in the hope that they will help 
determine the actual decay scheme of Ce™. 


II, EXPERIMENTAL TECHNIQUE 


The equipments used in this work were (A) a thin- 
lens beta-ray spectrometer to measure electron in- 
tensities, (B) a proportional counter to measure low- 
energy gamma rays, and (C) both Nal and anthracene 
scintillation counters to measure gamma-ray intensities 
and coincidences. 


A. Thin-Lens Electron Spectrometer 


The beta and conversion electron spectrum was 
measured in a thin-lens spectrometer which had a 


t This research was supported in part by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

* U.S. Atomic Energy Commission Predoctoral Fellow (1952- 
1953). Now at Nuclear Development Associates, White Plains, 
New York. The material in this paper was submitted to the Uni- 
versity of Illinois in partial fulfillment of the requirements for 
the Doctor of Philosophy degree. 

?R. P. Schuman and A. Camilli, Phys. Rev. 84, 158 (1951). 

2 Emmerich, John, and Kurbatov, Phys. Rev. 82, 968 (1951). 

3H. B. Keller and J. M. Cork, Phys. Rev. 84, 1079 (1951). 

4 Lin-Sheng, John, and Kurbatov, Phys. Rev. 85, 487 (1952). 

5 F. T. Porter and C. S. Cook, Phys. Rev. 85, 733 (1952); 87, 
464 (1952). 

* Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 

7 Emmerich, Auth, and Kurbatov, Phys. Rev. 94, 110 (1954) 

8 W. E. Kreger and C. S. Cook, Phys. Rev. 96, 1276 (1954). 

® Cork, Brice, and Schmid, Phys. Rev. 96, 1295 (1954). 


momentum resolution of 2.4% and a transmission of 
1%. The Ce, aged and carrier-free, was obtained in 
the form of an acid solution of CeCl; from the Isotopes 
Division of the AEC, Oak Ridge, Tennessee. The 
sources were made by evaporating this solution onto a 
thin nylon film which had an acid-resistant layer of 
LC-600 resin’ and which was made conducting by an 
evaporated aluminum backing. The source thickness 
was estimated to be less than 20 yug/cm? while the 
source backing material had a thickness of about 
100 ug/cm?. The electrons which passed through the 
spectrometer were detected by a _ Geiger-Mueller 
counter having a window thickness of 50 wg/cm? and 
filled with amyl acetate vapor in equilibrium with the 
liquid at room temperature. Corrections were made for 
the absorption of very low-energy electrons by the 
Geiger counter window by using the absorption curves 
published by Saxon." The correction factor was only 
1.14 at 18 kev and became negligible above 114 kev. 
Although the energy resolution was too poor to repro- 
duce the details of the spectrum found by earlier 
investigators,?~* the intensity measurements could be 
made relatively accurate by using the higher resolution 
results as a guide to the interpretation of the thin-lens 
spectrum. 


B. Proportional Counters 


Proportional counters filled with either argon or 
krypton were used to detect low-energy photons with 
relatively high resolution. The counters had brass 
walls and were cylindrical in shape, 6 in. in diameter 
and 20 in. long.” Each counter had a one-inch diameter 
beryllium window, 175 mg/cm? thick. One counter 
had a 90% argon, 10% methane mixture and the other 
contained 90% krypton and 10% methane; the total 
pressure in each case was one atmosphere. Both counters 
had an energy resolution of 15% at 27 kev. The calcu- 
lated absorption coefficient for 36-kev photons was 
5+0.5% for the argon counter and 49+4% for the 

Manufactured by the Lithgow Corporation, Chicago, Illinois. 


11 DZD. Saxon, Phys. Rev. 74, 849 (1948). 
12 J. Bowe and P. Axel, Phys. Rev. 84, 939 (1951). 
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TABLE I. Conversion electrons assigned to Ce™ decay. 








Keller and Cork, Brice Porter and 
Cork and Schmid Cook 


No. of 
kev kev kev li 


This work 


Inferred gamma-ray 
energy (kev) 


Relative intensity 175-kev 
beta ray = 1000 


Assumed 
shell 





11.7 
27.2 


32.5 
34.5 


38.8 
40.0 
47.0 
53.0 


26.9 
29.2 
32.0 
34.0 


26.6 
28.5 
31.7 
34.0 
38.1 38.7 
39.3 
46.4 
52.2 
53.0 
57.6 
73.1 
73.9 
78.4 


46.6 


58.0 
74.1 


58.5 
74.1 


79.4 
80.6 


79.2 


88.2 
91.6 92.2 
93.8 


98.6 


92.4 


103.2 
126.7 
131.9 


127.3 
133.0 


138.6 
143.7 


K 53.9+0.3 

Ly 33.8+0.3 56 
Auger x-ray 36 27 
M 33.8 <11 


+22 
+11 


+22 
+ 7 
+11 


Li 42 70 
Auger 
K 


x-ray 11 
81.0+0.3 142 

M 42 

Ly 53.9 

M,N 53.9e 


2.2+ 1 


23 +4 
K 100.30.3 11 + 2 
Ih 81.0 25 +2 
L; 
M 81.0 


N 81.0 
? 


2.34 0.7 


134.4+0.3 

100.3 
100.3 <5 

<1 

34 + 5 
9+2 


248 +11 


134.4 
134.4 
134.4 
<0.5 
<0.5 

















*® Not observed, energy too low. 
> Partially resolved. 
© Not resolved. 


4 Intensity inferred from expected Auger ratio [E. H. S. Burhop, ‘‘The auger effect,'’ Cambridge Monograph, 1952 (unpublished) J. 


¢ Intensity due partially to 60-kev gamma ray assigned to Nd™, 
t Assigned in reference 9 to 145-kev gamma ray. 


krypton counter. The krypton counter had the dis- 
advantage that krypton x-rays formed in the counter 
often escaped, thereby causing “escape peaks’’ of 
energy E(photon)— (krypton x-ray). 


C. Scintillation Counters 


Scintillation experiments were performed both at 
the University of Illinois and at Brookhaven National 
Laboratory. At Illinois, two cubic NaI crystals were 
used; one had sides of 1 cm and the other 2 cm. Each 
crystal when mounted on an RCA 5819 phototube had 
a resolution of about 16% for the 662-kev gamma ray 
of Cs"*7. At Illinois, we also used a cylindrical anthra- 
cene crystal, 0.5 cm thick and 2 cm in diameter. The 
anthracene crystal was covered with a foil of 0.16 
mg/cm? of aluminum. The anthracene crystal spec- 
trometer was calibrated with internal conversion elec- 
trons of known energy. It had a linear energy response 
at energies above 70 kev and had an energy resolution 
of 50% at 110 kev. Conventional linear amplifiers, 
pulse-height selectors,"* and 2-ysec resolving time co- 
incidence circuits were used. 

The equipment of the Brookhaven National Labora- 
tory was used by one of us (P.A.) while he was a summer 
visitor (1953) in the Electronics Division. The Nal 
scintillation crystals varied in thickness from 0.5 cm 
to 3 cm and were mounted on Dumont 6292 photo- 


18 The pulse-height selectors were designed and tested by Dr. 
Sherman Frankel of the University of Pennsylvania. 


tubes. The energy resolution of the scintillation spec- 
trometers'* was about 10% (full width at half-maxi- 
mum) for the Cs'*? 662-kev gamma ray. In addition to 
the conventional amplifiers, pulse-height selectors, and 
power supplies, the spectrometers were equipped with 
a coincidence gray-wedge pulse-height analyzer,!® an 
improved and more versatile version of the gray-wedge 
pulse-height analyzer.!® This coincidence pulse-height 
analyzer could be adjusted to display a spectrum of 
those gamma rays which were in coincidence with 
gamma ray pulses in a preselected energy range. The 
coincidence circuit had a resolving time of about 0.1 
usec. 

All photon intensity measurements made with Nal 
crystals were corrected for absorption in the C or Be 
electron absorbers, for the efficiency of the crystal, and 
for the escape of iodine x-rays.!” 


Ill. RESULTS 

A. Beta Rays 
A Fermi-Kurie analysis of the beta-ray spectrum 
showed two beta-ray groups: 76+5% of the transitions 


4 The scintillation spectrometers were those operated by A. W. 
Schardt and by W. Bernstein. The electronic equipment for these 
spectrometers had been designed by W. A. Higinbotham and 
R. L. Chase. 

**R. L. Chase, Brookhaven National Laboratory Report 
BNL 263 (742) (unpublished) and A. W. Schardt, Brookhaven 
National Laboratory Report BNL 237 (737) (unpublished). 

16 Bernstein, Chase, and Schardt, Rev. Sci. Instr. 24, 437 (1953). 

17 P, Axel, Rev. Sci. Instr. 25, 391 (1954), 
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Fic. 1. Gray-wedge spectrum of photons. The peaks from left 
to right are identified as follows, with position given in graph 
divisions to right of zero line which is defined by two circular dots: 
Marker line (—1), noise (1), x-ray (10), 81 kev (22), 100 kev 
(26), and 134 kev (35.5). 


occur via an allowed 309+5 kev beta ray, while 24+5% 
occur via a 175+5 kev transition. There is a slight 
excess of electrons below 100 kev which can be explained 
by scattering but which might be interpreted as a low- 
intensity low-energy beta ray. There was no evidence 
for either 228-kev or 255-kev beta-ray branches. 
Analysis of the energy region between 175 kev and 309 
kev puts an upper limit of 5% to the intensity of inter- 
mediate energy beta rays. Using allowed f values, the 
logft values of the 175-kev and 309-kev beta rays are 
7.0+0.3 and 7.4+0.3, respectively. 


B. Beta Ray-Photon Coincidences 


The x-ray, the 81-kev gamma ray, and the 134-kev 
gamma ray are each in coincidence with a beta-ray 
group which (within the precision obtainable) is 


identical with the 175-kev beta ray. No evidence for 
coincidences could be obtained for beta rays above 
180 kev. If there are any beta rays with energies above 
180 kev which lead to the 81-kev gamma ray their 
intensity must be too small to explain an appreciable 
fraction of the 81-kev gamma rays. 


C. Conversion Electrons 


The spectrometer resolution of 2.4% was too poor to 
resolve all the lines reported by earlier investigators. 
However, the intensity measurements and the other 
experimental results permitted us to make the identifi- 
cations given in Table I. The table also indicates which 
lines were partially or completely unresolved in the 
lens spectrometer. 

There are two ambiguous features of the assignments 
made in Table I. The first involves the energy of the 
gamma ray assigned by us to 42 kev. The Z conversion 
electrons of this gamma ray are unresolved from the 
Auger K-L-M electrons and thus may have been mis- 
interpreted by earlier workers to have too low an 
energy. A consistent interpretation of the coincidence 
experiments requires that the “42-kev” gamma ray 
have enough energy to be K-converted in Pr which 
has a K binding energy of 41.99 kev. Thus, we prefer 
to assume that the reported electron conversion energy 
was too low and that the data are actually consistent 
with a 42-kev rather than a 41.5-kev gamma ray. The 
second ambiguous feature involves the Z conversion 
electrons of the 100-kev gamma ray which could barely 
be resolved by Porter and Cook® and which we assume 
could have been missed by the other investigators*.* 
because of its low intensity. If the 145-kev gamma ray® 
actually exists, its intensity must be quite low. 


D. Proportional-Counter Photon Spectrum 


The proportional counter was used in order to take 
advantage of its high resolution for low-energy photons. 
Despite the higher resolution it was impossible to get 
any measure of the unconverted 34-kev and 42-kev 
gamma rays since they were masked by the Kq and 
41-kev Kg x-rays, respectively. The observed ratio of 
K. to Kg was consistent with the value of 4 to be 
expected'*; however some 34-kev and 42-kev gamma 
rays might have been undetected. No unconverted 54- 
kev gamma ray was observed; the sensitivity was 
sufficient to detect an intensity 1% that of the observed 


TABLE II. Photon—photon coincidences. 








System A 
Singles 


Run No. Radiation 10 counts/min Radiation 


System B 


Coincidences per 


Coincidences 
i single in A 


Singles 
counts/min 


10° counts/min 





34 +0.2 
8.7+0.1 
27.440.5 
8.6+0.1 


x-ray 
x-ray 
x-ray 
134 kev 


1 x-ray 
81 kev 


2 
3 134 kev 
4 81 kev 


1.340.1 )xX10- 
1.2+0.1 )x10-% 
0+0.07)X 10- 
0+0.06) x 10-* 


40 +3 ( 
10.3+-0.6 ( 
0+2 ( 
0+0.5 ( 


36.8+0.2 
36.8+0.2 
36.6+0.2 
38.6+0.2 








184. H. Compton and S. K. Allison, X-Rays in Theory and Experiment (D. Van Nostrand Company, Inc., New York, 1948). 
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(b) 


Fic. 2(a). Gray-wedge spectrum of pulses coincident with the’ 34-kev gamma ray. The most intense line, 26 divisions to right of 
zero line (defined by dots), shows the 100-kev gamma ray. The picture was taken for 10 minutes and included about 5550 events. 
(b) Gray-wedge spectrum of pulses coincident with x-rays. The most intense line is predominantly due to the 81-kev gamma ray. 
The picture was taken for 10 minutes and included about 5900 events. 


x-ray intensity. Some evidence was observed for un- 
converted 12-kev gamma rays which are postulated in 
our decay scheme below. However, the data pertaining 
to the 12-kev gamma ray were erratic and should be 
considered uncertain because they were not reproducible. 


E. Scintillation Photon Spectrum 


A typical photon spectrum taken with the gray 
wedge is shown in Fig. 1; an aluminum absorber used 
to absorb electrons attenuated the x-rays excessively. 
For precise intensity measurements, the electrons were 
absorbed by 1.67 g/cm? of beryllium. The observed 
intensity was corrected for absorption in the Be, for the 
Nal crystal efficiency, for the iodine escape (a factor 
of 1.33), and for the x-ray fluorescent yield (a factor 
of 1.11). The intensity ratio of K holes to the un- 
converted 134-kev gamma ray was 1.43+0.20; the 
ratio of unconverted 134-kev gamma ray to the un- 
converted 81-kev gamma ray was 2.6+0.5. There is 
unmistakable evidence for a gamma ray whose energy 
is about 100 kev; we shall attribute these photons to a 
100-kev gamma ray although our energy precision for 
this unresolved photon group would certainly not dif- 
ferentiate between 95-kev and 100-kev gamma rays. 
The ratio of 134-kev photons to 100-kev photons is 
about 7.5+2.0. There is a possibility of some photons 


existing in the energy range between 50 kev and 65 
kev but the total intensity of this is less than 10% of 
the unconverted 134-kev gamma rays. 


F. Photon-Photon Coincidences 


Photon-photon coincidences using scintillation de- 
tectors show that (1) there are coincidences between 
x-rays, implying that one or more converted gamma 
ray cascades exist, (2) the 81-kev gamma ray is in 
coincidence with an internally converted gamma ray, 
and (3) the 134-kev gamma ray is not in cascade with 
other gamma rays. 

A typical set of quantitative coincidence measure- 
ments made at Illinois is shown in Table II. When 
x-rays were being accepted, about 0.95+0.05 of the 
x-ray peak was selected; any 34-kev or 42-kev gamma 
rays would have been counted partially in the same 
channel. The 81-kev channel accepted 0.50.1 of the 
81-kev photopeak pulses and a considerably smaller 
fraction of 100-kev pulses. The 134-kev channel ac- 
cepted about 0.8+0.1 of the pulses in the 134-kev 
photopeak. The data of Table II shows that the number 
of x—x coincidences per x-ray is about the same as the 
number of 81-kev—x coincidences per 81-kev photon. 
In contrast, the coincidence rates per single count is 
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Fic. 3(a). Gray-wedge spectrum of pulses coincident with the 81-kev gamma ray. The picture was taken for 10 minutes and 
included 7060 events. The sensitivity is three times that used in Fig. 2. (b) Gray-wedge spectrum of pulses coincident with the 
100-kev gamma ray. The picture was taken for 10 minutes and included 5940 events. 


smaller by a factor of at least 20 for coincidences in- 
volving the 134-kev transition. 

The coincidence data obtained at Brookhaven were 
only semiquantitative and showed coincidences be- 
tween two pairs of unresolved photons. Figure 2(a) 
shows a gray-wedge spectrum of pulses in counter B 
which were in coincidence with those pulses in counter 
A in the low-energy part of the apparently single x-ray 
peak. The energy scale of Fig. 2(a) is the same as that 
of Fig. 1: the zero-energy line is defined by the two 
dots on the sixth division from the left edge of the 
graph paper. The position of the 36-kev x-ray, the 
81-kev, 100-kev, and 134-kev gamma rays are 10, 22, 
26, and 36 divisions to the right of the zero line. For 
Fig. 2(a), counter A accepted pulses between 7 and 8 
divisions from the zero line, and the coincidence spec- 
trum showed a main peak at 26 divisions (due to the 
100-kev photons). For Fig. 2(b), counter A was set to 
accept pulses between 12 and 13 divisions (thereby 
emphasizing the x-ray and de-emphasizing the 34-kev 
gamma ray). The resultant coincidence spectrum has an 
apparently single peak shifted towards the 81-kev 
x-ray. The existence of 34-kev-100-kev coincidences 
and of x-ray—81-kev coincidences was confirmed by 
measurements such as those shown in Fig. 3. Figure 
3(a) is a gray-wedge spectrum of pulses in counter B 
in coincidence with 81-kev gamma rays (counter A set 


between 22 and 23 divisions from the zero line). The 
coincidences are mainly in the x-ray region and the 
peak is at 10 divisions. In Fig. 3(b), counter A was set 
on the 100-kev gamma ray (between 26 and 27 divi- 
sions) and the coincidence peak has shifted slightly, 
but unmistakably, to 9 divisions. These gray-wedge 
coincidence measurements could not be analyzed quan- 
titatively because the 34-kev gamma ray could not be 
separated from the x-ray. Furthermore, if a 42-kev 
unconverted photon exists, it would not have been 
differentiated from the x-ray. 

The gray-wedge coincidence measurements also 
showed very strong evidence for the existence of 
weak-intensity unconverted 54-kev gamma rays in co- 
incidence with both x-rays and 81-kev gamma rays. 
Absolutely no evidence was obtained for coincidences 
between 134-kev gamma rays and any other photons. 

We do not understand why our coincidence results 
differ from those of Cork, Brice, and Schmid.’° 


IV. DECAY SCHEME 
A. Intensities 


Since there were no coincidences observed with the 
309-kev beta rays, it seems reasonable to assign these 
to a transition from the ground state of Ce! to the 
ground state of Pr“. The energy difference between the 
beta-ray groups implies that the 24% 175-kev beta- 
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ray group goes to a level at 134+ 8 kev. It is attractive 
to attempt to explain three different gamma-ray 
branches as originating from this level: 134.4+0.3 kev, 
100.3+-33.8=134.1+0.5 kev, and 81.0+53.9= 134.9 
+0.5 kev. 

If the intensity of the 175-kev beta ray is taken as 
1000 units, the data of Table I show that the total 
intensity of all observed conversion lines adds up 660 
units. Of this total, only 516 correspond to independent 
branches; these 516 are made up of 291 units of 134 
kev (lines 10, 11, and 12), 169 units of 81 kev (lines 
4, 8, and 9) and 56 units of 34 kev (line 1). Other elec- 
tron lines not included in this sum are assignable either 
to Auger electrons, to electrons of the 60-kev transition 
in Nd™, or to electrons from transitions in coincidence 
with the 81-kev gamma ray (lines 3 and 5) or the 34- 
kev gamma ray (line 7). 

If this figure of 516 intensity units is accepted as the 
electron intensity following the 175-kev beta ray of 
1000 units, 484 intensity units must be explained by 
photons of 34 kev, 81 kev and 134 kev. The intensity of 
the 34-kev photons can be assumed to be quite small 
since the total of all 100-kev transitions is small. Thus, 
from the data on relative photon intensities we can 
assign about 139 intensity units to the 81-kev photons 
and the remaining 345 units to the 134-kev photons. 

These data imply a decay scheme in which a single 
beta ray group leads to the observed gamma rays, all 
of which originate in a 134-kev level as shown in 
Fig. 4. 64% of the decays from this level are 134-kev 
gamma rays or conversion electrons. 6% of the decays 
go through a 100-kev gamma ray followed by a 34-kev 
gamma ray. The remaining 30% of the decays go 
through a branch containing the 81-kev gamma ray 
and a 54-kev gamma ray. This decay scheme is quite 
similar to others suggested®.’ but requires an additional 
branch competing with the 54-kev gamma ray. We 
suggest a competing cascade of a 42-kev and a 12-kev 
transition which is considerably more intense than the 
54-kev transition. 

The fact that the 81-kev gamma ray must be in 
coincidence with another gamma ray is clear both 
because there are no higher energy beta rays in coinci- 
dence with the 81-kev gamma ray and because there 
are 81-kev x-ray coincidences. The intensity of the 
54-kev transition is much too small to explain the 
intensity of the 81-kev branch. The intensity of the 
54-kev K-conversion line was reported? to be less than 
that of the L-conversion line which is only 2 intensity 
units on our scale. Even if the K/L ratio of the 54-kev 
transition were 10, the K-conversion intensity of the 
54-kev gamma ray would not be large enough to explain 
either the observed coincidences or the intensity of the 
81-kev transition. In contrast, the L conversion of the 
42-kev gamma ray is 70 intensity units. If this line were 
partially K-converted or if some 42-kev unconverted 
photons existed, the observed intensity and coincidence 
data would be explicable. Thus, of the 30% of the 
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Fic. 4. Proposed decay scheme of Ce, 


decays from the 134-kev state which occur through the 
81-kev gamma ray, we suggest that 28% occur through 
a 42-kev—12 kev cascade and only 2% occur through the 
54-kev transition. The existence of a 12-kev transition 
is still in doubt. Another possibility is that a state 
exists at 122-kev which is fed independently by an 
unresolvable 187-kev beta ray and that the 42-kev 
gamma ray decays from this state to an 81-kev state. 
In this case, the 54-kev gamma ray would decay to the 
81-kev state a very small part of the time. The decay 
scheme suggested by Cork, Brice, and Schmid? is quite 
inconsistent with our intensity and coincidence meas- 
urements. 


V. CONVERSION COEFFICIENTS 


One way of determining the conversion coefficients 
of the most prominent gamma rays is to assume the 
decay scheme and to compare the intensity of the 
conversion electrons with that of the 175-kev beta 
rays, using the measured photon ratio. This deter- 
mination gave: axgi= 1.02+0.4, arg: =0.18+0.07, aysi 
=(0.02+0.01, and @K134=0.72+0.22, a1134=0.10+0.04, 
a@miss=0.025+0.01. 

A second method for determining the K-conversion 
coefficients is to use the observed ratio of x-rays to 
photons and to use the K-conversion electrons only as 
a guide to the fraction of x-rays originating from con- 
version in particular gamma rays. Assuming the exist- 
ence of 42-kev K-conversion electrons as shown in the 
decay scheme, this analysis gave ax134=0.70+0.20 and 
akK3s1> 1.30.3. 

The third method of determining the 81-kev K- 
conversion coefficient was available because of the 
coincidence data. This method gave a value of axsi 
=1.3+0.3. 

The best values for the conversion coefficients are 
axsi=1.2+0.3 and axi3s=0.71+0.25. The observed 
ratios of K conversion to L conversion were 5.8-+0.7 
for the 81-kev gamma ray and 7.1+0.5 for the 134-kev 
gamma ray. These data indicate that the 134-kev 
gamma ray is an M1 transition and that the 81-kev 
gamma ray is probably an M1 transition. Confirmation 
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of these M1 assignments comes from the fact that the 
Li11/Ly ratio is small® in both cases. 


VI. SPIN ASSIGNMENTS 


The spin parity of the ground state Pr is probably 
O— as indicated by log ft values of Ce™ and Pr beta 
rays which have Pr™ in common and otherwise involve 
similar even-even, 0+ ground states."® The other spins 
assigned in Fig. 4 are given only to indicate that a set 
of spins is possible which is consistent with the multi- 
polarities and relative intensities of the gamma rays. 
Since the available data do not define a unique decay 


1” R, W. King, Revs. Modern Phys. 26, 327 (1954). 
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scheme, the spins given in Fig. 4 should be considered 
merely as illustrative of a possible consistent pattern. 
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NUMBER 5 


Energy Levels of Np**’ Populated by Alpha Decay of Am?**! 


J. M. HoLtanpver, W. G. Situ, anp J. O. RASMUSSEN 
Radiation Laboratory and Department of Chemistry, University of California, Berkeley, California 
(Received February 23, 1956) 


The conversion electron spectrum following alpha decay of Am™! has been reinvestigated with 180° 
focusing beta-ray spectrographs at ~0.1% resolution. Multipolarity assignments for several gamma 
transitions are made, principally on the basis of relative Z-subshell conversion coefficients. Energy-level 
spacings and relative transition probabilities are compared and discussed in terms of the Bohr-Mottelson 
model. The excellent agreement of energy-level spacings with the rotational formula and the general pattern 
of radiative transitions firmly establish the essentially rotational nature of these bands of levels. However, 
calculations involving M1 transition probabilities and magnetic moments lead to discrepancies with the 
simple theory in the case of the ground rotational band. 


INTRODUCTION 


HE decay properties of Am™' have recently been 
the subject of an extensive paper by Jaffe, 
Passell, Browne, and Perlman! in which experimental 
information on the alpha decay,” conversion electrons, 
gamma rays, and L x-rays is presented and correlated 
into a detailed disintegration scheme. The gamma-ray 
spectrum has also been examined with high precision 
by Day.’ The conversion-electron spectrum has been 
studied by Milsted, Rosenblum, and Valadares‘ and by 
Wolfson®; more recently, Baranov and Shlyagin have 
published the results of an extensive beta-spectroscopic 
study.® A discussion of the excited states of Np*? in 
terms of the Bohr-Mottelson model has been given in 
various publications.':*7 
The ground-state spin of Np*’ has been measured as 


1 Jaffe, Passell, Browne, and Perlman, Phys. Rev. 97, 142 
(1955). 

2 F. Asaro and I. Perlman, Phys. Rev. 93, 1423 (1954). 

2 P. P. Day, Phys. Rev. 97, 689 (1955). 

4 Milsted, Rosenblum, and Valadares, Compt. rend. 239, 259 
(1954) ; 239, 700 (1954). 

5 J. L. Wolfson (private communication to I. Perlman, 1954). 

®S. A. Baranov and K. N. Shlyagin, Conference of the Academy 
of Sciences of the U.S.S.R. on the Peaceful Uses of Atomic Energy, 
July 1-5, 1955, Session of the Division of Physical and Mathe- 
matical Sciences (translated by Consultants Bureau, New York, 
1955), Vol. 1, p. 183. 

7 J. O. Rasmussen, Arkiv Fysik 7, 185 (1953). 


5/2 by Tomkins.* Quite recently, Newton® has studied 
the excited states of Np’ that appear from Coulomb 
excitation experiments. 

Figure 1 presents the energy-level scheme for Np”, 
consistent with the above investigations. 

Jaffe et al. discuss the unusual properties of the 
59.6-kev state in Np*’, which is populated by more 
than 99% of the Am*" disintegrations. They measured 
the total conversion coefficient of the 59.6-kev gamma 
ray to be 0.92, and concluded that the radiation is 
electric dipole. However, their observed (11+ L11)/Linr 
conversion ratio of 4.4 is more than twice that expected 
for an £1 transition according to the calculations of 
Rose,’® and the total Z-conversion coefficient is about 
twice the theoretical value. In addition, Beling, Newton, 
and Rose"! have shown that the lifetime of this transi- 
tion is more than 10° times that calculated for a single- 
proton transition. 

Because in the work of Jaffe ef al. the ZL; and Ly 
conversion electrons from this gamma ray were not 


8 F. S. Tomkins, Phys. Rev. 73, 1214 (1948). 

® J. O. Newton, Nature 175, 1028 (1955), and private communi- 
cation, October 1955. 

0M. E. Rose, in Beta and Gamma Ray Spectroscopy, edited by 
K. Siegbahn (Interscience Publishers, Inc., New York, 1955), 
App. IV, p. 905, and privately circulated tables. 

4 Beling, Newton, and Rose, Phys. Rev. 87, 670 (1952). 
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completely resolved, one could not rule out the possi- 
bility of M2 admixture, which would contribute high 
I; conversion and would therefore raise the (L1+L11)/ 
Ly ratio over that expected for a pure E1 transition. 
We have therefore studied the subshell conversion 
ratios for this transition at higher resolution than that 
used previously, using two photographic recording 
180° permanent-magnet spectrographs with resolution 
of approximately 0.1%. These spectrographs and the 
techniques of source preparation have been described 
previously.” 

The low-lying levels of Np”? fall neatly into two 
rotational bands, an indication of the probable useful- 
ness of the Bohr-Mottelson quasi-molecular model in 
the interpretation of level spacings and transition 
probabilities. In the latter part of this paper we make 
use of available data from several sources to test the 


model. 
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EXPERIMENTAL RESULTS 


A total of 45 electron lines were identified, 40 of 
which could be assigned to known transitions in the 
Np” nucleus. The energies of these lines were evaluated 
relative to those of the 59.57, 43.46, 33.20, and 26.36 
kev transitions whose absolute energies were measured 
by Day’ with a curved-crystal diffraction spectrometer. 
The electron data are summarized in Table I. The 
electron-line intensities were measured with a recording 
densitometer by the method of Slitis.’* A linear tracing 
of the densitometer plot of the lines of the 59.6 kev 
transition is shown in Fig. 2. 


The 59.6-kev Transition 


We have found the L-shell internal conversion ratios 
to be Ly/Ly/Lir=1.5/3.3/1.0 with an uncertainty of 


BW, G. Smith and J. M. Hollander, Phys. Rev. 101, 746 (1956). 
18H, Slatis, Arkiv Fysik 8, 441 (1954). 
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TABLE I. Summary of electron data. 








Electron 
energy 


Relative 
abundance 
(visual 


Shell estimate)* 


Electron 


energy Shell 


Relative 
abundance 
(visual 
estimate)* 





26.36-kev 
transition 
20.61 


M, 


59.57-kev 
transition 
37.16 Ly 


37.98 Ly 

33.20-kev 

transition 
10.82 Ly 
11.62 Lu 
15.55 Lin 
27.46 My 
27.84 My 
28.80 Miu 
31.73 Ny 
31.92 Nu 
32.15 Nin 
32.45 Niv+Ny 
32.87 O1+0n 


41.96 Lin 
53.83 M, 
54.21 Mu 
55.13 Min 
55.74 My 
55.87 My 
58.07 M 
58.25 Nu 
58.49 Min 
58.79 Nry, Nv 
59.31 
59.53 
43.46-kev 
transition 99.0-kev 

21.05 ly transition 
77.37 In 
81.40 Lin 


21.87 In 
25.85 Lin 
37.71 M, 
Mu ‘* Unassigned lines 
Min y 12.22 L-Auger? 
N1, Nu, Nm 13.14 L-Auger? 
O1, On, Orn 14.02 L-Auger? 
14.85 L-Auger? 
25.00 ? 


39.05 
42.37 
43.20 


55.56-kev 
transition 
33.14 ly 
33.99 Ln 
Ne Tess 
49.78 My, 
50.23 Mu 
51.14 Min 








® s =strong; m =moderate; w =weak; v =very —. 


about +25% in each value. Jaffe et al.! found (L1+L11)/ 
Ly1=4.4+1, and Wolfson’ obtained for the same ratio 
6.4+1.3. Milsted et al.4 determined the L/L ratio 
to be 1/1.2; they did not determine the relative in- 
tensity of the Ly line because they believed that the 
M lines of the 43.4 kev transition would be superim- 
posed on the 59.6 kev Ly, line and the latter’s intensity 
would be artificially high. In the work reported here 
the 43.4-kev My line was resolved from the 59.6-kev Ly 
line and the intensity of the former seemed to be very 
small compared with the latter so its contribution to 
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Fic. 2. Linear drawing of densitometer trace of conversion 
lines of 59.6-kev transition. 
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the total line intensity can be neglected. The results 
of Baranov and Shlyagin, L1/Ln/Li1=2.2/4.7/1.0, 
are in qualitative agreement with our data. Very 
recently, F. L. Canavan of this laboratory has obtained 
the values L1/L1/Lim=2.4/4.7/1.0 using the double- 
focusing spectrometer." 

On the basis of the (Z;+L11)/L ratio, Jaffe et al.’ 
suggested that the 59.6-kev transition might be an 
E1+M2 mixture. It is now apparent, however, that 
no proportion of El and M2 mixing could reproduce 
the observed predominance of Ly; conversion, since the 
theoretical screened relativistic conversion coefficients 
(extrapolated from Rose’s tables for a transition 
of energy 0.12mc and Z=93) are: El, L1/Ln/Liy 
=0.13/0.10/0.09 and M2, L;/Ly/Li1=480/35/190. 
It thus appears that there is a real discrepancy between 
the experimental £1 conversion coefficients and the 
theoretical values of Rose. 

We have also measured the relative M-subshell con- 
version coefficients for this transition. The ratios are 
My/My/Myn/Mtyyv= 1.7/3.6/1 .0/0.1. Within the ex- 
perimental error of approximately 25% in each value, 
the M-subshell ratios are the same as the L-subshell 
ratios; the similarity of L and M relative conversion 
coefficients has been noted previously for the 44.1-kev 
E2 transition in Pu™* and the 42.9-kev £2 transition 
in Pu*.!? Church and Monahan" have given theoretical 
estimates of threshold relative conversion coefficients 
for the M shell; for an £1 transition they obtain 
My/ Mur3n1/ Miviw==1.6/4.6/5.3. These calculations 
appear to overestimate the contribution of d-electron 
conversion in this situation by a factor of approximately 
50. 

The relative N-subshell coefficients were not deter- 
mined quantitatively because of insufficient resolution, 
but visually the NV; and Ny lines were predominant, 
with Vy somewhat stronger than 1. 

The over-all conversion ratios were estimated to be 
Ly/Mx3/N:3/Os=1.0/0.3/0.1/~0.03. 


The 33.2-kev Transition 


Because of the poor efficiency of our photographic 
plates for electrons with energy under ~20 kev, we 
have no intensity data on the L-shell conversion lines 
of this gamma ray. However, the M-subshell conversion 
ratios were estimated as M1/My;/Min~4/1/1. These 
intensities are quite similar to the relative L-subshell 
ratios reported by Baranov and Shlyagin,® who found 
L/L /Li=4.2/1.0/1.0. On the basis of their L- 
subshell data, one would estimate from Rose’s theo- 
retical conversion coefficients” an approximate mixing 
ratio M1/E2~50 (for this mixing ratio the theoretical 
L-subshell ratios are Lj/Ly/Li1=4.1/1.4/1.0). 


4 F, L. Canavan (unpublished results, February, 1956). 
15 FE, L. Church and J. E. Monahan, Phys. Rev. 98, 718 (1955). 
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The 26.4-kev Transition 


Since the 59.6-kev transition is an E1 and the 33.2- 
kev transition is M1, the 26.4-kev gamma ray must be 
principally £1. Because of the low energy of the 
conversion electrons, we have no intensity data on this 
transition. Baranov and Shlyagin® quote the conversion 
ratio Ly/Ly/Lim =0.9/2.0/1.3. 


The Rotational Band : 59.6, 103.0, and 158.5 kev 


The 103.0- and 158.5-kev levels are members of a 
rotational band based on the 59.6-kev level with J 
= 5/2.’ One thus expects the de-excitation of the 158.5- 
kev level to take place with the emission of cascading 
M1—£2 mixed radiations and a pure £2 crossover 
gamma ray. 

The cascading radiations from the 158.5-kev level 
are the 55.56- and 43.46-kev gamma rays. Our electron 
data on the 55.6-kev gamma ray are the following: 
I; and Ly electrons are seen, in about equal intensity, 
whereas the Ly electron would be hidden under the 
much more intense Ly; line of the 59.6-kev gamma ray. 
Also, M conversion is observed, with the My, My, and 
Mix: lines visually estimated to be of equal intensity. 
Our L-electron data indicate an M1/E2 mixing ratio of 
~4 (theoretical values’ for this mixing ratio are 
Ii/Ly/Ly~1.1/1.0/0.8). Baranov and Shlyagin® re- 
port Ly1/Ly=1.4/1.0, which would indicate a mixing 
ratio M1/E2~6 (theoretical values are L1/Lu1/Li1 
=~1.4/1.0/0.7). The agreement between these two 
observations is satisfactory, considering the low in- 
tensity of this transition and the interference from the 
intense lines of the 59.6-kev transition. 

The L-subshell conversion ratios were determined for 
the 43.4-kev transition to be Ly/Ly/Lin=1.0/1.0/1.0, 
which corresponds to an M1/E2 mixing ratio of ~6 
(the theoretical values for this mixing ratio are 
L;/Ly/L1~ 1.0/1.0/0.7). Milsted et al.t have reported 
1)/Lu/L1=0.9/1.0/1.0 and Baranov and Shlyagin® 
find Ly/Ly1/Li1=1.2/1.0/0.8. These measurements all 
appear to be consistent within their experimental 
uncertainties. 

Our data support the assignment of pure E2 character 
to the 99.0-kev transition, since Jy; and Ly lines are 
observed (with Ly slightly more intense than Ly), 
and the L; line is not seen. This is in agreement with 
the data of other investigators.*~*!* 

Higher excited states than the 158.5-kev level have 
been observed from the decay of Am™" by Day,’ from 
the decay of U*" by Wagner et al.'* and from a study 
of both of these nuclides by Baranov and Shlyagin.® 
The existence of levels at ~270 kev and ~430 kev 
seems well established'’; in addition Baranov and 
Shlyagin® report a level at 227 kev, which would be the 

16 Wagner, Freedman, Engelkemeir, and Huizenga, Phys. Rev. 
89, 502 (1953). 

17 Note added in proof.—Recent analysis of U*" studies at this 


laboratory cast doubt on the existence of a level at 430 kev, but 
indicate instead a level at 369 kev. 
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expected position for the J=11/2 state based upon the 
59.6-kev rotational band. Very little is known about 
the multipolarities of the gamma rays which de-excite 
these higher levels. Wagner ef al.!* have obtained a K 
conversion coefficient of 1.6 and a K/L ratio of 5 for 
the 207-kev gamma ray (which de-excites the 270-kev 
state to the base state of the 59.6-kev rotational band) 
but were unable to correlate these values with Rose’s 
theoretical values for any multipolarity. However, 
preliminary results from work on U" in progress at 
this laboratory indicate that the 207-kev gamma ray 
is mainly M1. 


ROTATIONAL SPACINGS AND MOMENTS 
OF INERTIA 


The energies of rotational levels in odd-A nuclei are 
given by the equation'® (valid except for K=Q=1/2) 


h? ; 
er 1)- To(Io+1) ], 
g 


where $=moment of inertia, J=spin, and Jo=spin of 
base level. 

If we use Day’s value,’ 43.46 kev, for the energy 
difference between the 5/2 and 7/2 states, we calculate 
h®/24=6.21 kev. Our value for the 7/2—9/2 difference, 
55.56 kev, should also be quite accurate, since the 
conversion lines of this gamma ray fall among those of 
the 59.57-kev gamma ray, the energy of which is known 
to better than 0.1%. From the 7/2—9/2 difference we 
calculate #’/29=6.17 kev. The average value for the 
rotational constant of the upper 5/2 band in Np”? 
illustrates the general behavior of odd-A nuclei in 
exhibiting slightly higher moments of inertia than 
neighboring even-even nuclei. For example, the ground- 
state rotational band in Pu”® has #?/29=7.37 kev.” 
It is to be noted that the deviation of energies from 
the simple formula above is of the same sense as the 
deviations in even-even nuclei (i.e., a depression of the 
higher spin states of the band) and not, as Kerman!® 
has noted in an odd-parity band in W'™, in the opposite 
sense. 

Of great interest regarding effective moments of 
inertia are the recent Coulombic excitation results on 
Np”? by Newton.® He finds excitation of a rotational 
band which includes the known 33.2-kev level and a 
new level at 76 kev. The spacings agree with those 
expected for a normal K=5/2 band with spins respec- 
tively 5/2, 7/2, and 9/2. The effective moment of 
inertia is by far the largest one known for a nuclear 
rotational band. The value of #?/29 is 4.75 kev, over 
20% less than the corresponding value for the band 
based on the 59.6-kev level in the same nucleus. 

18 A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953); Beta and Gamma 
Ray Spectroscopy, edited by K. Siegbahn (Interscience Publishers, 


Inc., New York, 1955), Chap. 17, p. 468. 
19 A. K. Kerman, Kgl. Danske Videnskab Selskab, Mat.-fys. 


Medd. (to be published). 
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Too little is known about higher rotational bands 
than these in Np*’ to attempt at this time any detailed 
analysis of the effects of rotational perturbations from 
higher bands in the manner of Kerman.!* 

We should like to propose tentatively that the 
difference in rotational spacings between the ground- 
state and 59.6-kev bands might be qualitatively ex- 
plained in terms of the rotation-particle-coupling inter- 
action as follows: We would suggest that the parity of 
the ground band is even and that of the 59.6-kev band 
is odd. The Q2=5/2” even-parity orbitals available to 
the odd proton in the region of Z=93 are of predomi- 
nantly 73/2 nature, although the large spheroidal defor- 
mation introduces some admixture of other 7 values 
(see wave-function tables of Nilsson).! The possible 
Q=5/2 odd-parity orbitals in this region are mixtures 
of components, with 7 ranging between 1/2 and 9/2. 
The rotation-particle coupling interaction matrix ele- 
ments are increasing functions of 7; hence, the inter- 
actions tending to decrease rotational band spacings in 
Np*’ will be larger for the even-parity than for the 
odd-parity band, and rotational spacings will be smaller, 
provided the energies of the perturbing higher bands 
are comparable. 


TRANSITION-PROBABILITY CALCULATIONS WITH 
THE BOHR-MOTTELSON MODEL 


The Bohr-Mottelson rotational model for strongly 
deformed nuclei!*” has found striking success in cor- 
relating relative reduced transition probabilities of beta 
or gamma transitions which have a common initial 
state and have final states within a single rotational 
band. These relative probabilities are usually in the 
simple ratio of squares of Clebsch-Gordan coefficients 
involving the spins J; and J;, the multipolarity L, and 
the K-quantum numbers K; and Ky. Alaga, Alder, 
Bohr, and Mottelson™ have listed several examples, and 
others have been listed elsewhere.'**> Kerman'* has 
interpreted the gamma transition data of Murray et al.° 
for W'* by taking into account interactions mixing the 
zero-order Bohr-Mottelson wave functions. Several 
examples*—*6 of the operation of K-selection rules have 
been given, these rules following from the fact that the 
Clebsch-Gordan coefficients vanish identically when AK 
exceeds L, the multipolarity. The above-mentioned 
branching ratio tests are essentially checks on the 


*Q is the component of total nucleonic angular momentum 
along the nuclear symmetry axis. K is the component of total 
angular momentum along the symmetry axis and is expected to 
be equal to © for low-lying states. 

2S. G. Nilsson, Kgl. Danske Videnskab Selskab, Mat.-fys. 

Medd. 29, No. 16 (1955). 

22,4. Bohr, Kgl. Danske Videnskab Selskab, Mat.-fys. Medd. 

26, No. 14 (1952). 

23 Alaga, Alder, Bohr, and Mottelson, Kgl. Danske Videnskab 

Selskab, Mat.-fys. Medd. 29, No. 9 (1955). 

% Rasmussen, Stephens, Strominger, and Astrém, Phys. Rev. 

99, 47 (1955). ' 

25 Hollander, Smith, and Mihelich, Phys. Rev. 102, 740 (1956). 
% Murray, Boehm, Marmier, and DuMond, Phys. Rev. 97, 
1007 (1955). 
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separability of rotational motion from intrinsic nucle- 
onic motion in the rotating frame of reference; such 
separation introduces the K quantum numbers. These 
checks do not directly test the details of intrinsic 
nucleonic structure except when K=Q=1/2. 

With the present data from alpha decay of Am™! one 
can make the following simple branching-ratio test: 
The relative reduced transition probabilities for the 
two F1 transitions should be, from theory, 


_G /2 1 5/ 2 0|5/2 1 5/2 5/2)? 


=2.50. (1) 





Experimentally, from the proportional counter studies 
of Beling, Newton, and Rose,”’ the relative photon 
intensities of 59.57- and 26.36-kev transitions are 1 to 
0.075+0.008, and from Day,’ 1 to 0.082. Taking an 
average value and removing the energy dependence, 
one finds 


The theoretical and experimental values do not agree, 
and this failure of the branching-ratio test for the £1 
gammas would be explained within the framework of 
the rotational model by contributions from one or more 
admixed configurations with K#5/2. It is difficult at 
present to estimate from this evidence the magnitude 
of these admixtures, in view of the erratic and large 
retardations"**.° of £1 transitions in the heavy region 
(i.e., a relatively small wave-function component with 
K#5/2 might give large contributions to the £1 
intensities). 

With regard to the retarded El transitions, single- 
proton £1 transition probabilities were calculated by 
Strominger and Rasmussen® by use of the wave func- 
tions of Nilsson” for various degrees of prolate defor- 
mation and for various combinations of initial and final 
states. A large, though variable, retardation from ordi- 
nary single-particle lifetime formulas was always found. 
It appears therefore from these calculations that such 
retardations may be obtained naturally and generally 
when one uses single-particle wave functions in a 
spheroidal well. 

Interesting tests of the detailed single-particle as- 
sumptions of the Bohr-Mottelson model may be made 
where the M1/E2 mixing ratio of a cascade transition 
within a single rotational band is known together with 
the magnetic moment for the base level of the band. 
E2 transition probabilities are proportional to the 
square of the intrinsic quadrupole moment, a quantity 
that may be estimated from Coulomb excitation cross 

a Beling, ‘Newton, and Rose, Phys. Rev. 86, 797 (1952). 

% 7). Engelkemeir and L. B. Magnusson, Phys. Rev. 94, 1395 
(1954); Phys. Rev. 99, 135 (1955); = Strominger and ‘y. oO. 
Rasmussen, Phys. Rev. ‘100, 844 (1955 


a Teillac, Riou, and Desneiges, al rend. 237, 41 (1953). 
* D. Strominger and J. O. Rasmussen (unpublished results). 
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sections.** M1 transition probabilities are theoretically 
proportional to (go—gr)*, where go is the g factor 
appropriate to the odd-nucleon wave function and gr 
is the g factor for the collective rotational motion— 
commonly assumed'® to be of the order of Z/A. The 
magnetic moment of the base state of a rotational band 
is given'® as 


I? Io 
£R 
feat” 


(3) 





= gat 
Io+1 


Knowing uv and the M1/£2 ratio of a transition in the 
band and knowing or assuming Qo, one can solve 
separately for go and ger. Alaga et al.* mention similar 
tests on the Ta'*! ground rotational band. They found 
the data consistent with the model predictions, at least 
within the uncertainty of the magnetic moment deter- 
mination. Mottelson and Nilsson® likewise have found 
good results in Tm!®, assuming the intrinsic structure 
to be a single proton in a particular orbital of the 
deformed well. 

We are able to make checks in both rotational bands 
of Np*’. The ground-state magnetic moment has been 
measured as 6.0+2.5 nuclear magnetons by Bleaney 
et al.,* and Novey, Krohn, and Raboy* have measured 
a g factor of g=+0.8+0.2 for the 59.6-kev state by 
measuring the attenuation of the alpha-gamma angular 
anisotropy in an applied magnetic field. With the spin 
value of 5/2 assigned’ to the 59.6-kev level the u value 
is 2.0+0.5 nuclear magnetons. 

For the ground-state band, if we take the experi- 
mental M1/E2 ratio for the 33.2-kev transition of 
approximately 50 and apply the appropriate gamma 
transition equations,!® we calculate 


(go—gr)/Qo=+0.065 barn. 


Temmer*® has calculated from absolute Coulomb 
excitation cross sections the |Qo| values of 9 barns for 
Th and 8 barns for U™*. For the present purposes it 
would be most desirable to have a direct determination 
of |Qo| for Np*” itself, but we do not have this infor- 
mation. We might estimate as a reasonable value 12 
barns, with perhaps a 40% uncertainty. With this 
assumption we calculate go—gr=+0.8 for the ground- 
state band. 

Though we lack direct evidence of the M1/E2 ratio 
of the cascade gamma from the 76-kev level, it is still 
possible to make an independent determination of 
(ga—gr)/Qo for the ground band by using the relative 
intensities of cascade and crossover photon radiation 
from the 76-kev state as determined by Newton. 
Newton’s ratio of crossover to cascade photons is 


ase. M. Temmer and N. P. _Heydenburg, Phys. Rev. 100, 1609 
# B.R. Mottelson and S. G. Nilsson, Z. Physik 141, 217 (1955). 
ws. Llewellyn, Pryce, and Hall, Phil. Mag. 45, 992 
* Krohn, Novey, and Raboy, Phys. Rev. 98, 1187 (1955). 
%G. M. Temmer, private communication. See also reference 30. 
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0.052763. to 0.45+0.05. Assuming £2 radiation 
from the 76-kev level to divide between crossover and 
cascade according to a relation similar to Eq. (1), we 
calculate a probable M1/£2 ratio for the upper cascade 
transition (42.9 kev) of about 50 to 1. Carrying through 
the theoretical calculation as for the 33.2-kev transition 
we obtain (go—gr)/Qo=+0.064 barn, an answer in 
fortuitously good agreement with the other determi- 
nation. This agreement supports the idea that the 
Bohr-Mottelson separation of rotational and intrinsic 
motion is a reasonably good approximation in the 
ground band. 

One can go a step further and test the validity of 
assuming that the intrinsic magnetic properties are 
attributable to a single unpaired proton with good 
quantum number 2. We use Eq. (3) for the single- 
particle Bohr-Mottelson magnetic moment, and solve 
for gr from the quantities .=+6 and go—gr=+0.8. 
We find gr 1.8 or 3.0 (depending on the choice of sign). 
Both these values seem quite incompatible with the 
expected value ge~Z/A=0.39. Solving for values at 
the extreme limits of error (u=+3.5 and M1/E2=60) 
one finds that the lower value of gr has come down 
only to 0.8. 

Similar calculations on the upper band from data on 
the 43.4-kev transition (M1/E2=6) yield (ga’—gpr’)/Qo’ 
=+0.030 barn“. Calculations using an average mixing 
ratio for the 55.6-kev transition in this band (M1/E2 
5) yield (go’—gr’)/Qo’=+0.026 barn. The agree- 
ment is satisfactory, and the assumption of 12 barns 
for Qo’ leads to go’ — gr’ = +0.34. Combining these data 
with the experimental value +2.0 nuclear magnetons 
for the magnetic moment of the 59.6-kev state, and 
using the theoretical Bohr-Mottelson relations as before, 
we get gr’ =0.56 or 1.0. Again substituting values at the 
extreme error limits (u=+1.5, (M1/F2)43 4=7) we 
get gr’=0.37 as the lower value. Thus, for the upper 
band there is agreement with the simple theoretical 
estimate, ge=0.39. 

To summarize our present ideas on the lowest two 
bands in Np’: the agreement of rotational energy 
spacings with simple theory and the agreement of two 
independent calculations of (ga—gr)/Qo for each band 
from experimental data support the idea that the 
Bohr-Mottelson quasi-molecular separation of rota- 
tional from intrinsic motion is quite valid in each band, 
hence that K is at least a moderately good quantum 
number. As stated earlier, the failure to secure agree- 
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ment on the branching ratio of the Z1 gammas means 
some but not necessarily a large admixture of configur- 
ations with K+5/2 in initial or final states. Regarding 
the details of the intrinsic nucleonic structure within 
the spheroidal well, it appears that the magnetic 
moment*®.*7 and the cascade M1 transition probabilities 
can be explained for the upper but not for the lower 
band simply by an extreme single-particle configuration 
where all nucleons are assumed paired except for the 
odd proton whose total angular momentum along the 
symmetry axis (2) is a good constant of the motion. 
The disagreement with the extreme single-proton 
assumption in the lower band does not necessarily 
mean that the single-particle picture is not quali- 
tatively correct here, for nuclear magnetic properties 
such as the magnetic moment are known often to 
be quite sensitive to small amounts of configuration 
mixing (for example, see the work of Blin-Stoyle and 
Perks** on the influence of configuration interaction on 
the magnetic moment of Bi”). Among various interac- 
tions that might be responsible for configuration mixing 
in Np” are the rotation-particle coupling!’ and residual 
specific nucleon-nucleon forces*® which are responsible 
for pairing energies. Both these interactions might be 
especially large for the even-parity band, where the 
odd proton wave function has a particularly high 
average amount of orbital angular momentum. 
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36 Theoretical magnetic moment calculations*®’ for the various 
possible 2=5/2 orbitals in Nilsson’s*! scheme in no case yield 
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corresponds to an even-parity orbital. Configuration mixing of 
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the magnetic moment further, but do not seem sufficient to 
bring it near the experimental +6 nuclear magnetons. 
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The differential cross section for the elastic scattering of nitrogen from nitrogen was measured for incident 
nitrogen laboratory energies of 15.0, 17.7, 19.2, and 21.7 Mev and laboratory angles from 15° to 55°. The 
scattering occurred in nitrogen gas and the particles were detected with a nuclear emulsion placed in a one-slit 
camera. At 15 Mev, the scattering is entirely due to the Coulomb potential. The interference term in the 
Mott scattering cross section of two identical particles can be seen as a rise in the cross section near 45°, 
illustrating the fact that nitrogen is a Bose-Einstein particle. The angular resolution is not sufficient to enable 
the precise measurement of the spin. At the higher energies the cross section drops below the Mott cross 
section at angles greater than 30°, due to the nuclear absorption of the particles as the apsidal distance 
approaches the sum of the two nuclear radii. At an energy of 21.7 Mev and an angle of 45°, the cross section 
is } of the Mott cross section. A calculation which uses the strong absorption model of Blair, fits the differ- 
ential cross section at 21.7 Mev quite well. In order to fit the data, the contributions from values of / up to 6 
must be subtracted from the Coulomb cross section; this indicates that the nuclear radius of nitrogen is 
4.0X 10-8 cm?. From this calculation the total nuclear absorption cross section for 21.7-Mev nitrogen on 


nitrogen is inferred to be 3.4X 107% cm?. 





INTRODUCTION 


NTIL now, the study of the nuclear interaction of 
ions heavier than helium with other light nuclei 
has been confined to those reactions which lead to 
radioactive nuclei.' It has been shown that the reactions 
observed with the nitrogen bombardment of carbon are 
similar in many respects to proton-induced reactions 
which proceed through the same compound nucleus.” 
Investigation of the reactions produced by nitrogen on 
nitrogen and boron* show that stripping reactions also 
occur. Measurements of the elastic scattering of these 
heavy ions should allow further understanding of the 
reaction processes. In particular, elastic scattering meas- 
urements should lead to further information about the 
nuclear radius and about the nuclear wave functions. In 
this paper, measurements are reported on the elastic 
scattering of nitrogen by nitrogen. 

Scattering of identical particles was first carried out 
by Blackett and Champion‘ with alpha particles. Inter- 
ference effects were observed which allowed the determi- 
nation of the spin and statistics of alpha particles. 
Because of the relatively large charge and low velocity of 
the nitrogen ions available from the ORNL 63-inch 
cyclotron, Coulomb scattering is important in the 
scattering measurements reported here. Classically, the 
angular distribution of Coulomb scattering for identical 
particles should be well-represented by the usual 
Rutherford scattering cross section plus the same term 
reflected x radians to account for the recoil particles. 
How ever, the scattered waves must interfere, producing 

° * Now ‘at University of California Radiation Laboratory, 
Livermore, California. 

1 Reynolds, Scott, and Zucker, Proc. Natl. 
(1953); Chackett, Fremlin, and Walker, 
(1954). 

2 Cohen, Reynolds, and Zucker, Phys. Rev. 96, 1617 (1954). 

*H. L. Reynolds and A. Zucker, Phys. Rev. i01, 166 (1956); 
— Scott, and Zucker, Phys. Rev. 102, 237 (1956). 


M. S. Blackett and F. C. Champion, Proc. Roy. Soc. 
(London) A130, 380 (1931). 


Acad. Sci. 39, 975 
Phil. Mag. 45, 173 


a third term which is periodic in the scattering angle. 
The size and phase of the interfering term is dependent 
upon the spin, statistics, and velocity of the particle. 
Since it is known that nitrogen is a Bose-Einstein par- 
ticle with a spin of 1, the Coulomb scattering cross 
section in the laboratory system is given by 


Ze\?7 1 1 2 cosd 
o(6)=( ) ( + + a cos6, 
MPV? sin‘? cos’? 3 sin@ cos’é 


where 





Z°¢ 
- In tan6. 
137V 


o= 


As the energy is decreased, the number of maxima due 
to the oscillatory term should increase, while atyvery 
high velocities the interference terms should disappear 
because their wavelength becomes large. At low energies 
the elastic scattering of nitrogen by nitrogen should be 
well represented by the above formula. At higher 
energies nuclear absorption reduces the cross sections, 
first at the large angles and then at the smaller angles as 
the energy is further increased. 

Recently, interest in the elastic scattering of alpha 
particles by heavy nuclei has been aroused by the work 
of Wegner® and others. Theoretical interpretations of 
the data have been made by Blair, Wall, Porter, Rees, 
Ford, and Wheeler.* In general it has been assumed that 
the cross section is reduced below that of the Rutherford 
cross section by absorption of those particles with / 
values less than that corresponding to the nuclei just 
touching, while those particles with higher / values pass 
unaffected by the nuclear potential. Refinements in the 
theories make the nuclear surface diffuse. The sare 
semiclassical theoretical techniques may be applied’ to 


5 Wegner, Eisberg, and Igo, Phys. Rev. 99, 825 (1955). 

6 J. S. Blair, Phys. Rev. 95, 1218 (1954); Wall, Rees, and Ford, 
Phys. Rev. 97, 726 (1955); Cr Porter, Phys. Rev. 99, 1400 
(1955); K. W. Ford and J. A. Wheeler (to be published). 
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ELASTIC SCATTERING 


interpret the scattering of nitrogen by nitrogen. Here 
one has, however, the additional problem of interference 
between the scattered waves of the identical particles. 

The angular distribution of nitrogen elastically scat- 
tered from nitrogen was measured at energies of 15, 
17.7, 19.2, and 21.7 Mev in the laboratory system. The 
nuclear contributions to the cross section are evident at 
19.2 and 21.7 Mev, while at the lower energies the 
results illustrate the Bose-Einstein statistics of nitrogen. 
Calculations based on the model of Blair were made for 
the scattering at 21.7 Mev and are in good agreement 
with the data. 


EXPERIMENTAL PROCEDURE 


The method used to determine the angular distribu- 
tion of the elastically scattered nitrogen ions is similar in 
concept to the method used by Rouvina’ and others for 
proton-proton scattering. The-camera, Fig. 1, is inserted 
in a chamber filled with the scattering gas. Particles 
scattered from the main beam enter through the camera 
slit and are recorded in the nuclear emulsion. The posi- 
tion on the plate together with the entrance slit position 
determine the angle through which the particle was 
scattered. The number of tracks per unit area is then 
measured, from which the relative differential cross 
section a(6) can be determined by appropriate geometric 
corrections. 

The camera was milled from brass stock 1} in. thick. 
After the emulsion is inserted the camera is tightly 
closed with a thin brass plate. The camera entrance slit, 
which is jg by 1 in., is covered with a 0.2 mg/cm? 
aluminum foil to keep light out of the camera. A small 
twisted pipe allows free passage of gas between the 
camera and the scattering chamber, while it prevents 
light from hitting the emulsion. The camera is accurately 
positioned in a milled slot in the chamber. A collimating 
slit js in.X4 in. is placed 5 in. below the chamber 
entrance. The entrance slit for the chamber is also 
is} in. The forward edge of the camera, shown in 
Fig. 1, is 4 in. from the chamber entrance slit. A slit edge 
is placed 2 in. before the camera edge to prevent par- 
ticles which are multiply scattered in the entrance foil 
from entering the camera. The chamber entrance slit is 
covered with a 0.6-mg/cm? nickel foil in which the inci- 
dent beam loses 2.5 Mev. The chamber is filled with 
nitrogen gas to a pressure of } cm Hg measured with a 
butyl-pthalate manometer. Before reaching the usable 
scattering region the particles lose about } Mev in the 
gas. The initial beam energy is varied by placing a nickel 
foil of suitable thickness before the first collimating slit. 
The alignment of the slits and the camera is performed 
visually by observing the beam on a phosphor at the top 
of the chamber while tilting the chamber on a Sylphon 
bellows. It is estimated that the system can be aligned 
in this way to better than 3 degree. Since the scattering 
chamber is used in the cyclotron fringing magnetic field 


7 J. Rouvina, Phys. Rev. 81, 593 (1951). 
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Fic. 1. Scattering camera shown is placed in nitrogen gas 
chamber at 0.5 cm of Hg pressure. Scattered particles enter the 
chamber as shown and are detected in the emulsion. The position 
on the emulsion specifies the angle of scatter. 


of about 1000 gauss the long axis of the slits is placed 
perpendicular to the magnetic field so that paths of the 
detected scattered particles are nearly parallel to the 
field lines. 

Ilford D-1, 50-micron, 1-in.X3-in. nuclear plates are 
used as particle detectors and are held tightly in a 
machined groove by means of an adjustable spring clip. 
The plate accepts particles from 12° to 60° while another 
plate accepts particles from 60° to 110°. The latter was 
not used in this experiment since the range of the 
particles beyond 60° was too short to be detected. The 
emulsion is placed so that particles scattered at 15° 
enter at an angle of 65° while particles scattered at 60° 
enter with an angle of 20°. These angles are chosen for 
the following reasons: Since the Coulomb scattering 
cross section is much larger at small angles than any 
possible competitive process, discrimination between 
tracks in order to identify them as elastically scattered 
tracks was not necessary. At the same time the emulsion 
can accomodate more tracks if they are steeply dipping. 
At the large scattering angles where track identification 
is necessary the small angle of ‘dip’ permits accurate 
analysis. The camera entrance slit is tilted at 30° to the 
beam so that the particles scattered at large angles will 
have a larger effective slit width available. The minimum 
scattering angle at which tracks could enter the plate 
was 11.8°. This cutoff was quite sharp and served as a 
fiduciary mark to locate the plate on the microscope 
stage to within a distance of 0.05 millimeter, which 
corresponds to an error in angle of less than 0.2°. The 
number of tracks per unit area was determined with a 
standard Bausch and Lomb binocular microscope and a 
Whipple eyepiece disk. The angle of scattering as a 
function of the position on the plate was constructed 
from the geometry of the camera. 

The gas chamber was insulated from ground so that 
the beam could be monitored by measuring the current 
incident on the chamber. No attempt was made to 
measure accurately the magnitude of the current which 
entered the chamber. The bombardments usually lasted 
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about an hour with a current of the order of 0.05 
microampere. 
RESULTS 

A geometric correction factor is needed to convert the 
number of tracks per unit area to the relative differential 
cross section. This correction can be obtained from accu- 
rate geometrical measurements or more simply by 
measuring a known cross section with the apparatus. 
The latter method was chosen for this experiment. The 
Coulomb cross section, which can be easily calculated, 
was measured for the scattering of nitrogen from argon 
and krypton, both of which have a charge high enough 
so that no nuclear scattering can occur at the energies 
available. The krypton results are presented_in Fig. 2. 
The dots represent data obtained for initial nitrogen 
energies of 21.7 Mev, while the crosses represent data at 
17.3 Mev. The points are normalized to the calculated 
Coulomb curve at small angles. The ordinate scale is 
arbitrary. The necessary correction factor is the ratio of 
the Rutherford cross section to the measured points. 
This correction is shown in Fig. 3. On the same figure, 
the scattering angle is plotted against the position on 
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Fic. 2. Relative differential cross section for the Coulomb 
scattering of nitrogen from krypton in laboratory system. The 
upper solid line is calculated. The dots are uncorrected data at 
21.7 Mev, crosses at 17.7 Mev. The ratio of calculated to meas- 
ured values is the correction factor. 
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the plate obtained from geometrical measurements. The 
correction factor when applied to nitrogen scattered from 
argon is in agreement with the calculated Rutherford 
curves at all the energies measured, specifically 15, 17.7, 
19.2, and 21.7 Mev. When applied to the data for the 
scattering of nitrogen from nitrogen at 15 Mev, the 
resultant curve is in agreement with the Mott scattering 
cross section, as would be expected since there is no 
nuclear contribution to the cross section at this energy. 
Therefore, the correction factor obtained in this way is 
a valid one for the geometry of the experiment and is 
independent of energy and scattering material. The 
energy of the incident nitrogen ions was measured for 
each run by including with the 3 cm Hg of nitrogen in 
the gas chamber, $ cm Hg of helium. The range of the 
elastic recoil alpha particles at several angles was 
measured and the energy associated with this range 
determined. From the energy of the alpha particles and 
the angle of scattering, the energy of the incident nitro- 
gen beam can be determined. The probable error in the 
nitrogen energy thus measured is 250 kev. 

The results for the angular distribution of the elastic 
scattering of nitrogen from nitrogen for incident labora- 
tory energies of 15.0, 17.7, 19.2, and 21.7 Mev are 
presented in Figs. 4 through 7. The data have been 
normalized to the calculated Coulomb cross sections at 
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Fic. 3. Correction factor as a function of angle (solid curve) 


and position on plate as function of angle of scatter (dashed 
curve). 
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Fic. 4. Differential cross section in cm?/sterad for elastic scat- 
tering of 15-Mev nitrogen by nitrogen as a function of laboratory 
angle. The smooth curve is classical cross section; wavy line is 
Mott cross section. Each point represents 400 tracks. 


small angles, where nuclear scattering could not con- 
tribute to the cross section. The absolute values of the 
cross sections were thus obtained. Both the classical 
Rutherford cross section and the Mott cross section for 
Bose-Einstein particles of spin 1 are shown. The angular 
resolution is approximately 5° which averages out to 
some extent the interference terms for the low-energy 
data. The rise in the cross section at 45° definitely 
illustrates, however, the Bose-Einstein statistics for 
nitrogen. At 21.7 Mev, the cross section at 45° is one- 
fifth the Mott cross section. 

Each point shown represents 400 tracks, with a 
statistical standard deviation of about 5%. A complete 
set of data was taken with 200 tracks per point; later the 
measurements were repeated for a slightly different 
plate area and the data combined. The two separate 
sets of data were consistent within the expected errors. 
The normalization procedure introduces an error of 
about 10% in the absolute values of the cross section. 
The correction factor introduces errors of about 5% in 
the cross section. The absolute values for the angles can 
be checked in two ways. The scattering distribution for 
nitrogen from nitrogen must be symmetric about 45°. 
The symmetry of the distribution at 21.7 Mev showed 
that the angles near 45° were correct to within +}°. 
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Fic. 5. Differential cross section in cm?/sterad for elastic scat- 
tering of 17.7-Mev nitrogen by nitrogen as a function of laboratory 
angle. The smooth curve is classical cross section; wavy line is 
Mott cross section. Each point represents 400 tracks. 


The calculated maximum angle for elastically scattered 
nitrogen from helium is 16.6°. A run made with helium 
as the target indicated that the measured angle is 16.6° 
to within 3°. 

Gas samples were taken after several runs. Analyses 
of these samples with a mass spectrometer showed that 
contaminants were less than 2%.° The contaminants 
were due to air leakage and pump oil and could not have 
caused appreciable errors. To remove water vapor the 
chamber was pumped for at least 30 minutes before it 
was filled with nitrogen. 

The elastically scattered nitrogen ions gave rise to 
short (<15 u) dense tracks in the emulsion. Track selec- 
tion was made by the scanner who judged by eye that 
the track presented the right density and length. 
Measurement of the lengths of the tracks at random 
positions on the plates showed, at any position along the 
plate, a group of tracks with a distribution in range that 
would be expected for a uniform energy group. All of the 
tracks in this range group were counted. A few percent 
of the tracks had ranges which were estimated by eye to 
lie well outside the group and were discarded during the 
counting process. The longer tracks were due to protons 


® We wish to thank C. E. Melton and L. O. Gilpatrick for 
performing the gas analysis. 





REYNOLDS AND A. 














10 20 30 40 50 60 


LABORATORY ANGLE 


Fic. 6. Differential cross section in cm?/sterad for elastic scat- 
tering of 19.2-Mev nitrogen by nitrogen as a function of laboratory 
angle. The smooth curve is classical cross section; wavy line is 
Mott cross section. Each point represents 400 tracks. 
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and alpha particles from nuclear reactions and the 
shorter tracks were probably due to nitrogen scattered 
from parts of the camera. Elastically scattered alpha 
particles from the helium in the chamber were easily 
identified. Reactions such as N“(N'“N™)N" and 
N"™(N",C!8)O would give rise to particles which could 
not be differentiated from elastic nitrogens and would 
hence be counted. However, total cross sections for 
these reactions are about 5 millibarns* which is much 
smaller than the cross sections measured here. Inelastic 
scattering to the first few levels in N™ would also con- 
tribute particles to the counted group. It is expected 
that this cross section should also be small. 

Multiple scattering of the low-energy particles due to 
the gas and the aluminum camera entrance foil is less 
than 3°. The effects due to slit scattering are negligible. 
The angular resolution of about 5° is due to a number of 
causes. The incoming beam is collimated by the small 
dimensions of the slits to about +0.7°. Added to this is 
the multiple scattering in the chamber entrance foil 
(0.6 mg/cm? Ni) which amounts to about +0.7°. The 
angular acceptance of the camera slit is dependent upon 
the angle of scatter but in general is about +0.8°. The 
angular divergence in the plane of the long axis of the 
slits is about +7°. This divergence will cause an angular 
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Fic. 7. Differential cross section in cm*/sterad for elastic scat- 
tering of 21.7-Mev nitrogen by nitrogen as a function of laboratory 
angle. Classical and Mott cross sections are shown as dashed 
curves. The lines labeled /max= 5, 6, and 7 are calculations based on 
Blair theory with / values cut off at 5, 6, and 7. Each point 
represents 400 tracks. 


spread between 0.5° and 1°, again depending upon the 
angle of scatter. An appreciable improvement in the 
angular resolution would require bombardments of 
prohibitive length. 

DISCUSSION 


If the observations accurately represent elastic scat- 
tering, the number of particles per unit angle should be 
symmetric about 45° in the laboratory system. (In the 
center-of-mass system the symmetry is per unit solid 
angle.) The scattering at 21.7 Mev, Fig. 7, is symmetric. 
The distributions at the lower energies, Figs. 4, 5, and 6, 
are somewhat unsymmetric, however, with an excess of 
about 10% of particles between 39° and 44°. The only 
difference between the high- and low-energy exposures 
is that in the latter a foil has been inserted in the beam 
to reduce the energy. This increases to some extent the 
angular spread of the incident beam. The excess of 
particles near 40° was not observed, however, in the 
elastic scattering of nitrogen from argon, measured at 
the same energies. It was shown by gas analysis that the 
effect was not the result of contaminants in the target. 
Repeated exposures produced data in good agreement. 
At present it is not possible to assign this asymmetry 
to either a physical or experimental cause. 





ELASTIC SCATTERING 


At 15.0 Mev, the scattering of nitrogen by nitrogen is 
entirely due to the Coulomb potential, with the interfer- 
ence effects due to the similarity of the particles clearly 
shown in Fig. 4. At higher energies the nuclear potential 
results in an absorption of particles at large angles, 
where the apsidal distance approaches the sum of the 
two nuclear radii. Blair® has been able to fit the data for 
the elastic scattering of alpha particles by heavy nuclei 
with a semiclassical mode]. The assumption is made 
that if the potential barrier for the /th wave allows the 
nuclei to touch or overlap, this wave will be absorbed 
completely, while the waves with / values corresponding 
to the nuclei not touching are left undisturbed by the 
nuclear potential and have the phase characteristic of 
pure Coulomb scattering. This theory has been modified 
slightly by Wall et al.6 who consider that the /th wave 
corresponding to the nuclei just touching is only half 
absorbed, with the other considerations the same as 
those stated by Blair. These calculations are fairly 
successful if the ratio of the observed cross section to the 
Coulomb cross section, ¢/o¢, is larger than 0.1. When 
the measured cross section is smaller than this the strong 
absorption model gives a poor fit to the data. Calcula- 
tions by Ford and Wheeler,’ based on a more sophisti- 
cated model, are adequate in the region where ¢/o¢<0.1 
but poor where o/oc>0.1. Porter,® with somewhat 
different assumptions, was able to fit the alpha-particle 
scattering data fairly successfully. However, we have 
not attempted to apply this procedure to the scattering 
of similar particles. 

Since, in this experiment, ¢/oc¢ is always greater than 
0.2 for the nitrogen-nitrogen elastic scattering, it is 
believed that Blair’s model should be adequate for 
fitting the data. The assumption that the projectile is 
broken up or absorbed and not re-emitted when the 
nuclei touch or overlap is implicit in the theory. Thus it 
would be expected that the model should have more 
success when applied to nitrogen than to alpha particles 
since the nitrogen nucleus is more loosely bound. Blair’s 
equations must be modified slightly to take account of 
the similarity of the particles. The differential cross 
section for the elastic scattering of nitrogen by nitrogen 
can be represented for symmetric (.S) and antisymmetric 
(A) space wave functions by 


doisyay (ZC ‘| : : 5 
-( oy e'® exp[ —ia In sin?(8/2) | 
dQ MV?2/ |sin2(6/2) 


1 


+ e?'% exp[_ —ia In cos?(8/2) | 
cos?(@/2) 


1 Imax 


+— ¥ (21+1)e™P;(cosd) 


1a l=0 


1 lmax 2 
+— 2 (2/+1)e?'"P1(—cos6)| 4 cos(6/2), 


ta i=0 
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where a= Z’e?/hv, 6 is the center-of-mass angle, 0/2 the 
laboratory angle, and 


éim=T (I+1+ia)/T (I+1—ia). 


The 4 cos(@/2) factor transforms the relation from the 
center-of-mass system to the laboratory system. The 
relative velocity of the particles is V, and M and Z are 
the nitrogen mass and charge. The first two terms 
represent the scattering due to the Coulomb potential 
while the second two terms represent the nuclear ab- 
sorption of the / waves. The upper sign is taken for the 
symmetric space wave function while the lower sign is 
used for the antisymmetric space wave function. Only 
even / values contribute to the absorption term for the 
symmetric cross section, while only the odd / values 
contribute to the absorption term for the antisymmetric 
cross section. Since nitrogen is a Bose-Einstein particle 
with spin 1, the ¢ofal wave function must be symmetric 
and, therefore, the differential cross section becomes 


do 1/ dog) da a) 
==-(2- +"). 
dQ 3 dQ dQ 
The apsidal distances are very small compared to the 
electron Bohr orbit radii, so that effects due to electron 
shielding may be ignored. 

The calculation was performed at 2}-degree intervals 
from 223° to 45° in the laboratory system for a labora- 
tory energy of 21.7 Mev. The differential cross section 
per unit angle must be symmetric about 45°. The / value 
appropriate to the nuclei just touching can be calculated 
from the relation 


1(1+1)=2mR°h-*| E— (Z°e/R) |, 


where R is the sum of the two radii and £ the center-of- 
mass energy. For R=8.0X 10~" and a laboratory energy 
of 21.7 Mev, the value of / is 6.15. The calculated curves 
for maximum / values of 5, 6, and 7 are presented in 
Fig. 7 together with the classical and Mott scattering 
cross sections and points representing the data at 21.7 
Mev. The cross section at 45° is the same for a maximum 
1 value of 4 or 5 since the antisymmetric contribution is 
zero at 90° in the center-of-mass system. The calculation 
fits the data well with a maximum value of 6 for the 
absorption term. 

Calculations were not performed at the lower energies 
because of the lack of symmetry in the measurements, as 
discussed previously. However, E= Z*e?/R at 17.6 Mev, 
indicating that only the /=0 wave should be absorbed at 
this energy. 

The maximum / value necessary in the calculation is a 
sensitive function of the nuclear radius. Since it is clear 
that the maximum / value necessary is certainly between 
5 and 7, the nitrogen nuclear radius is (4.0+0.2) x 10-" 
cm. This value is in agreement with the one obtained 
irom the scattering of fast neutrons from nitrogen. In 
the relation r=r9A?, the value of ro is 1.66X10~-" cm. 
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This value is much larger than that obtained in recent 

electromagnetic measurements.’ If it is assumed that all 

of the particles with / values up to six are completely 

absorbed, then the total nuclear absorption cross section 

for 21.7-Mev nitrogen on nitrogen is 


6 
op=ah? D, (21+1) =3.4X10- cm’, 
l=0 


This value of the total cross section is close to that 
obtained by a calculation using the barrier penetra- 
bilities of Feshbach ef a/."° and a sticking probability of 
unity. 


* J. H. Fregeau and R. Hofstadter, Phys. Rev. 99, 1503 (1955). 
” Feshbach, Shapiro, and Weisskopf, U. S. Atomic Energy 
Commission Report NYO-3077 (unpublished). 
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It is concluded that Blair’s strong absorption or 
opaque nucleus model adequately describes the elastic 
scattering of nitrogen by nitrogen near the energetic 
threshold for nuclear reactions. More accurate data will 
probably require a theory which will take into account 
barrier penetration and the diffuseness of the nuclear 
surface. This experiment indicates that a source of 
higher energy heavy ions would be useful to perform 
scattering measurements throughout the periodic table; 
this may lead to a better understanding of the nuclear 
radius and nuclear interactions in general. 
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Total Cross Sections of Light Elements for (e,n) Neutrons* 
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The usefulness of the Be*(a,n) and the C¥(a,m) reactions as sources of monoenergetic neutrons of variable 
energy was investigated. Measurements of the yield of the C(a,m) reaction are presented. Total cross 
sections for elements of atomic number from 3 to 9 were measured for neutron energies between 4.4 and 
5.6 Mev and between 7.6 and 8.6 Mev. The results give some information about energy levels in C¥ and O!. 


INTRODUCTION 


HE purpose of the present study is to explore the 
usefulness of (a,n) reactions as sources of mono- 
energetic fast neutrons and to use the neutrons produced 
in such reactions for the measurement of total neutron 
cross sections of light elements. Usually (p,m) reactions 
are used to produce monoenergetic neutrons of energies 
up to 3 Mev, and (d,m) reactions for neutrons of higher 
energies.' Whenever deuterons are accelerated, neutrons 
are produced at places other than the target. Such 
spurious neutron sources frequently interfere with 
neutron experiments, particularly when a high-energy 
resolution is used in the experiments. Another difficulty 
is that with presently operating electrostatic accelera- 
tors neutron energies around 10 Mev cannot readily be 
reached with (d,n) reactions. 
Two exothermic (a,m) reactions were employed: 


Be®+a—(C")—C®+n+5.708 Mev, 


* Work supported by the U. S. Atomic Energy Commission, and 
by the Graduate School from funds supplied by the Wisconsin 
Alumni Research Foundation. 

t National Science Foundation predoctoral fellow. Now at the 
University of Kentucky. 

( : a Taschek, and Williams, Revs. Modern Phys. 21, 635 
1949). 


and 
C8+a—(0!")0'*+n+2.201 Mev. 


On the basis of the known energy levels of O'*, the 
C(a,n) reaction? should give monoenergetic neutrons 
for a-particle energies up to about 5 Mev. Since the 
first excited state of C” is at 4.4 Mev,’ the Be(a,n) 
reaction will always yield at least two groups of neu- 
trons. But it might be possible to eliminate the effect of 
all but the most energetic neutrons, as these neutrons 
have about 4.4 Mev more energy than any others. 


Be(a,n) REACTION 


Be targets were prepared by evaporation onto 
wolfram backings. Difficulties in the stability of these 
targets were encountered; under prolonged bombard- 
ment blisters developed in the Be deposit, and a layer 
of contamination formed on the surface. To retard these 
effects the He*-ion beam was defocused, warm air was 
blown against the target backing, and a liquid air trap 
was placed near the target. 

In order to check the target thickness and to detect 
the presence of foreign materials on the Be surface, 


*F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 





TOTAL CROSS SECTIONS OF LIGHT ELEMENTS 


the neutron yield of the Be®(p,2)B® reaction* was 
measured near threshold. The apparent threshold 
energy and the width of the rise curve at threshold gave 
a measure of the thickness of a fresh target and of 
contamination buildup after bombardment. Because of 
the lower stopping power for protons than for alpha 
particles of the same energy this method was, however, 
not very sensitive. 

The neutron detector should be able to discriminate 
against the neutrons of lower energies and against the 
4.4-Mev y rays from the decay of the excited state of 
C”, and, at the same time, should have a high efficiency 
for the detection of the most energetic neutrons. A 
detector was constructed of alternate 3-mm thick layers 
of plastic phosphor and 8-mm thick layers of Lucite, 
so that electrons produced by the 4.4-Mev y rays would 
lose most of their energy in the Lucite.‘ This detector 
when operated at sufficiently high bias gave a good 
efficiency for the most energetic Be(a,) neutrons and 
was insensitive to y rays from Ra. The sensitivity of the 
detector to y rays was further checked with the aid of 
long shadow bars of paraffin and iron inserted between 
the source and detector. It was found that at some 
bombarding energies the counting rate in the presence 
of the paraffin shadow bar was higher than when the 
iron bar was used. At these energies the ratio of Be(a,n) 
reactions leaving C” in the excited state to those leading 
to the ground state was apparently relatively high. 
While the detector was insensitive to y rays from Ra, it 
detected some of the 4.4-Mev y rays which produced 
pairs. A correction for the effect of these 7 rays had to 
be applied. 

The sensitivity of the detector to neutrons of lower 
energy was investigated with C'¥(a,m) neutrons which 
had about the same energy as the Be(a,)C* neutrons. 
It was found that the pulses produced by these neutrons 
were not detected at the bias setting used for the 
detection of Be(a,n)C™ neutrons. 

Asa preliminary check of the usefulness of the Be(a,n) 
reaction for total cross-section measurements counting 
rates of the detector, placed at 0° with respect to the 
incident a particles, were determined at a-particle 
energies up to 3.7 Mev. Only in the energy range from 
2 to 3 Mev was the counting rate high enough to make 
total cross-section measurements practical. Such a 
particles produce neutrons of energies between 7.6 and 
8.6 Mev. It was possible to extend the useful energy 
range of the reaction downward by observing neutrons 
emitted at angles other than 0°. Total neutron cross 
sections could be measured at neutron energies be- 
tween 7.0 and 7.6 Mev by the use of neutrons emitted 
at 60° with respect to the incident a particles. 


C3(a,n) REACTION 


Targets of C' were prepared by cracking methy! 
iodide enriched in C™ onto 0.25-mm thick wolfram 


ie Richards, Smith, and Browne, Phys. Rev. 80, 524 (1950). 
4 McCrary, Taylor, and Bonner, Phys. Rev. 94, 808 (1954). 
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disks.’ The same precautions were taken to retard 
deterioration of the C" targets as described in the case 
of the Be targets. 

Since the neutrons from the C(a,2)O"* reaction 
should be monoenergetic at the a-particle energies used 
in the present experiment (below 4 Mev), and the num- 
ber of y rays from a-particle induced reactions should be 
small, a more efficient detector could be used for the 
C¥(a,2) neutrons than was empolyed for counting 
Be(a,n) neutrons. The detector was a scintillation 
counter consisting of a cylinder of plastic phosphor 
2.5 cm in diameter and 2.9 cm long. 

The yield of the C(a,7) reaction was measured for 
neutrons emitted at 0° and at 86° (90° c.m. system) 
with respect to the a-particle beam and is shown in 
Fig. 1. An estimate of the differential cross section of 
the reaction was obtained in the following manner. The 
sensitivity of the scintillation detector was determined 
with the aid of a long counter which in turn had been 
calibrated with a Ra—Be source of known strength. 
No accurate determination of the number of C’ atoms 
in the target was made, but the number was estimated in 
two ways. The wolfram disk was weighed before and 
after the carbon was deposited. Outgassing of the 
wolfram upon heating probably introduced some un- 
certainty into the weight determination. More serious 
was the fact that the carbon was deposited over an 
area much larger than that of the a-particle beam and 
that the deposit was probably not uniform. 

A second and perhaps more reliable estimate was 
obtained by measuring the yield curve in the neighbor- 
hood of the peak at 2.7 Mev. This peak has a natural 
width of less than 15 kev. For targets in which the 
energy loss of the a particles was appreciably more than 
15 kev, the number of carbon atoms could be deduced 
from the apparent width in energy of the peak. Both 
methods of determining the thickness of the carbon 
deposit agreed fairly well. The number of C" atoms 
depends, in addition, on a knowledge of the isotopic 
composition of the carbon. According to the manufac- 
turer® the carbon contained 60% C", and this number 
was used in the calculations. 

The narrow peak in the yield curve at an a-particle 
energy of 2.7 Mev was also useful for detecting con- 
tamination on the target surface. The presence of 
contamination had the effect of shifting the peak in the 
yield to higher alpha-particle energies, and, because the 
contamination builds up nonuniformly, to broaden the 
peak. 

In the range of a-particle energies investigated in the 
present experiment, the neutron yield is high enough to 
make total cross-section measurements practical for 
a-particle energies between 2.2 and 3.5 Mev. This 


5G. C. Phillips and J. E. Richardson, Rev. Sci. Instr. 21, 885 
(1950). 

6 Isotope separation by United Kingdom Atomic Energy 
Authority, Harwell, England. Chemical conversion by Distillation 
Products Industries, Rochester, New York, 
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Fic. 1. Yield of the 
C¥(a,n)O" reaction at 0° 
and at 90° in the c.m. 
system. Cross sections were 
estimated as explained in 
the text. The cross section 
and energy are given in the 
laboratory system of coor- 
dinates. Open circles repre- 
sent points for which the 
neutron energy spread is 15 
kev. For the solid circles, 
the energy spread is 30 kev. 
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corresponds to neutron energies between 4.4 and 
5.6 Mev. 

Yield measurements on the C!(a,n) reaction have 
previously been performed in this energy range by 
Trumble’ who reports resonances at a-particle energies 
of 2.44, 2.66, 2.76, and 3.30 Mev. The present experi- 
ments show these resonances and also some additional 
peaks. 

TOTAL NEUTRON CROSS SECTIONS 


Total cross sections were measured® for elements of 
atomic number from 3 to 9. In the case of boron two 
samples were used, one of normal boron, the other of 
boron enriched to 85% B". The samples were in ele- 
mental form except N, O, and F. The nitrogen cross 
section was obtained by comparing the transmission 
of a sample of aminotetrazole and carbon with that of a 
sample of paraffin as previously described.’ Transmis- 
sions of a BeO sample were compared with those of a 
Be sample for determining oxygen cross sections, and a 
comparison of teflon with carbon gave the cross section 
of fluorine. 

All samples were cylinders of such length as to give 
transmissions of around 50%, and their diameters were 
between 1.9 and 2.5 cm. The detector was placed 25 or 
30 cm from the source. 

A correction for scattering of neutrons by the sample 
into the detector was applied assuming only single 
scattering. The correction was calculated for an angular 

7R. E. Trumble, Jr., Phys. Rev. 94, 748 (1954). 

* H. H. Barschall, Revs. Modern Phys. 24, 120 (1952). 

* Johnson, Petree, and Adair, Phys. Rev. 84, 775 (1951). 


distribution corresponding to diffraction by an opaque 
sphere.” Such a distribution appears to be in reasonable 
agreement with experimental results for small-angle 
scattering of neutrons by light elements in the energy 
region studied in the present experiments." The in- 
scattering correction amounted to about 5%. 

Corrections were applied for background on the basis 
of measurements with a shadow bar. The fact that a 
small number of neutrons are transmitted through the 
shadow bar was taken into account. 

In Figs. 2 and 3, the results of total cross-section 
measurements are presented for the elements investi- 
gated except carbon and oxygen. The data labeled 
“boron ten” refer to measurements on a sample enriched 
to 85% B", while the data marked “boron” were taken 
with a sample of normal boron. 

The energy spread of the neutrons was approximately 
the same as the spacing of the points and amounted to 
30 kev in most cases. The statistical accuracy of the 
measurements was about five percent. Some of the vari- 
ations of cross section with energy shown in Fig. 2 are 
outside of the error of the measurements, particularly 
in nitrogen and fluorine these variations are large. It is 
not clear, however, that they are caused by isolated 
levels, and no attempt was made to analyze these data 
in terms of resonance theory. 

The results presented in Fig. 3 show a rather smooth 
variation of cross section with energy and no clear 
effect of isolated resonances. 

Feld, Feshbach, Goldberger, Goldstein, and Weisskopf, U. S. 


Atomic Energy Commission report NYO-636, 1951 (unpublished). 
1M. Walt and J. R. Beyster, Phys. Rev. 98, 677 (1955). 
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Fic. 2. Total cross sections of Li, Be, B”, B, N, and F for 
neutrons from the C!¥(a,n)O"* reaction. The solid points represent 
data for which the energy spread is about 15 kev, while for the 
open points the energy spread is about 40 kev. 


Measurements of these cross sections have previously 
been carried out by Nereson and Darden” who used 
an energy spread of about 100 kev in this energy 
region. The results of the two experiments are in good 
agreement. 

Total cross sections of carbon and oxygen are shown 
in Figs. 4 and 5. Most of the data were taken with a 
neutron energy spread of 30 kev. In those energy regions 
in which there was evidence for rapid variations of the 
cross section with energy the measurements were re- 
peated with an energy spread of 15 to 20 kev. The latter 
results are shown by solid circles in the figures. 

Previous measurements of these cross sections” with 
considerably larger energy spread gave about the same 
average cross section as the present data but did not 
show the resonances indicated in Figs. 4 and 5. In addi- 
tion, the present measurements with C"(a,n) neutrons 
may be compared with unpublished results obtained 
with d-d neutrons at Los Alamos by R. L. Henkel et al." 
While the present data agree qualitatively with the 
Los Alamos data, the measurements presented in Figs. 


12 N. Nereson and S. E. Darden, Phys. Rev. 89, 775 (1953) and 
94, 1678 (1954). 

13 R. L. Henkel ef al. (unpublished), quoted in U. S. Atomic 
Energy Commission Report BNL-325 (Superintendent of Docu- 
ments, U. S. Government Printing Office, Washington, D. C., 
1955). 
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Fic. 3. Total cross sections of Li, Be, B®, B, and N for neutrons 
from the Be*(a,n)C” reaction. The energy spread for these data 
is about 40 kev. 


4 and 5 show more resonances, as might be expected, 
since a smaller energy spread was used. The present 
data overlap at the lowest energies measurements by 
Freier, Fulk, Lampi, and Williams‘ which were taken 
with (d,d) neutrons of 400-kev energy spread. Because 
of the difference in the resolution used in the two 
experiments a detailed comparison is difficult, but there 
does not appear any inconsistency. 

Measurements of the total cross section of carbon 
were carried out also in the neutron energy range from 
7.2 to 7.6 Mev by using neutrons from the Be(a,n) 
reaction emitted at 60° with respect to the incident 
a particles. The cross section rises from about 0.6 barn 
at 7.2 Mev to 1.6 barns at 7.4 Mev and then levels off. 
These results agree qualitatively with the Los Alamos 
measurements quoted in reference 13. The Los Alamos 
measurements are, however, plotted on an energy scale 
which is in error in this reference. 


ENERGY LEVELS IN C3 


The structure in the total neutron cross section shown 
in Fig. 4 is caused by energy levels in the compound 
nucleus C"*, It is not possible, however, to draw definite 
conclusions about the character of these levels from the 
present measurements. At the neutron energies used 
other modes of decay of the compound nucleus compete 
with elastic scattering, i.e., inelastic scattering and, at 


4 Freier, Fulk, Lampi, and Williams, Phys. Rev. 78, 508 (1950). 
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the higher energies, emission of a particles. An addi- 
tional difficulty in the interpretation is that the energy 
spread of the neutrons is probably not small compared 
to the width of the levels, and levels may actually 
overlap. 

At an isolated resonance the variation in total cross 
section is given by 


Aor=2ek(2J+1)0,/(2I+1)F, (1) 


where k& is the wave number of the incident neutron in 
the c.m. system, J the spin of the compound state, J the 
spin of the bombarded nucleus, I’, and I the neutron 
width and total width of the compound state. 

The height of the peak at 4.95-Mev neutron energy 
is less than the theoretical maximum for a level in C® 
of total angular momentum 3, while the height of the 
maximum at 5.40 Mev is about equal to the theoretical 
maximum for a state of total angular momentum }. 
Because of the effect of inelastic scattering and finite 
energy resolution it is probable that the state formed 
by 5.40-Mev neutrons has a spin of more than }. Some 
information might be gained about the orbital angular 
momentum of the neutrons forming the compound state 
from the interference between resonant and potential 
scattering. No interference is observed around 4.95 Mev, 
and the small minimum preceding the 5.40-Mev peak 
is within the experimental error. The absence of ap- 
preciable interference minima might be interpreted 
as indicating that the states are formed by neutrons of 
high angular momentum. Not enough is known, how- 
ever, about nearby broad levels of low angular momen- 
tum to make any conclusions appear safe which are 
based on the assumption that potential scattering 
phase shifts may be estimated from hard-sphere scatter- 
ing phase shifts. 

The structure shown in the lower part of Fig. 4 ap- 
pears to be caused by several levels in C'*. Additional 
information about these levels may be gained from a 
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Fic. 4. The total neutron cross section of carbon. Data shown as 
solid circles were taken with an energy spread of about 15 kev, 
while for the open circles the energy spread is about 30 kev. 
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study of the Be(a,m) reaction, since the compound 
nucleus C™ is formed in this reaction also. At the 
a-particle energies used in the present experiments 
about the same range of excitation energies of C is 
covered as in the total cross-section measurements using 
the Be(a,m) neutrons. Although no attempt was made 
to study the yield of the Be(a,m) reaction in detail, an 
estimate of this yield as a function of energy may be 
based on the neutron counts without sample obtained in 
the course of the total cross-section measurements. The 
0° yield of the high energy Be(a,) neutrons shows four 
small maxima at excitation energies of the compound 
nucleus corresponding to neutron energies between 7.6 
and 8.3 Mev. The presence of these maxima corrobo- 
rates the conclusion that the structure in the total cross 
section shown in the lower part of Fig. 4 is caused by 
several levels in the compound nucleus. Maxima in the 
Be(a,n) yield in this energy range have previously been 
reported by Trumble,’ and in the y-ray yield for 
Be*(a,ny)C” by Talbott and Heydenburg.'® 


ENERGY LEVELS IN OO” 


Information about energy levels in O"” may be derived 
both from the measurements of the O'* neutron cross 
section and from the results of the experiments on the 
C¥(a,n) reaction. When O"* is bombarded with C'¥(a,n) 
neutrons O" is formed at about the same excitation 
energy as in the reaction producing the neutrons. In 
Fig. 6, both the total neutron cross section of oxygen 
and the yield of the C'*(a,m) reaction are plotted against 
the excitation energy of O'”. At excitation energies of the 
compound nucleus for which both measurements have 
been performed, there is a correlation between the 
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Fic. 5. The total neutron cross section of oxygen. Data shown as 
solid circles were taken with an energy spread of 15 kev, while for 
the open circles the energy spread is about 30 kev. 


1 F, L. Talbott and N. P. Heydenburg, Phys. Rev. 90, 186 
(1953). 
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Fic. 6. The total 
neutron cross section of 
oxygen and the 0° yield 
from the C8(a,n)O"* re- 
action, both plotted asa 
function of the excita- 13 
tion energy of the com- | (0°) ¢ “(a,n 
pound nucleus O!”. 
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position of the peaks shown in the upper and lower parts 
of Fig. 6. 

For an (a,n) reaction in which the target and product 
nuclei have opposite parity, and the target nucleus has 
spin 3 while the residual nucleus has spin 0, the peak 
height in the differential cross section at 0° is given at 
an isolated resonance by 


o(0°)=k*(2J+1)'7P TP 4/4T”, (2) 


where I’,, and I’, are the widths for neutron and a-par- 
ticle emission. Information about some levels in O"’ may 
be obtained by the combined use of Eqs. (1) and (2). 
The levels at 8.41 and 8.51 Mev, for example, must 
have a total angular momentum of at least $ in order 
to account for the variation in the C"(a,2) reaction 
cross section. The spin could be much larger, if the 
resonances are not well resolved, or if the widths for 
neutron and alpha-particle emission differ appreciably. 

From an assignment of spin $ to the level at an ex- 
citation energy of 8.71 Mev either the height of the 
total neutron cross-section peak or the height of the 
C¥(a,n) reaction peak give for the ratio of neutron 
width to alpha-particle width about 20. For no other 
spin assignment can such an agreement be found; hence 
$ seems the most likely value of the spin, although the 
uncertainty in the absolute cross section of the C'¥(a,m) 
reaction makes the argument not quite firm. No 
interference minimum is observed near the peak in the 
total neutron cross section, and since p-wave potential 
scattering is likely to be large at these neutron energies, 
the state is probably formed by d-wave neutrons. 

A resonance in the total cross section at about 


5.40 Mev neutron energy indicates a level at an excita- 
tion energy of 9.20 Mev. A minimum in the cross 
section near this level suggests interference between 
potential and resonance scattering. The height of the 
peak is the theoretical maximum for a state of spin 3, 
but because of the possibility of processes competing 
with elastic scattering and because of the finite energy 
resolution of the neutrons, the spin may be brighter. The 
presence of the minimum makes likely a low value of 
the angular momentum of the neutrons forming this 
level. 

Measurements of the energy of a particles from 
F'°(dja)O" have covered excitation energies of O'" to 
about 9.1 Mev.!* In the energy region common to the 
present experiment and the F(d,a) measurements, the 
latter showed levels in O" at 8.27, 8.59, and 9.06 Mev 
with an experimental uncertainty of +0.04 Mev. 
Whether these levels are the same as any of those found 
in the present study is not clear. 


CONCLUSIONS 


While the Be(a,n) and the C(a,m) reaction are 
usable sources of monoenergetic neutrons, they have 
some serious disadvantages. The discrimination against 
the 4.4-Mev y rays from Be(a,n) offers some difficulty. 
For the C¥(a,m) reaction the rapid variation of yield 
with energy introduces complications. In both reactions, 
there are energy regions in which the neutron yield is so 
low that only experiments can be performed for which 
intensity is no serious problem. 

16 Burrows, Powell, and Rotblat, Proc. Roy. Soc. (London) 


A209, 478 (1951). 
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Reaction Al?’ (p,3pn)Na**} 
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The cross section for the reaction Al*’(p,3pn)Na™ has been measured as a function of proton energy 
between 32 and 350 Mev by comparison with the cross section of the reaction C”(p,pn)C™. 





I. INTRODUCTION 


HE reaction Al?’(p,3pn)Na™ has been studied by 
a number of investigators,'* and has proved 
useful in the measurement of proton beam intensities 
above 70 Mev. The proton energy regions covered by 
Hintz and Ramsey! and Marquez? were not adequate 
for experiments using the Berkeley 184-inch cyclotron. 
The data of Stevenson and Folger® were based on old 
values of the C"(p,pn)C"™ cross sections by Aamodt, 
Peterson, and Phillips‘ which have since been revised 
by Crandall, Millburn, Pyle, and Birnbaum.® The 
remeasurement of the cross section of the reaction as a 
function of bombarding proton energy has been under- 
taken using better techniques. 


Il. EXPERIMENTAL PROCEDURE 
Target Preparation and Bombardment 


The reaction Al?’"(p,3pn)Na™* was studied using 
targets whose mass thicknesses were small with respect 
to the range of the bombarding particles. Such “thin 
target” experiments have several advantages over the 
stacked foil method. First, the bombarding particle 
energy may be selected by varying the radius at which 
the beam intercepts the target. The particle energy is 
not degraded appreciably by the target and therefore 
is known more precisely, particularly in the region 
below 150 Mev. Second, the reaction Al*’(n,a)Na* 
from neutrons in the cyclotron tank contributes a 
negligible amount of Na* compared to that formed by 
the proton beam. Third, Na* produced by secondary 
particles is negligible because of the thin target. 

However, the proton beam current must be measured 
in each bombardment; therefore, there must be a 
reaction whose cross section is known in the energy 
region of interest. A further requirement of the beam 
monitor is that the monitor foils and the target foils 
must intercept the same number of protons. The 
reaction C"(p,pn)C" was chosen to monitor the beam.® 

Targets consisted of polyethylene foils and aluminum 
foils arranged as shown schematically in Fig. 1. Both 


t This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1N. M. Hintz and N. F. Ramsey, Phys. Rev. 88, 19 (1952). 

2 L. Marquez, Phys. Rev. 88, 225 (1952). 

3 P. C. Stevenson and R. L. Folger (unpublished data). 

4 Aamodt, Peterson, and Phillips, Phys. Rev. 88, 739 (1952). 

5 Crandall, Millburn, Pyle, and Birnbaum, Phys. Rev. 101, 329 
(1956). 


0.005-inch and 0.001-inch aluminum foils were of com- 
mercial 2S aluminum, while the 0.001-inch polyethylene 
was commercial polyethylene sheet. Polyethylene was 
chosen as the source of carbon because of its relatively 
high melting point, vacuum stability, lack of elements 
of atomic number higher than carbon, and ease of 
fabrication. Guard foils on either side of each target 
and monitor foil were intended to compensate for the 
loss of reaction products by nuclear recoil and to 
protect the target foils from contamination. The foils 
were all cut precisely to the same area, 1} inches long 
X# inch wide, weighed, stacked in a jig, the holder 
clamped to the edge of the stack, and the alignment 
of all foils checked by inspection through a jeweler’s 
loupe. 
In preliminary experiments it was found that the 

amounts of activity induced in the two polyethylene 
monitor foils on opposite sides of the stack were not 
always comparable. (A similar effect has been noted in 
irradiations of other materials using aluminum foils as 
monitors.) It was concluded that for some unknown 
reason, possibly connected with the rapid evacuation 
to which the assembly was subjected on insertion into 
the cyclotron, the free edges of the foil stacks occasion- 
ally spread out, leading to improper alignment at the 
time of irradiation. This effect was completely elimi- 
nated by adding to the target assembly an aluminum 
foil (1 inchX? inchX0.001 inch) folded over the free 
edge with both ends secured in the target holder, one 
end on each side of the stack. The ends of the foil 
stack which protruded beyond the enveloping foil were 


1, 0.001" POLYETHYLENE GUARD FOILS 
2, 0.001" POLYETHYLENE MONITOR FOILS 
3. 0.001" Al GUARD FOILS 
4. 0.005" Al TARGET FOILS 


PROTON 
BEAM 








——___—_—> 
————ep 
——<————> 


Fic. 1. Schematic target assembly for circulating 
cyclotron beam bombardments. 


0,001" Al FOIL 
“~ ENVELOPE 


TARGET HOLDER 
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then checked for alignment as before. All data here 
presented were obtained using this latter technique. 

When targets were bombarded in the internal circu- 
lating beam of the 184-inch cyclotron, the gas flow to 
the ion source was reduced by one-half. The beam was 
pulsed 5 seconds on, 15 seconds off for two minutes, 
giving an average beam intensity of about 0.1 ya. 
There was no observable melting of the polyethylene 
targets after irradiation. 

Independent measurements of the cross section of 
the reaction at 32 Mev and 350 Mev were made using 
a Faraday cup to measure proton beam intensities. 
Aluminum targets (1 inch diameter and 0.005 inch 
thick) were placed between 0.001-inch aluminum guard 
foils and fixed to the window of a Faraday cup for 
measurements using 32-Mev protons from the Berkeley 
linear accelerator® and 350-Mev protons from the 
external beam of the 184-inch cyclotron. The beam 
diameter in each case was about } inch to give a well- 
defined counting sample. 


Mounting and Counting of Samples 


The target strips from internal beam targets were 
cut after irradiation to form two strips, $ inchX@ inch, 
which were mounted side by side on a rigid backing. 
The irradiated edges were placed together to form a 
smaller source. The polyethylene foils were mounted 
on cardboard, and the aluminum foils on aluminum 
backings. Samples were counted using end-window 
methane-flow proportional counters. Coincidence cor- 
rections were less than one percent for counting rates 
below 10° counts per minute. It was not possible to use 
the same counter for all samples. The C"™ was counted 
always on one counter, the Na™ always on another. 
The method of relating these counters is described in 
the next section. The solid angle intercepted by the 
counters was low (1-10%). All samples were counted 
for at least three half-lives of the desired product after 
the shorter lived products of the bombardment had 
decayed. 

The Faraday cup targets were mounted without 
chemical separation of the Na on aluminum backing. 
The radiations were counted with a chlorine-quenched 
Geiger tube. The counting rates were all below one 
thousand counts per minute so coincidence correction 
was negligible. The number of disintegrations per count 
in the geometry and mounting conditions employed 
were determined independently with a 4x counter using 
the method of Batzel, Crane, and O’Kelley.” 


Treatment of Data 


The Na™ half-life was taken to be 15.05 hr and the 
C" to be 20.50 min.* Individual counts on each counting 


®R. S. Gilbert, private communication. 

7 Batzel, Crane, and O’Kelley, Phys. Rev. 91, 939 (1953). 

8 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 
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TABLE I. Cross sections of the reaction Al?"(p,3pn)Na™. 








a(Na%) o(Na%) 


mt Experimental 
a@(Cl) mb 


technique 


Proton energy o(C!')« 
Mev mb 
32 0.005» 
350 36.0 0.311 : 


Faraday cup 
Faraday cup 


Run 1 
50 86.9 
76.5 
70.4 
66.0 
51.7 
44.6 
36.3 
36.0 
36.0 


Circulating beam 
0.0175 
0.107 
0.146 
0.162 
0.201 
0.209 
0.248 
0.289 
0.319 

Circulating beam 
80.8 
70.4 
38.7 
36.3 
36.0 


0.0668 
0.148 
0.230 
0.256 
0.258 
0:275 
0.311 
0.314 
Circulating beam 
0.185 
0.193 
0.193 
0.198 
0.204 





® See reference 5. 
b See reference 6. 


sample were extrapolated analytically to the end of 
bombardment from the start of the count. Initial decay 
rates obtained from the various activity measurements 
on a given sample varied one percent or less from the 
mean in each sample from the internal circulating 
beam targets. Since the areas of all foils were equal, 
the weight of each individual foil was taken to be a 
measure of its thickness and hence of the number of 
atoms in the path of the proton beam. Specific activities 
of the various samples were calculated by dividing the 
average calculated initial activities by the foil weight. 
Specific activities of duplicate samples in general agreed 
to within one percent. The Na™ cross sections were 
then calculated by the following equation: 


specific activity aluminum 
o(Na*) = -——__—___—— ee --@(C), 
specific activity polyethylene 


The constant k includes the following factors: relative 
counting efficiencies including all scattering corrections, 
half-lives of Na* and C", atomic weights of targets, 
decay of sample during counting interval (all counts 
were of 1.28-min duration for C" and Na”), and decay 
during bombardment (all bombardments were 2.00 min 
long). For each series of bombardments, k was deter- 
mined by one or two bombardments at 350 Mev where 
both aluminum and carbon cross sections had been 
measured by using a Faraday cup to measure beam 
intensities (this work and that of Crandall ef al.*). 
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Fic. 2. Cross section of the reaction Al?’(p,3pn)Na™. 


Cross sections of the reaction C!(p,pn)C™ were ob- 
tained from the work of Crandall, Millburn, Pyle, and 
Birnbaum.* The results appear in Table I and Fig. 2. 


III. DISCUSSION 


The threshold of the reaction Al’’(p,3pn)Na™ is 
calculated to be ~32 Mev if one disregards Coulomb 
barrier effects, and ~44 Mev if account is taken of the 
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barrier. The cross section at 32 Mev was found to be 
5X10-* mb provided neutron background was negli- 
gible. This value disagrees with the value of ~0.5 mb 
given by Hintz and Ramsey.' The cross sections meas- 
ured in this work from 50 to 125 Mev are consistently 
lower by about six millibarns than those of Hintz and 
Ramsey. The reaction Al’’?(p,pHe*)Na™ has a threshold 
of 24 Mev if one disregards the Coulomb barrier, and 
one of 36 Mev if account is taken of the barrier. The 
present data indicate that the predominant reaction in 
the energy region studied is Al?’(p,3pn)Na™. 
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Pion Production by Inelastic Scattering of Electrons in Hydrogen* 


W. K. H. Panorsxy, W. M. Woopwarp,f AND G. B. Yopu 
High-Energy Physics Laboratory and Department of Physics, Stanford University, Stanford, California 
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The ratios of the yield of electron-induced to photon-induced pion processes have been measured at an 
incident energy of 600 Mev. Measurements have been made at energies of 60 and 170 Mev for positive pions. 
The result is expressed in terms of ‘“‘the equivalent radiation length” X, defined so that the pion yield due to 
direct electron production is equal to the pion yield due to photons produced by electrons in a radiator of 
X, radiation lengths. The results are X,=0.0191+0.0011 for 60-Mev pions and X,=0.0178+0.0023 for 
170-Mev pions. At the lower pion energy the value is somewhat lower than the theoretical value if equal 
transverse and longitudinal interactions are assumed. If the contribution from the longitudinal matrix 
element is taken to be small or if the electron contribution from large angles of electron scattering is sup- 
pressed, then the value can be fitted. The value at 170 Mev is in agreement with predominantly magnetic- 
dipole absorption corresponding to the enhanced P3/2, 3/2 state of the final pion-nucleon system. 


I. INTRODUCTION 
A. General 


N a previous paper,! we have discussed evidence for 
the direct production of positive pions by electron 
bombardment of lithium. Specifically, a measurement 
was carried out to establish the ratio of production by 
500-Mev electrons to production by the corresponding 
photon bremsstrahlung of 60-Mev pions produced at 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

¢ On leave from the Laboratory for Nuclear Studies, Cornell 
University, Ithaca, New York. 

1 Panofsky, Newton, and Yodh, Phys. Rev. 98, 751 (1955). 


75° laboratory angle. Detailed interpretation of the 
lithium results is made difficult by the broadening effect 
of the initial momenta of the nucleons. For this reason, 
we have carried out further measurements using liquid 
hydrogen as a target. This paper covers measurements 
made only at one value of the incident electron energy 
(600 Mev), one pion laboratory production angle (75°), 
and two pion kinetic energies (60 and 170 Mev). 


B. Kinematics and Description of the Process 


Consider the inelastic collision between an electron 
and a proton resulting in pion formation. Figure 1 is a 





INELASTIC SCATTERING 


vector momentum diagram for the kinematics of the 
process e+p—e’+n+x*. In this experiment the 
vectors p; (initial electron energy) and p, (pion mo- 
mentum) are fixed. The final state will be completely 
defined provided the final electron angle is fixed. Since 
the final electron angle is not fixed in this experiment, 
the resultant cross section is an integral over the electron 
scattering angle. In principle, the pion and electron 
could be put in coincidence, but the experimental 
parameters make this impossible. It is, however, 
feasible to perform the complementary experiment to 
the one described here; namely, to observe the yield of 
inelastically-scattered electrons of given momentum 
corresponding to a cross section that is an integral over 
pion angles. 

Figure 2 shows a family of curves of final electron 
momentum |p| as a function of electron scattering 
angle. Also plotted are the values of momentum transfer 
|Ap| and energy transfer App to the meson-nucleon 
system. The momentum and energy transfers corre- 
spond exactly to the case of photon absorption for 
forward scattering of the electron only. 





Fic. 1. Vector diagram representing the kinematics of pion 
production in electron-nucleon collisions, where A is the vector 
potential due to transition; p; and pe are the initial and final 
electron momenta; and k= p:— p2 is the momentum of equiva- 
lent photon absorbed. 


Photopion production and electron-pion production 
thus differ in the following respects: (1) In electron 
production the observed cross section is an integral 
over momentum transfer to the meson-nucleon system. 
(2) The vector potential corresponding to the “effective 
photon” field for electron scattering is transverse to 
the direction of momentum transfer only for zero 
scattering angle. The electron cross section thus includes 
contributions due to matrix elements (e.g., monopole, 
longitudinal electric dipole) that do not exist in photo- 
production. (3) The various electromagnetic multipoles 
involved in pion production have a different dependence 
on the energy transfer and on the momentum transfer. 
Hence, the observed ratios of electron to photoproduc- 
tion can give evidence either concerning the relative 
importance of the contribution of various multipoles, 
or, if this is assumed known,?* concerning the behavior 
of the multipole matrix element as a function of mo- 
mentum transfer, provided the contributions of the 


2M. Gell-Mann and K. M. Watson, Ann. Revs. Nuclear Sci. 
4, 219ff (1954). 
3K. M. Watson (private communication). 
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Fic. 2. Plots of momentum transfer (|Ap|), energy transfer 
(Apo), and final electron energy as a function of final electron 
scattering angle; py denotes the final electron momentum in the 
forward direction. Curves are shown for final pion energies of 
(a) 55 Mev and (b) 170 Mev; three different values of the azi- 
muthal angle ¢ are used. 
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matrix elements not present in photoproduction are 
small. The latter can be interpreted in terms of a “form 
factor” of the matrix element in question, i.e., a factor 
indicative of a finite spatial extent of the interaction. 


C. Definition of Measured Quantities 


The experiment measures (1) the yield Y; of mesons 
produced by absorption of a photon of momentum k 
corresponding to the fixed meson momentum, and (2) 
the yield Y, of mesons produced by inelastic scattering 
of electrons with initial momentum . 

If o(k) is the differential photopion cross section; 
N,dk is the number of photons between & and k+dk; 
T, is the pion kinetic energy; and No is the number of 
protons per unit area of meson target; then 


Y.= Vo f (&vs)o(b)(ak/) (1) 


Since the quantity (kN;,) is nearly equal to the radiator 
thickness Xz as measured in radiation lengths, 


V,=No [ Xn0 (8) ak ‘R), 


the yield Y, is given by 


V=No f o«(EyE ME, 


where o,(£o,E) is the cross section for producing a 
meson by an electron of initial energy Eo and final 
energy E. In the Weizicker-Williams approximation, 
o.(E»,£) is related to o(k) via the virtual photon field.4~® 
We define a quantity NV. such that V.(dk/k) is the 
“number of virtual photons” between k and k+dk; then 


V=No f No(A)(ah k). (4) 


In the Weizsicker-Williams approximation, 


N= (2a/r) In(y/Rbmin), (5) 


with symbols as defined in our previous paper.' The 
“equivalent” radiation length for electron production is 
then given in terms of V, by 


X.=N./RN;. (6) 


The equivalent radiation length is a number such that 
the meson yield due to photons from a radiator of 
thickness X, equals the meson yield due to electrons 
directly. 


4 Nordheim, Nordheim, Oppenheimer, and Serber, Phys. Rev. 
51, 1057 (1937). 

5 R. H. Dalitz and D. R. Yennie (to be published). 

For a discussion of the applicability of the Weizsicker- 
Williams approximation, see references 1 and 5. 
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Il. EXPERIMENTAL ARRANGEMENT 


The experimental arrangement is the same as that 
described in our previous paper,' with the exception of 
the substitution of a liquid-hydrogen target for the 
solid-target arrangement used previously. Figure 3 
shows the bombardment and meson-detection geometry. 
The liquid-hydrogen target is basically an aluminum 
cup of 0.002-in. wall, 53-in. long, 3-in. wide, and 7-in. 
high. The cup is surrounded by a layer of Styrofoam, a 
liquid-nitrogen jacket, and a second layer of Styrofoam. 
The nitrogen jacket is designed with large windows at 
the points of entry and exit of the electron beam. 

In this experiment, it is necessary to minimize a 
quantity X; which measures the radiation length of 
radiating material in the path of the electron beam in 
the absence of an intended radiator; X; is measured in 
equivalent radiation lengths of copper. The exit window 
of the accelerator, the intervening air space, Styrofoam 
and aluminum layers, and the liquid hydrogen itself 
contribute to X;. The contribution from the hydrogen 
is more difficult to determine since it depends on the 
efficiency of meson detection as a function of the dis- 
tance « along the beam. To measure this contribution, 
the following procedure was adopted: The pion de- 
tection efficiency profile f(x) was determined experi- 
mentally by plotting pion counts as a function of x 
with a thin copper target placed at «. The coordinate x 
of the copper target along the beam was read with a 
telescope traveling on a horizontal precision vernier 
caliper. Curves of f(x) for each of the runs described 
here are shown in Fig. 4. Let €= fxf(x)dx/S f(x)dx. 
The contribution Xy; of the hydrogen to X; can then 
be shown to be 


Xx; ad Eejom?N akou (R) (RN; Joseiers (7) 
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Fic. 3. Meson detection geometry. 
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where V4 is Avogadro’s number; on(k) is the differen- 
tial radiation cross section in hydrogen; and (RN &) copper 
measures the product of photon energy times photon 
number per unit radiation length of a copper radiator 
(as discussed above, this number is nearly equal to 
unity). 

The zero of x in evaluating the integrals of the 
“acceptance profiles” must be chosen to conform to the 
edge of the hydrogen cup in the target. This can be 
achieved by locating the target with the same telescope 
arrangement used in defining the abscissas of f(x); a 
window in the hydrogen target permits observation of 
the leading edge of the target. 

The differential cross section oy has been measured 
in a separate experiment’ and is found to be lower than 
the theoretical value calculated by Wheeler and Lamb’ 
by (2.9+2.8)%. The calculation of Wheeler and Lamb 
omits exchange terms and uses atomic rather than 
molecular wave functions for the screening calculations 
in the radiation from electron-electron collisions. The 
experimental value has been used in calculating X,. 


III. PROCEDURE 


The experimental arrangement permits the pion 
yield to be measured under the conditions listed in 
Table I. We shall denote counts taken with the radiator 
in and the target empty by C*+—; with the radiator out 
and the target full by C~*; and so forth. We shall use 
the subscript_d_for"data taken with“the beam deflected 
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Fic. 4. The pion detection efficiency profiles f(x), where x is 
the position coordinate along the electron beam, and «=0 corre- 
sponds to the front edge of the liquid hydrogen. 


7D. Bernstein and W. K. H. Panofsky, Phys. Rev. 102, 522 
(1956). 
8 J. A. Wheeler and W. E, Lamb, Phys. Rev, 55, 858 (1939). 
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TABLE I. Experimental conditions under which the 
pion yield was measured. 








Out 
Empty 
Deflected down 


Radiator In 
Hydrogen target Full 
Beam Straight 








down.’ Let us define quantities A and B such that 
A=X;+X,«C-t—C--— (Cz-*-—Crz), (8) 
B= Xpt+Xjt+X,<Ctt—Ct-— (Catt—C,t-), (9) 


where Xz is the radiator thickness in radiation lengths. 
The counts C-~ and Ct~ represent the empty-target 
counts and are thus background counts due to neutrons 
and other background effects. The differences (Ca-* 
—Cqa~) and (Cat+—C,t—) represent possible counts 
due to gamma-ray or neutron admixture in the primary 
beam. In practice, this latter correction is small and is 
not in fact statistically significant. The quantity A thus 
represents the observed corrected count without radia- 
tor, and B the observed corrected count with radiator; 
X, is then calculated from the relation 


Xp 
Ie—— a 7 (10) 
[(B/A)—1] 


Equations (8) and (9) assume that the presence of 
liquid hydrogen does not affect the background appreci- 
ably. The principal reason for background after the 
beam pulse is due to moderated neutrons, which pro- 
duce delayed pulses by their capture radiation. Hydro- 
gen contributes to the neutron production via the 
photopion cross section. The magnitude of this effect 
has been estimated and found to contribute an error of 
less than 4% to the calculated values of V,. The esti- 
mate is performed as follows: The difference (Ct~—C——) 
represents the neutron background from the radiator; 
the neutron background from the hydrogen is then 
estimated from the known cross section ratio of photo- 
nuclear neutron production (the process important for 
neutron production in the radiator) to the photopion 
cross section (the process important for the neutron 
yield from hydrogen). The reason for the small con- 
tribution is the fact that the neutron contribution re- 
sulting from pion production would vary essentially 
proportionately to the observed pion yields C+* and 
C-*, respectively; since NV, depends on the ratios of 
the counts C+* to C~*, this potential background varia- 
tion has a very small effect on JV,. 

Counts were taken with reference to two secondary- 
electron monitors as described previously.''’ Both 
instruments were placed beyond the hydrogen target 
in order to avoid contributing to the value of X;. We 
have to assume, of course, that the monitor readings 


® For details of the deflecting-down process, see reference 1. 
1G. W. Tautfest and H. R. Fechter, Rev. Sci. Instr. 26, 229 
(1955), 
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TABLE IT. Summary of the experimental data. Xz; and X; are the radiation lengths of hydrogen and of 
remaining material, respectively, in the electron beam. 








Run cre i cot .~- 


Ca~* Xuj 





I 6.98 +0.108 
II 10.54 +0.206 
II 


0.203 +0.14 

0.108 +0.035 
0.24 +0.035 
0.163 +0.023 


3.026 +0.093 

4.548 +-0.0674 
3.057 +0.0457 
1.098 +0.0277 


I 6.851 +0.136 
IV 2.388 +0.0743 


0.233 40.016 
0.295 +0.04 
0.16 +0.06 
0.32 +0.067 


0.00397 
0.00358 


0.01092 +-0.00063 
0.00705 +0.00044 
0.00748 +0.00045 
0.00890 +0.00046 


0.00401 
0.00529 








* Here the Ce~~ background was not taken; the numbers used are conservative estimates taken as [(Ca~*/2) +(Ca-*/2)]. 


were not affected by the introduction of the liquid 
hydrogen. This was established in connection with a 
separate experiment." The results indicate that moni- 
toring is affected to an extent <0.5% by the introduc- 
tion of the target. 

The primary beam energy was defined by the energy 
acceptance of the beam-analyzing system of the linear 
accelerator."? The system in turn was calibrated using 
the floating-wire technique. With this method the 
selected energy is standardized against the magnet 
current. Although the method is sensitive to within 
better than 1%, the uncertainty of some of the primary- 
energy values used in the early runs may be in error as 
much as 5% due to uncertainty in the current shunts 
used. 

The energy of the pion was determined either by the 
momentum acceptance of the magnet analyzing system 
or by the range definition of the pions. For the runs at 
60 Mev no absorbers other than the plastic scintillator 
detector (10 in. deep) defined the range; hence in 
general the momentum channel defined the energy. 
The momentum channel was calibrated by the floating- 
wire technique. In some of the runs there was evidence, 
however, that nonuniform light collection in the scin- 
tillator may have biased the energy value. We believe 
that the energy value at the 60-Mev pion energy is 
correct to +10 Mev. 

The run at high pion energy was performed by 
placing a copper absorber (22.6 g/cm*) ahead of the 
magnetic analyzer, and a second absorber (28.3 g/cm?) 
after the analyzer and ahead of the counter. Under this 
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Fic. 5. Excitation function for 170-Mev pions from hydrogen. 
pion energy uncertainty is estimated from the curve to be +15 
Mev. 


" K. L. Brown (to be published). 
2 W. K. H. Panofsky and J. A. McIntyre, Rev. Sci. Instr. 25, 
287 (1954). 


condition the energy was defined by the sensitive range 
interval in the scintillator and not by the magnet 
parameters. The energy value was checked in a sepa- 
rate experiment by observing the yield of pions as a 
function of beam energy using a polyethylene-carbon 
subtraction method. The result corresponds to T, 
=170+15 Mev for the parameters used (Fig. 5). 


IV. RESULTS 


The results of four series of runs are shown in Table 
II. Results are expressed as counts per 10-7 coulomb 
of electron bombardment as observed by the monitor. 
The absolute counts per incident electron are not con- 
stant from run to run since the values of the counter 
efficiencies were not re-established to the same value 
between runs. During each run counts of the various 
types were alternated to minimize the effect of possible 
gain instabilities. 

We have assigned standard deviations to the com- 
puted values as tabulated above both as a result of the 
counting statistics and of the estimated precision of the 
auxiliary measurements. Among these we have in- 
cluded: (1) uncertainty in the evaluation of f(x): +0.1 
in. in the value of Z, corresponding to +2.0% in X,; 
(2) uncertainty in the radiator thickness: +1.0%, 
corresponding to +1.5% in X,; (3) uncertainty in X; 
due to the local variability of the Styrofoam density: 
+6% in density, corresponding to +1.2% (Run I) 
and to +0.4% in Runs II-IV in the value of X,. We 
believe that errors due to monitoring and drifts in 
counting efficiency are negligible due to the procedure 
of alternating the types of counts. 

In reducing the data from Table II to yield values 
of X, and N,, we have used auxiliary constants given 
in Table III. The values were computed for an incident 
energy of 600 Mev from the Bethe-Heitler formula in 
intermediate screening. An additional correction of 
— 1.3% was made to the value of (RN x) copper from the 
Bethe-Heitler formula to account for the observed" and 
theoretical deviation from the Born approximation. 
From these data, we obtained the values contained in 
Table IV; the values of X, (equivalent radiation length) 
and NV, (number of virtual photons) are related by 
(kN,) where NV; describes the photon spectrum from 
the radiator (Fig. 6). 

13H. A. Bethe and J. Ashkin, Experimental Nuclear Physics» 
edited by E. Segré (John Wiley and Sons, Inc., New York, 1953), 
Vol. I, pp. 259 ff. 

4 H, Olsen, Phys. Rev. 99, 1335 (1955). 
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V. DISCUSSION 


Interpretation of the results is complicated by the 
fact that for the measurements at 7,=60 Mev, there 
might be an appreciable contribution from multiple 
pion production; i.e., + mesons from the processes 
Ytp— ptatte; ytp—nt+at+n; and et+p— 
pte’ +at+an-; e+p— n+e’+a++2". We can demon- 
strate, however, that we can take account of this 
possibility without a substantial increase in the un- 
certainty of the result. 

The threshold for the electron-pion pair process 
corresponds to a recoil electron momentum of p2= 190 
Mev/c. Since the electron-pion pair-production process 
has a four-body final state, p2 is not unique even if it is 
assumed that pf» is directed along the forward direction. 
For pion-pair production, X¢(pair) is calculated by 
averaging over all allowed values of k= pi— pz». It is 
sufficient for our purposes to assume (1) that the varia- 
tion of the cross section for pair production with energy 
is given solely by the density of the final states, and 
(2) that po is directed along the forward direction. 

Fortunately, it is true in general that if p<py, the 
detailed value of X¢(pair) is insensitive to detailed con- 


TABLE III. Radiation length in copper (kN &)copper for given 
pion energies, and the thickness ¢ of the radiator used in radiation 
lengths of copper. 











t 
(radiation 
lengths) 


‘. (kN t)oopper X (g/cm?) 





60 Mev 0.967 0.458 0.0359 
(Runs I-ITT) 
170 Mev 


(Run IV) 


0.869 0.448 0.0352 





siderations. We can therefore correct for the presence 
of the pair process to sufficient accuracy without either 
detailed theoretical analysis of X, (pair) or exact experi- 
mental information on the cross section for the photo- 
pion pair processes. 

We estimate the photopion pair contribution on the 
basis of the work of Crowe, Friedman, and Motz!® now 
in progress at this laboratory. Crowe e¢ a/. measure the 
pair process by two methods: (a) by observing the 
yield of negative photopions from hydrogen, and (b) by 
observing the variation of the yield of positive photo- 
pions of fixed energy and angle with the upper limit of 
the bremsstrahlung spectrum used. Results from the 
second method are most useful for our purpose, since 
positive pions are observed directly, and since the 
contribution from both (mtw-) and (at®) pairs is 
included. On the basis of their work we estimate that 
a fraction f= (15+4)% of the positive mesons observed 
in our measurement at 7,+=60 Mev and a laboratory 
angle of 75° are pair fragments from double photopion 
production. 


15 Crowe, Friedman, and Motz (private communication), 


ELECTRONS IN H 














+ 
| 
100 


k=Ey)—E—MEV 


Fic. 6. Variation of (kN &)copper With & calculated in Born 
approximation (see reference 13). The actual value of (AV &)copper 
is lower by 1.3% in the complete-screening region. Ep is initial 
electron energy and E£ is final electron energy. 











The total range of variation of the calculated value of 
X, over the interval for p2 indicated above is only 
0.011<X,<0.017. If we perform the integration over 
the excitation of the pion pair process using the phase 
space factor only, we obtain X¢(pairy= 0.014; we can 
safely take X¢(pair)=0.014+0,.002. Hence the observed 
value of X, becomes 


X= (1 —f)X, (aingte) + fX< (pair)+ ( 1 1 ) 


The correction is thus (4.5+2)%. As a result of this 
calculation, we obtain 


Xe (single) = 0.0200+0.0011, 
Nevsingle) = 0.0193+0.0010, 


for T,=60 Mev. The values for 7,=170 Mev remain 
X,=0.0178+0.0023 and V.=0.0155+0.0020. 

Detailed predictions concerning the electron cross 
section as affected by the various parameters of photo- 
pion production are discussed by Dalitz and Yennie.° 
The value of NV, represents an integral of the inelastic- 
scattering cross section over the electron scattering 
angle Most of the contribution comes from forward 
angles; it is clear however, that in the limit of zero 
scattering angle there will be an exact correspondence 


TABLE IV. Measured values of X, and N, for 7,=60 Mev and 
T,=170 Mev, 0,=75° (laboratory), and 600-Mev electrons. 
Quoted errors in Runs II-IV are the statistical errors computed 
from the total counts. Quoted errors in I are based on internal 
consistency as computed from scatter of individual counts. 








T. 
Run (Mev) Xe Xe 





I 60 0.01505 +0.00332 ) 
I 60 0.01923 +0,00133 

I 60 0.02001 +0.00190 

0.0178 +0.0023 


0.01910 +0.0011 0.0185 +0,0010 
I 
IV 170 0.0155 +0.0020 


0.0178 +0.0023 











1398 PANOFSKY, 


_TasLe V. Theoretical values for X, calculated assuming 
different matrix elements for 7;=60 Mev and 7,=170 Mev, 
and 600-Mev electrons. 








Case T, =60 Mev T, =170 Mev 





(i) 0.0203 
(ii) 0.0218 
(iii) 0.0243 


0.0172 
0.0176 
0.0188 








of photon production and electron production; hence, 
identification of effects giving results beyond those 
known from photopion production requires considerable 
accuracy. In the work described here, sufficient accuracy 
to indicate results beyond those known from the corre- 
sponding photopion production has been attained in 
respect to only one result: namely, our estimate con- 
cerning the relative magnitude of the longitudinal and 
transverse components of the electric-dipole matrix 
element. 

The variables affecting the value of NV, can be sum- 
marized as follows: (1) the type of multipole effective 
in the pion-production process at the pion energy and 
angle chosen; (2) the behavior of the predominant 
multipole matrix elements as a function of momentum 
transfer ; this behavior can be characterized phenomeno- 
logically by a form factor corresponding to a finite 
spatial extent of the interaction; (3) the contribution 
of matrix elements not possible for a photon field, 
namely, longitudinal electric dipole matrix elements 
and “monopole” (i.e., purely radial) interaction. 

In particular, we shall compare the experimental 
values with the theoretical values in three cases (Table 
V): (i) pure electric-dipole absorption, longitudinal 
matrix element absent; (ii) pure electric-dipole absorp- 
tion, longitudinal and transverse matrix elements 


WOODWARD, 


AND YODH 

equal;'® (iii) magnetic-dipole absorption. The 60-Mev 
experimental value is certainly significantly below (ii) 
and (iii). Since analysis of the photopion process* 
attributes the cross section at 60 Mev predominantly 
to electric-dipole absorption, it is clear that the longi- 
tudinal matrix element is probably small. 

The observed value at 170 Mev is in fair agreement 
with the theoretical value expected for pure magnetic- 
dipole interaction. Such an interaction corresponds to 
the final meson-nucleon system in the P3/2 3/2 state. 
The precision of the experiment is not sufficient to 
draw any inference as to the possible contribution of a 
finite spatial extent interaction. 
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16 This is the case called “electric dipole” by J. S. Blair, Phys. 
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Three groups of balloon flights carrying unshielded boron trifluoride counters were made from geo- 
magnetic latitudes 10.1°N, 55.1°N, and 88.6°N. From the data obtained, curves of slow-neutron intensity 
versus atmospheric depth for depths less than 700 millibars are plotted. The mean absorption lengths for 
neutrons in the equilibrium portion of the atmosphere were found to be L(10.1°) = 212 g/cm?, L(55.1°) = 164 
g/cm?, and L(88.6°) = 164 g/cm?. The depths of the neutron intensity maxima were found to be @max(10.1°) 
=120+5 mb, @max(55.1°)=100+5 mb, O@max(88.6°)=75+5 mb. From these results and those of other 
investigators, the variation of the mean absorption coefficient (u=1/Z) and the depth of the neutron 
intensity maximum are plotted as functions of the geomagnetic latitude. A family of curves of neutron 
intensity versus atmospheric depth is drawn for geomagnetic latitudes at 10-degree intervals between 0° 
and 90°N, and from this the low-energy neutron capture per square centimeter per second by the N“(n,p) 
reaction in the atmosphere is calculated and plotted as a function of geomagnetic latitude. It is found that 


the observed neutron intensity varies by about 420% 


from 0° to 90°N. A value of 5.8X10!8 sec is ob- 


tained for the total number of low-energy neutrons captured in the atmosphere. 


INTRODUCTION 


OSMIC-RAY neutron intensities have been meas- 

ured as a function of atmospheric pressure at 
three different latitudes. These measurements were 
made in the range of 20 to 700 millibars' using boron 
trifluoride counters flown by means of large poly- 
ethelene balloons. The experiments covered the period 
from August, 1952 to September, 1954. A preliminary 
account of one of the measurements has already been 
given.” This is a continuation of the work at this 
laboratory of several investigators*~® to determine the 
latitude effect on cosmic-ray neutrons. 

From the studies of cosmic-ray neutrons,* one may 
summarize those results which have been reasonably 
well established as follows: 

(1) The bulk of the observed cosmic-ray neutrons 
are secondary particles produced as a result of charged 
primaries colliding with nuclei in our atmosphere. 
Measurements of the half-life of the neutron’® would 
indicate that no primary neutrons could come from 
outside the solar system because they would decay 
before reaching the earth. The lack of any large diurnal 
effect in the neutron intensity® indicates that there are 
few, if any, primary neutrons reaching the earth from 
the sun. 

(2) These neutrons are produced with all energies up 


* Supported by a joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 

+ This report is an abridgment of a dissertation submitted in 
partial fulfillment of the requirements for the degree of Doctor 
of Philosophy at New York University, 1955. 

t Now with the General Electric Company , Schenectady, New 
York. 

11 mb=1.02 g/cm’. 

2 Neuburg, Soberman, Swetnick, and Korff, Phys. Rev. 97, 
1276 (1955). 

3 W. P. Staker, Phys. Rev. 80, 52 (1950). 

4W. O. Davis, Phys. Rev. 80, 150 (1950). 

5 Staker, Pavalow, and Korff, Phys. Rev. 81, 889 (1951). 

6 For example, see references contained in reference 3. 

7 J. M. Robson, Phys. Rev. 77, 747 (1950). 

8A. H. Snell and L. C. Miller, "Phys. Rev. 74, 1217 (1948). 

9 Fonger, Firor, and Simpson, Phys. Rev. 89, 891 (1953). 


to the primary particle energies when energetic pri- 
maries and secondaries interact with the oxygen and 
nitrogen nuclei. They are then slowed down and cap- 
tured by further interaction with the oxygen and 
nitrogen nuclei in the atmosphere.” 

) There appears to be a close correspondence be- 
tween the altitude and latitude intensity variations of 
fast (2-30 Mev) and slow (<1 ev) neutrons.!! 

) There is a large geomagnetic latitude dependence 
in the neutron intensity distribution at any one atmos- 
pheric pressure."!:” 

(5) At atmospheric pressures ranging from 200 to 
600 or 700 millibars, the neutron intensity varies 
approximately exponentially*->!.5 according to the 
formula N= Noe~”/”, where p is the atmospheric pres- 
sure or depth, and L is the mean absorption length in 
the units of . In this region of the atmosphere there 
is an equilibrium established between neutron produc- 
tion and absorption.” 

) The value of the mean absorption length (L) 
varies with the geomagnetic latitude." 

7) There is a maximum in the neutron intensity 
when plotted as a function of atmospheric pressure." 
There is a shift in the position of this maximum with 
changing geomagnetic latitude." 

The objective of the present experiments was to 


’ determine the variation of the slow-neutron absorption 


rate in the atmosphere with altitude and latitude, using 
the data of some of the investigators referred to above 
in addition to the data presented here. From these 
variations, a world-wide picture of cosmic-ray neutron 
intensity could be constructed, and from this the total 
number of cosmic-ray neutrons produced in the atmos- 
phene could be evaluated. 


0 Bethe, Korff, and Placzek, Phys. Rev. 57, 57: 
oc = Simpson, Phys. Rev. 83, 1175 (1951). 

. L. Yuan, Phys. Rev. 76, 1267 (1949). 
aE C L. Yuan, Phys. Rev. 81, 175 (1951). 
4 Soberman, Beiser, and Korff, Phys. Rev. 100, 859 (1955). 
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Fic. 1. Block diagram of the flight frame and receiving apparatus. 











APPARATUS 


To measure the neutron intensity as a function of 
atmospheric pressure, boron trifluoride counters with 
suitable electronic circuitry were flown by means of 
large polyethelene balloons to altitudes of the order of 
20 millibars. The data was telemetered to ground or 
shipboard receiving stations and recorded on a mechani- 
cal oscillograph. Two counters were used on each flight 
and their pulses were fed through carefully matched 
sets of circuitry. These circuits were originally developed 
at New York University. Detailed descriptions of the 
counters and circuits have already been published.?:!® 
To obtain better statistics, however, than those ob- 
tained from the earlier flights of this laboratory,*~* a 
separate circuit train was used for each counter instead 
of a single train and programming motor to switch from 
one counter to the other. The block diagram of the 
present arrangement is shown in Fig. 1. 


NEUTRON DETECTION 


In the past, it has been assumed” that most of the 
free neutrons in the atmosphere are slowed down to an 
energy where the only reaction that has an appreciable 
cross section for neutron capture is the one for the 
production of radiocarbon, namely, 


on'+ 7N"—,C¥-+ 1H". (1) 


However, it has been recently shown'® that a not in- 
considerable number of neutrons may be captured 
before they are slowed down to the energy range where 
the cross section for the above reaction becomes 
appreciable. Some of these fast neutrons are captured 


15 Pavalow, Davis, and Staker, Rev. Sci. Instr. 21, 529 (1950). 
16 EF, L. Fireman, Phys. Rev. 91, 922 (1953). 


SOBERMAN 


to form tritium by the reaction 
on! +N“ ,C 2+ ,H2, (2) 


There is also a small amount of resonance capture by 
nitrogen of neutrons in the Mev energy range that 
leads to radiocarbon production.’ In this paper we 
shall neglect these higher energy reactions since the 
present data are limited by the fact that a boron de- 
tector has a very small capture cross section for neutrons 
in the Mev range. 

We shall, therefore, adopt the procedure of former 
investigators,*-* and consider only the reaction of Eq. (1) 
for neutrons with energies less than 0.5 Mev. This 
upper limit is chosen because it is below the first reso- 
nance peak in the nitrogen cross-section curve.'® We 
must bear in mind, however, that the results which are 
obtained using this assumption do not include fast- 
neutron capture. 

The capture rate of neutrons at any point in the 
atmosphere can be calculated from the counting rate 
of a counter at that point by the equation” 


qg= 780n/V -Poc(oa(v)/o.(v)) captures g sec, (3) 


where m is the counting rate of the counter; V, is the 
active volume of the counter; po, is the pressure in 
atmospheres of the filling gas at 0°C; and o,(v) and 
a-(v) are the capture cross sections for air and the 
counter filling gas, respectively. Equation (3) is a simple 
multiplication procedure when o, and ¢, both vary as 
1/v. With the aid of this equation we can now compute 
the number of neutrons of energies less than 0.5 Mev 
(the 1/v energy region for N™ and B") absorbed per 
gram per second in the earth’s atmosphere by the 
reaction of Eq. (1) if we know the observed counting 
rate of a BF; counter. 

In the region of the atmosphere between 200 and 
700 mb, which is the exponential portion of the neutron 
intensity versus atmospheric pressure curve, equilibrium 
exists. Further, it has been shown‘ that the average 
distance a neutron will diffuse during the time it spends 
slowing down to thermal velocity in the atmosphere is 
of the order of one kilometer. Therefore, all of the 
neutrons produced in this region will be captured 
within about a kilometer of the point of production. 
It follows that in this equilibrium region, g will be the 
production rate of those neutrons which are detected. 
To get the total neutron production, one would have to 
add to this q value all of the neutrons which are captured 
before they are slowed down to energies below 0.5 Mev. 

Thus far, we have tacitly assumed that we have an 
ideal 1/» detector which counted only those neutrons 
which it captured. We shall now show how this ideal 
detector was approximated in practice. We know that 
in the energy range being considered, the boron (the 


17 R. K. Adair, Revs. Modern Phys. 22, 249 (1950). 

18 Neutron Cross Sections, Atomic Energy Commission Report 
AECU-2040 (Technical Information Service, Department of 
Commerce, Washington, D. C., 1950) and supplements. 





COSMIC-RAY NEUTRON 


B" isotope) capture cross section varies little from a 
1/v relation. However, high-energy neutrons will pro- 
duce recoils that will cause counts, and other large 
cosmic ray events will be recorded from time to time. 
This background can be subtracted in various ways. 
The technique used in these experiments was first 
developed by Staker® and Davis.‘ 

As was mentioned in the preceding section, two 
counters were used for each flight. These were identical 
in construction and filled to the same pressure with BF; 
gas. They differed only in the isotopic ratio of BF; to 
B"F3. One was filled with enriched BF; (96% B),!® 
while the other was filled with normal BF; (19% B").” 

If two such counters are exposed to the same particle 
flux, consisting of fast and slow neutrons, and other 
cosmic ray events, then the total number of counts 
recorded by the enriched counter would be 

A=0.96N+6 counts min“, (4) 
while the unenriched counter would record 
B=0.19N+6 counts min“, (5) 


where NV is the theoretical neutron counting rate for 
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Fic. 2. Individual counting rates versus pressure. Flight No. 59. 
The upper curve represents the data for the enriched BF; counter, 
and the lower curve the data for the unenriched BF; counter. 


~ 19Qbtained from the U. S. Atomic Energy Commission, Oak 


Ridge, Tennessee. 
2” R. Stephenson, /ntroduction to Nuclear Engineering (McGraw- 
Hill Book Company, Inc., New York, 1954). 
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Fic. 3. Individual counting rates versus pressure. Flight No. 61. 


The upper curve represents the data for the enriched BF; counter, 
and the lower curve the data for the unenriched BF; counter. 


such a counter that contains 100% BFs;, and 8 is the 
background counting rate. Solving these two equations, 
we obtain the following for V and db: 


N=1.3(A—B) 
b= B—0.19N 


counts min“, (6) 
counts min7. (7) 


Since the B"F; is assumed to be equally as effective as 
the BF; for counting background events, the 0 in 
Eqs. (4) and (5) is the same, and is directly determined 
in the observations. 


EXPERIMENTAL RESULTS 


For the present experiments, ten balloon flights were 
made at three different geomagnetic latitudes. These 
latitudes were 88.6°N, 10.1°N, and 55.1°N. Of these 
ten flights, seven were either completely or partially 
successful in that they yielded useful data. The first 
two successful flights at 88.6°N have already been fully 
described.? 

The second series of flights was launched during the 
summer of 1953 from the U. S. S. Currituck, a United 
States Navy sea plane tender. The balloons were 
launched from the vicinity of the Galapagos Islands in 
the Pacific Ocean off the coast of Ecuador. 

The first flight of this series (Flight 63) was launched 
at 8:09 a.m., C. S. T. on September 6, 1953 using a 90- 
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Fic. 4. Individual counting rates versus pressure. Flight No. 63. 
The upper curve represents the data for the enriched BF; counter, 
and the lower curve the data for the unenriched BF; counter 


foot polyethelene balloon. The ship’s position in geo- 
graphic coordinates at the time of launching was 
00° 16'S and 90° 21’W. The balloon rose at approxi- 
mately 950 ft/min to an altitude of about 83000 ft 
and then leveled off and floated at 85000 ft for 2.3 
hours. At this time a clock operated squib caused the 
gondola to be released on a parachute which descended 
in 0.5 hour. The total flight time was about 4.5 hours 
and data was recorded throughout this period. 

Flight 64, the second of this series was launched 
at 10:08 a.m., C. S. T. on September 8, 1953. This 
flight, which used an 85-foot polyethelene balloon, 
was launched from geographic position 00° 16’S and 
90° 19’W. The balloon rose at approximately 600 ft/min 
to an altitude of 20 000 ft. At this altitude the rate of 
rise increased to about 1000 ft/min until an altitude of 
84 200 ft was reached, where the balloon leveled off 
and floated for the next two hours. At the end of this 
time, the signal-to-noise ratio decreased to the point 
where the transmitter signal became completely un- 
intelligible. It is believed that the clock-operated squib 
must have cut the flight frame loose on a parachute at 
that time (since the flight frame was seen to come down 
during the next 0.5 hour), and in the shock of being 
dropped, the transmitting antenna was shorted to the 
frame. However, useful data were recorded for the 3.8 
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hours during which the balloon rose and floated at 
altitude. 

The last flight of this series, number 65, was launched 
at 8:25 a.m., C. S. T. on September 9, 1953. The ship’s 
position at the time of launching was 00° 19’S and 
90° 22’W geographic coordinates. An 85-foot poly- 
ethelene balloon was used for this flight. The balloon 
rose at the rate of 750 ft/min to an altitude of about 
33 000 ft, where the rate of ascent increased to 900 
ft/min until it reached 77 000 ft. At this altitude it 
began leveling off and floated at about 80 000 ft for the 
next 2.5 hours. At 12:27 p.m., C. S. T., the clock- 
operated squib fired and released the flight frame on a 
parachute. The frame descended to the ground in the 
next 40 minutes. This flight lasted a total of 4.8 hours 
and data was recorded throughout this time. 

The final series of flights in these experiments was 
made during the summer of 1954 from Fleming Field in 
South St. Paul, Minnesota. Since these flights were 
launched from land the launching position was fixed at 
44° 54’N and 93° 08’W geographic coordinates. Flight 
66, the first from Fleming Field, was launched at 
6:49 a.m., C. S. T. on August 24, 1954. A 75-foot plastic 
balloon was used to carry the flight frame. This balloon 
rose at an average rate of 700 ft/min to an altitude of 
85 000 ft. However, when the balloon reached 39 000 ft, 
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Fic. 5. Individual counting rates versus pressure. Flight No. 64. 
The upper curve represents the data for the enriched BF; counter, 
and the lower curve the data for the unenriched BF; counter. 
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Fic. 6. Individual counting rates versus pressure. Flight No. 65. 
The upper curve represents the data for the enriched BF; counter, 
and the lower curve the data for the unenriched BF; counter. 


pulses from the enriched counter ceased. Therefore, 
the remaining data received past that point was dis- 
carded. Useful data was obtained, therefore, for only 
0.8 hour. 

Flight 67 was launched at 6:55 am., C. S. T. on 
August 28, 1954, also from Fleming Field. Another 
75-foot balloon was used for this flight. It rose at about 
1100 ft/min to an altitude of 88 000 ft and floated there 
for about 2 hours. At this time, a clock-operated squib 
blew a hole of predetermined size in the top of the 
balloon and it started to descend slowly. At an altitude 
of 75 000 ft the pulses from the regular counter started 
coming in erratically and shortly afterwards ceased 
coming in entirely. When the frame was recovered it 
was found that a lead in one of the amplifiers had come 
loose. However, reliable data were recorded for 4.6 hours. 

On the basis of the launch sites and the drift of the 
balloons, a mean geographic position for each of the 
three series of flights was determined. These are 77.8°N 
and 73.5°W for the flights off the Greenland coast; 
00.5°S and 91.8°W for the flights off the coast of 
Ecuador, and 44.9°N and 93.1°W for the flights from 
South Si. Paul, Minnesota. These correspond to geo- 
magnetic latitudes of 88.6°N, 10.1°N, and 55.1°N.”! 


212). J. X. Montgomery, Cosmic Ray Physics (Princeton Uni- 
versity Press, Princeton, 1949). 
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The data from all the wholly or partially successful 
flights, namely, flights 59, 61, 63, 64, 65, 66, and 67, 
have been plotted in Figs. 2 through 14. Figures 2 
through 7 are the curves of the counting rates of the 
individual counters versus pressure (since the pressure 
is more significant in diffusion theory than the physical 
altitude) for each of the flights, with the one exception 
that the data from flights 66 and 67 have been plotted 
together on one set of curves (Fig. 7) since not enough 
data were obtained from flight 66 to make a separate 
set of curves worthwhile. 

In Figs. 8 through 13 the neutron counting rates, as 
calculated by Eq. (6), are shown for each flight (with 
flights 66 and 67 plotted together). Finally the neutron 
counting rates for all the flights are shown in Fig. 14 
for comparison. From Fig. 14, the neutron counting 
rates at the maximum, the position of the maximum 
(Omax), and the slope of the equilibrium portion pw (the 
mean absorption coefficient if we assume the relation 
N=Noe~*” for this portion of the curve), can be 
quickly obtained. These are tabulated in Table I. 

The curves for flights 59 and 61 (Figs. 2, 3, 8, and 9) 
have been previously published.? However, the probable 
errors which were presented in that earlier publication 
have since been recalculated and are shown here in 
their corrected form. 
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Fic. 7. Individual counting rates versus pressure. Flights No. 
66 and 67. The upper curve represents the data for the enriched 
BF; counters, and the lower curve the data for the unenriched BF; 
counters. 
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Fic. 8. Neutron counting rates versus pressure. Flight No. 59. 


In a number of the experimental and derived curves 
shown above, particularly those for A=10.1°, it is 
noticed that in the range of 100 mb<p<200 mb, a 
number of points lie below the smooth curve which has 
been drawn. The reason for not considering these 
points in plotting the curves and a possible explanation 
to account for these points has been discussed in a 
previous paper." 

From the data of various sea level and mountain 
altitude stations that continuously monitor the cosmic- 
ray neutron flux in this hemisphere,” it was determined 
that all of the flights which were reported in this paper 
were flown on days when no variations greater than 
1 percent were observed in the cosmic-ray neutron flux. 


DISCUSSION 


The foregoing results, as plotted in Fig. 14, can now 
be combined with the results of other investigators to 
yield a complete picture of the variations of cosmic-ray 
neutron intensity with atmospheric pressure and geo- 
magnetic latitude. We shall concern ourselves here with 
atmospheric pressures of less than 700 mb, and neutrons 
of energy less than 0.5 Mev. 

In the following sections we shall consider the varia- 
tions of the salient features of the curve of neutron 
intensity versus pressure with geomagnetic latitude. As 


22 J. A. Simpson (private communications). 
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was stated in the introduction, these are (a) the varia- 
tion of intensity at a constant pressure in the equi- 
librium portion of the atmosphere; (b) the variation 
of the mean absorption length Z (or its inverse, the 
mean absorption coefficient ~); and (c) the change in 
position of the neutron intensity maximum. Having 
obtained the above variations, we shall then attempt 
to construct a family of curves which would show the 
neutron intensity variations with atmospheric depth at 
any geomagnetic latitude in the northern hemisphere 
(since the majority of available data was obtained in 
this hemisphere), and from these curves, try to obtain 
a lower limit for the world neutron production rate. 


A. Geomagnetic Variation of the Neutron Intensity 
at Constant Atmospheric Depth or Pressure 


Simpson" and Yuan” have measured the latitude 
dependence of fast and slow neutrons at a constant 
atmospheric depth, using BF; counters with various 
shielding arrangements flown in B29 aircraft. Their 
results are in agreement as to the general form of the 
variation and the relative intensities. There is also 
agreement within experimental error between the rela- 
tive intensities which they obtained and the points 
taken from the experiments reported here. This is to 
be expected since the energy spectrum of atmospheric 
neutrons below the intensity maximum does not appear 
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Fic. 9. Neutron counting rates versus pressure. Flight No. 61. 
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TABLE I. Results of the present series of experiments. 





FLIGHT NO. 64 
Position Mean Mean 
: Maximum of the absorption absorption SEPTEMBER 8, 1953 
Geomagnetic counting maximum coefficient length* 


latitude rate (@max (L) © ASCENDING 


(u) 5 
(A) (cpm) (mb) (mb~!) (g/cm?)> 





88.6° 180 75+5 0.0062 164 
55.1° 180 100+5 0.0062 164 
10.1° 30 120+5 0.0048 212 








* The mean absorption length, L, is related to the mean absorption 
coefficient, u, by L =1/y. 

b These are the units in which the mean absorption length is commonly 
expressed. 


to change with altitude* or latitude.* This is also in 
agreement with the theory since this energy distribution 
arises from the scattering, slowing-down, and capture 
of neutrons by nitrogen and oxygen and does not depend 
strongly on the initial kinetic energy of the neutrons. 
A complete discussion of this slowing-down and capture 
process has been given by Bethe, Korff, and Placzek.” 
Therefore, in the equilibrium portion of the atmosphere, 
between pressures of 200 and 700 mb the distribution of 
fast-neutron intensities is the same as the distribution 
of slow-neutron intensities. Thus, in this region of the 
atmosphere we can justify the use of relative intensity 
data obtained with different shielding arrangements 
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PRESSURE (MILLIBARS) 
FLIGHT NO. 63 . y . 74° yr 
Fic. 11. Neutron counting rates versus pressure. Flight No. 64. 
SEPTEMBER 6, 1953 


° . . ° 
sities ai around the BF; counters if we normalize to the present 


counter arrangement. 

For the purposes of this paper it was decided to use 
the curve reported by Simpson,"** since it covers a 
greater latitude range than the curve obtained by 
Yuan” and also because it was determined that the 
curve to be used was drawn from data obtained on days 
when there were no large fluctuations from the norm in 
the neutron intensity. This curve is reproduced in 
Fig. 15. 


&  OESCENDING 


B. Variation of the Mean Absorption Length 
with Geomagnetic Latitude 


COUNTS PER MINUTE 


As was mentioned previously, the neutron intensity 
distribution in the equilibrium region of the atmosphere 
can be approximated by the following relation: 


N= Noe~?!£= Noe? (8) 
, 


where L is called the mean absorption length and yu the 
mean absorption coefficient. Table II lists the more 
recently reported values of Z and yw at various geo- 
magnetic latitudes as well as the values derived from 
PRESSURE  ( MILLIBARS) the present experiments. The values which were ob- 
tained by Staker® and Staker, Pavalow, and Korff* have 
ade been re-evaluated on the basis of a more detailed study 


23 Agnew, Bright, and Froman, Phys. Rev. 72, 203 (1947). — 
% Simpson, Baldwin, and Uretz, Phys. Rev. 76, 165 (1949). 25 Simpson, Fonger, and Treiman, Phys. Rev. 90, 934 (1953). 


Fic. 10. Neutron counting rates versus pressure. Flight No. 63. 
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Fic. 12. Neutron counting rates versus pressure. Flight No. 65. 


of the original data and these corrected values are 
listed in Table IT. 

Figure 16 shows the curve obtained by plotting these 
values of uw as a function of geomagnetic latitude. It 
should be noticed that where several investigators have 
reported values at nearby latitudes, these agree to 
within experimental error despite the fact that Yuan" 
was measuring only slow-neutron intensities (E<0.4 


TABLE IT. Mean absorption length and mean absorption 
coefficient versus geomagnetic latitude. 








Mean 
absorption 
Geomagnetic length 
latitude (L) 
(g/cm?) 


Mean 
absorption 
coefficient 
Reference 


(u) 
(mb~) symbol 





212 
212 
206 
196 
181 
156 
157 
162 
164 
157 
162 
164 


0.0048 a 
0.0048 b 
0.0050 ee 
0.0052 c (corrected) 
0.0056 a 
0.0065 d 
0.0065 
0.0063 
0.0062 
0.0065 a 
0.0063 e (corrected) 
0.0062 b 


a 
c (corrected) 
b 


88.6° 





«J. A. Simpson, Phys. Rev. 83, 1175 (1951). 

b Present experiments. 

¢ W. P. Staker, Phys. Rev. 80, 52 (1950). 

4L, C. L. Yuan, Phys. Rev. 81, 175 (1951). 

¢ Staker, Pavalow, and Korff, Phys. Rev. 81, 889 (1951). 
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ev), Simpson" was measuring only fast neutron in- 
tensities, and the values reported here as well as those 
of Staker® and Staker ef al.,5 were obtained from meas- 
urements on a combination of fast- and slow-neutron 
intensities. This again points up the fact that in the 
equilibrium region of the atmosphere the variations of 
neutron intensity are independent of the energy range 
being considered. 

It is clear from the curve in Fig. 16 that the latitude 
dependence in the neutron intensity demonstrates that 
the neutrons are produced either directly or indirectly 
by incident primary charged particles. For, as the 
average energy of the incident primaries increases, the 
number and average energy of the nucleonic secondaries 
will also increase. Thus the nucleonic cascades will 
extend to greater depths and the star production per 
nucleon will increase. Therefore, the mean absorption 
length of the neutrons which are produced in these 
stars should vary directly as the average incident 
primary energy. Because of the geomagnetic cutoff, 
one would expect the total incident primary intensity 
to vary inversely as the average energy of these pri- 
maries. Thus, the mean absorption coefficient, which is 
the inverse of the mean absorption length, should vary 
directly as the total incident primary intensity. The 
foregoing seems to be borne out by the similarity be- 
tween the curve of Fig. 16 and the reported curve for 
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Fic. 13. Neutron counting rates versus pressure, 
Flights No. 66 and 67. 





COSMIC-RAY NEUTRON 
the incident primary intensity.2* Both curves have the 
same general shape with a “knee” at about the same 
geomagnetic latitude although the “‘knee”’ in the curve 
of Fig. 16 appears to be more abrupt than that reported 
for the incident primaries. 


C. Position of the Neutron Intensity Maximum as 
a Function of Geomagnetic Latitude 


This topic has already been treated in detail in a 
previous publication.* For the purposes of this paper 
it is necessary only to present the graphical results 
which were derived in that earlier work. This is done 
in Fig. 17 which shows the variation of the position of 
the neutron intensity,maximum (@max) with geomag- 
netic latitude. 


D. Neutron Intensities at High Altitudes 
in the Northern Hemisphere 


Having investigated the latitude variation of the 
salient features of the curves of neutron intensity versus 
pressure, we are now in a position to construct a family 
of such curves for all geomagnetic latitudes in the 
northern hemisphere. These curves will be normalized 
to conform to the experimental data presented earlier. 

With the aid of the curve of neutron intensity at 
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Fic. 14. Composite curves of neutron counting rates versus 
pressure for the three latitudes studied. 


~ 26 Biehl, Neher, and Roesch, Phys. Rev. 76, 914 (1949). 
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Fic. 15. Relative 
neutron intensity ver- 
sus geomagnetic lati- 
tude for a constant 
atmospheric depth of 
312 g/cm? (306 mb). 
From J. A. Simpson, 
Phys. Rev. 83, 1175 
(1951). 
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constant atmospheric pressure (Fig. 15) and the lati- 
tude variation of the mean absorption coefficient 
(Fig. 16), we can construct the curves for the equi- 
librium region of the atmosphere (200 to 700 mb) 
after normalizing to the experimental curve obtained 
at A=10.1° (Fig. 14). For the top of the atmosphere 
(above 200 mb) the shape of the curve at any geo- 
magnetic latitude can be extrapolated from the experi- 
mental curves of the previous section and also from 
those of Staker,’ Davis,‘ and Staker et al.° The position 
of the maximum is read from the curve in Fig. 17. It 
should be noticed that the form of these curves at 
pressures less than about 20 mb is merely extrapolated 
and should be viewed in that light. 

Figure 18 shows just such a family of curves plotted 
for intervals of ten degrees geomagnetic latitude from 
the geomagnetic equator to the pole. To avoid con- 
fusion, the curves for 70° and 80° are not shown in this 
figure. However, from the foregoing discussion it can 
be seen that these curves would be identical to those 
for 60° and 90° below 200 mb, and that they would fall 
between the 60° and 90° curves above 200 mb. 

From these curves we can now calculate the low- 
energy neutron absorption rate at any altitude and 
latitude. As discussed in the section on neutron de- 
tection, this would be a lower limit to the cosmic ray 
neutron production rate. We showed in that section 
that 


p= Na 780 ‘V OcPoe g ! sec 7 (3) 


where, for the present apparatus: V.=575 cm’, po.= 23.2 
cm Hg=0.307 atmos, and »=N/60 sec~, since N is 
expressed in units of min™. 

For 100 percent B'F;, the boron capture cross sec- 
tion, «. can be expressed as 631 E~! barn.” The capture 
cross section of nitrogen for neutrons of energy less 
than 0.5 Mev can be expressed as 0.269 E~! barn.!8.”° 
From this, we can express the capture cross section of 
air as og2= 0.430 E-}, and by substituting these values 
in Eq. (3), we obtain the relation 

g=5.01X10-°N g- sec, (9) 


with which we can now convert the counting rates to 
absolute values. 
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Fic. 16. Mean absorption coefficient versus geomagnetic latitude. 


E. Total Cosmic-Ray Neutron Intensities 


It is of interest to determine the integrals under the 
curves of Fig. 18, since from these and Eq. (9) we can 
obtain the total number of neutrons of energy less than 
0.5 Mev absorbed per second per square centimeter of 
the earth’s atmosphere by the N"(m,p) reaction. This 
should be at least a lower limit to the total number of 
neutrons produced per second per square centimeter of 
the earth’s atmosphere. 

The curves of Fig. 18 were graphically integrated 
with the region below 700 mb extrapolated. While 
Simpson and Fagot?’ have shown that such an extrapo- 
lation is not strictly valid, its use here introduces very 
little error in the total integration. These results were 
then expressed, with the aid of Eq. (9), as the integrated 
neutron absorption in a square centimeter column per 
second (i.e., /.gdp=Q,) and plotted as a function of 
geomagnetic latitude (see Fig. 19). It is noted that this 
curve has the same shape as the integrated charged 
particle intensity curve which has been reported by 
other investigators.”* There is a cutoff in the incoming 
primary spectrum at about 1.5 Bev, if one assumes the 
geomagnetic cutoff values for vertically incident pro- 
tons.” This is in good agreement with recent direct 
measurements on the primary spectrum.* Above this 
“knee” it can be seen that the curve continues to rise 
at a much lower rate. This rise is entirely due to the 
shift of the height of the neutron maximum at latitudes 
greater than about 55°. This shift and consequent rise 
in intensity is probably due to a small number of low- 
energy primaries which are incident at those latitudes 
and create nucleonic cascades which do not extend to 
pressures greater than about 100 mb. This seems to be 
an indication that the cutoff in the primary energy 
spectrum at about 1.5 Bev is not complete and that a 
small number of primaries with energies less than about 
1.5 Bev do reach the earth’s upper atmosphere. It can 
also be seen from Fig. 19 that the latitude variation in 
the cosmic-ray neutrons is about 420% which is much 
larger than the 250% variation reported for the inte- 
grated total intensity of the charged particles.”* 


27 J. A. Simpson and W. C. Fagot, Phys. Rev. 90, 1068 (1953). 
28 Neher, Peterson, and Stern, Phys. Rev. 90, 655 (1953). 

2 R. A. Alpher, J. Geophys. Res. 55, 437 (1950). 

#0 J. A. Van Allen, Nuovo cimento 10, 630 (1953). 
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It is of interest to compare the values of g and Qy 
obtained here with those obtained by other investi- 
gators. Simpson" reports a value for g of (3.20.05) 
X10 g~ sec at an atmospheric depth of 312 g/cm? 
and A=0° while at the same atmospheric depth and 
latitude, a value of 0.7 10-* g™ sec is obtained by 
applying Eq. (9) to the curves of Fig. 18. The most 
recent calculation* on the data from the balloon flights 
of Yuan" yield a value of Q,= 3.50 cm~ sec~ at A= 52°. 
From Fig. 19, we see that the present work gives a 
value of 1.9 cm~ sec! at the same latitude. The dis- 
crepancy between these values is due to the different 
methods of calculating g from the observed counting 
rate. Both Simpson and Yuan calculated g from obser- 
vations upon restricted portions of the neutron energy 
spectrum. They then extrapolated the total neutron 
intensity from these observations. To do this, an energy 
distribution for the cosmic-ray neutrons in the atmos- 
phere had to be assumed. While the present observations 
are heavily weighted with slow neutrons, no energy 
distribution assumptions were necessary for the calcu- 
lations. A more recent measurement by Ortel® on the 
production rate of neutrons at \=39° and an atmos- 
pheric depth of 675 g/cm? yielded a value of 3X10~ 
g' sec, which is in fair agreement with the value of 
2.5X10- g- sec! which we obtained for g at that 
depth and latitude. 

The large latitude effect we observe in Fig. 19 might 
at first glance also lead us to expect a large latitude 
effect for the radiocarbon found in nature, since the 
Q, values considered are for neutrons captured by the 
N"“(n,p) reaction which results in the production of 
radiocarbon. However, as Anderson and Libby* have 
pointed out, C' with a half-life of 5570 years has ample 
time to be thoroughly mixed by air and water currents 
before being fixed. They give this as the reason why no 
such large latitude effect in the C'* abundance is found. 

It is now possible to integrate the values of Q) over 
the surface of the earth. It is assumed that the neutron 
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Fic. 17. Position of the neutron intensity maximum 
versus geomagnetic latitude. 


31H. J. Kouts and L. C. L. Yuan, Phys. Rev. 86, 128 (1952). 
8 W. C. G. Ortel, Phys. Rev. 93, 561 (1954). 
8 FE. C. Anderson and W. F. Libby, Phys. Rev. 81, 64 (1954). 
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intensity distribution is symmetric with respect to the 
geomagnetic equator. While it is presumed that there is 
a longitude effect in the high-altitude neutron intensity, 
within the limits of accuracy of this integration it is 
possible to consider the earth as a sphere with the geo- 
magnetic dipole at its geographic center, and thus, that 
the neutron intensity is independent of longitude. Such 
an integration yields a value for the number of neutrons 
below 0.5 Mev captured by atmospheric nitrogen of 
Qr=5.8X 10'8 sec or a mean value of Q,= 1.1 neutrons 
captured per square centimeter column per second. 
Dividing Qr by the disintegration rate of radiocarbon 
(4.0K 10-” sec!) and converting to mass units, this 
yields a lower limit for the amount of radiocarbon in 
equilibrium on the earth. This value is 34 metric tons. 
The tata! amount of radiocarbon should be slightly 
larger than this value because of the resonance captures 
of the N'(n,p) reaction in the energy range of 0.5 to 
14 Mev."” 
The value of Q,=1.1 cm~ sec! may be compared 
with the observed number of 6 disintegrations from 
‘ radiocarbon since, in equilibrium, these should be equal. 
Anderson and Libby* report this value as 2.23 dis- 
integrations cm~ sec! over the surface of the earth. 
Some more recent measurements**® indicate that this 
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Fic. 18. Neutron intensity versus pressure for latitudes 
in the northern hemisphere. 
4 Hayes, Williams, and Rogers, Phys. Rev. 92, 512 (1953). 
35 G. J. Ferguson, Nucleonics 13, 18 (1955). 
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Fic. 19. Integrated neutron intensity versus geomagnetic latitude. 


figure is too high. The present maximum figure from 
the radiocarbon work is 1.75 disintegrations cm~ sec~'. 
This figure will probably be revised downward by 5 to 
15 percent when better data is available on the diluting 
action of the carbon supply in the oceans.** This is 
now in reasonable agreement with the value of 1.1 
neutrons captured cm™~ sec”! since this value is a 
minimum which does not take into account the radio- 
carbon formation by resonance captures of neutrons 
with energies greater than 0.5 Mev. 

In conclusion it should again be pointed out that 
there is no conflict between the experimental data 
reported here and that of any of the experimenters 
whose measurements have been mentioned above. The 
numerical discrepancies pointed out in the preceding 
paragraphs arise in the calculation of the absolute 
neutron intensity from the results of the various experi- 
mental arrangements. The differences in the methods of 
calculation are large, and in some cases individuals 
have found values differing by factors of two or more 
from the same experiment. 
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Explicit representations of the charge conjugation transformation for fermion fields are derived in a form 
which does not make explicit reference to the expansion of the fields in a complete orthonormal set of space 
and spin functions. It is shown that the different forms must be equivalent if one is working in an irreducible 
representation of the Wigner-Jordan anticommutation rules, but it has not been found possible to prove the 
equivalence directly, thus suggesting that the representations are not equivalent if the representation of the 
anticommutation relations is not irreducible. The results are applied to the clarification of an apparent 
paradox concerning commutability of the charge conjugation and space inversion transformations. 





HE transformation of charge conjugation as ap- 
plied to quantized fields has been studied ex- 
tensively of late’ since it may represent one of the few 
exact symmetry principles in nature. The present note 
deals with the construction of explicit representations 
for this transformation in the case of Dirac fields. The 
final forms obtained are characterized by the fact that 
they make no explicit reference to an expansion of the 
fields in a complete orthonormal set of functions. We 
have not been able to prove directly the equivalence of 
different representations which we obtain, but only 
indirectly on the assumption that one is working with an 
irreducible representation of the Wigner-Jordan anti- 
commutation relations. This suggests that the different 
representations may not be equivalent if the representa- 
tion of the anticommutation relations is not irreducible. 
We apply our results to the resolution of an apparent 
paradox concerning the commutation of the space 
inversion and charge conjugation transformations. The 
explicit representations we obtain may also be of value 
in other applications. 


CHARGE CONJUGATION TRANSFORMATION 


We write the Dirac equation in the form 
idy/dt= (Bm+a:p)y, 


where p= —iV, 8 and a; are the usual Dirac matrices, 
and the units are chosen so that A=>c=1. With y(r,?) 
considered an operator and its Hermitian conjugate 
designated (r,t), we have for the equation satisfied 


by yt: 


(1) 


—1dp'/dt= (8*m—a*-p)y', (2) 


where the asterisk on the Dirac matrices designates 
their complex (not Hermitian) conjugates. To each 


*This work has been supported by the National Science 
Foundation and the U. S. Atomic Energy Commission. 

t Present address: Department of Physics, University of Delhi, 
Delhi 8, India. 

1 A. Pais and R. Yost, Phys. Rev. 87, 871 (1952); L. Wolfenstein 
and D. G. Ravenhall, Phys. Rev. 88, 279 (1952); L. Michel, 
Nuovo cimento 10, 319 (1953); J. M. Jauch, Proceedings of 
Theoretical Seminar, Department of Physics, State University of 
Towa, Winter 1953-54 (unpublished). 


solution of (1) we can associate another solution, 
We(r,t) =p" (r,t), 

and to each solution yt of (2) another solution 
Vol (r,l)=x*P (1,0), 

provided x is a matrix such that 


KB*x-!= «BK i —£, 


Ka *k = kak =a;, 


x=«", 
xxt= xx*= 1, 


where the superscript T represents the transpose of the 
matrix. One can prove that a matrix «x with these 
properties exists for any irreducible representation of the 
Dirac matrices, and is unique to within a multiplicative 
factor of modulus unity for any irreducible representa- 
tion. The transformation 


yy. = nf, 
Yi t=K*y, 
is called charge conjugation. In the space of solutions of 
Eqs. (1) or (2) it is not a unitary nor even a linear 
transformation. 


The operators y and y! are assumed to satisfy the 
Wigner-Jordan anticommutation relations: 


Vr(r Oval (er!) +Wyl (12a (1,0) = 65 (1 — r’), 
va(rDvulr’)+AWy(r’Dyr(1,0) 
=p (rdw T(r Oty (nr Oyat (1, =0, 
and we shall assume in particular that we are dealing 
with an irreducible representation of these relations. 
Now one can easily verify that y. and yt satisfy the 
same anticommutation relations as to y and yt, re- 
spectively. This suggests that there exists a unitary 
transformation U, such that 


Ugue*=Pe= mp", 
UPU A=Pet= Ky. 


We shall now construct explicit representations of the 
transformation U,. 


(6) 


(8) 


1410 





CHARGE 


Let W be an Hermitian operator in the Hilbert space 
of solutions of Eq. (1) satisfying the two conditions: 


W?=1, 


We=—«W*, 


(9) 


where W* is the complex (not Hermitian) conjugate 
of the operator W. There exist many operators 
satisfying these conditions. Particular examples are 
B, A= (8m+a-p)/(m?+ p*)!, and iajasas. Let u, be an 
orthonormal set of eigenfunctions of W belong to the 
eigenvalue +1, and let it be complete in the sense that 
any eigenfunction of W belonging to this eigenvalue 
may be expanded in the functions u,. Define the func- 
tions v, by 

(10) 


V,=KU,". 
Then the set of functions v, form a complete orthonormal 
set of functions in which any eigenfunction of W 
belonging to the eigenvalue —1 can be expanded. To 
prove this, let ¢ be any eigenfunction of W belonging to 
the eigenvalue —1, whence we may easily verify that 
x@* is an eigenfunction of W belonging to the eigenvalue 
+1 since 


W (xb*) = —xW*6*= —x(Wo)*=xo*. (11) 


Hence «¢* can be expanded in the functions w, : 
Kp*=)>, Ass, 
and from this we obtain: 


o= (x Dis a,u,)* 
=K Di. ,"u,*=) >. 0.0. 
The “, and v, together then form a complete orthonormal 


basis in the Hilbert space of solutions of (1) and in 
particular, we may expand any y as 


Y=)..(a,u.+b,'0,), 


where d,, a,', b,, b,' are the usual creation and destruc- 
tion operators satisfying the familiar anticommutation 
relations: 


(13) 


(14) 


Agtdy +O y/Ag!=5y5", (15) 
A,0g' + O5/e= As'dg!+a,/1a,1=0. 
We then have 
Y.=Knt=)>,(a,'v,+5,u,) 
and from (8), we then obtain 
U.a.U-=b,, 
U.o,tU7=a,t. 
One can then use the procedure of Ravenhall and 


Wolfenstein! to obtain the general solution for VU, which 
apart from an arbitrary phase factor is given by 


U.=[L[i(1 sien a,'a,— b,'b.+ a,'b,+b,'a,) | 
=]. exp[dix(1—a,ta,—b,!b,+.0,'b,+6,'a,) ] 
= exp[ im >. (a,'a,—b,b,1+-4,1b, +, 'a,) ]. 


(16) 


(17) 


(18) 


CONJUGATION 


POR: DIRAC FIELDS 


Now, one can easily derive that 


A sf Criry—yiry' Jdr=>,(a,'a,—b,b,"), (19) 


and 


B=3 | TotW y—Wary r= (a,b, +5,ta,), 


and that A and B commute. Hence 


U,=expzin(A+B)=exp[irB/2] exp[ixA/2]. (21) 


It is clear that we obtain quite different expressions for 
A and B and hence for U, depending on the choice of 
the operator W. We have not been able to prove 
directly that these different choices lead to equivalent 
transformations. However, if we have an irreducible 
representation of the Wigner-Jordan anticommutation 
relations, we may prove the equivalence indirectly. For 
if U, and U,’ are two transformations obtained by 
different choices of W, then U;"U,’ commutes with y 
and yi and hence must be a multiple of the identity. 
Hence U, and U,’ can differ only in a multiplicative 
phase factor. 

We can make use of the freedom in the choice of W to 
simplify the expression for U’,. In particular, the choice 
W = 8 is particularly convenient, for if we introduce the 
adjoint to y by the definition 


v=y', 


then we may write for A the simple form 
A=} { (W-Witr, 


and by introducing the matrix 
C= —Bk, 


we may write B in the form: 


(25) 


B=} f [YCy—yCy dr. 


The matrix C is then identical with that employed by 
Schwinger? and others, and can be defined abstractly by 
the relations: 

(26) 


Cy,C1=—y,, CCt=—CC*=1, 


with the y, defined as usual. The charge conjugation 
transformation can then be written: 


¥.=U*U“=CY, 
V.=Uduo-=C-y. 


This concludes our derivation of an explicit form for 
the charge conjugation transformation. In the remainder 


(27) 


2 J. Schwinger, Phys. Rev. 74, 1439 (1948). 
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of this note, we employ this representation to clarify a 
question about the commutation of charge conjugation 
with the space inversion transformation. 


SPACE INVERSION TRANSFORMATION 


The space inversion transformation for the Dirac 
equation is defined as the following unitary trans- 
formation: 


¥(r,t)—y, (r,t) = U,O)WU. (0) = ie*By (—r, 2), 
where @ is an arbitrary or undetermined phase factor. 
To obtain an explicit form for U,(0), one may make use 


of one of the theorems derived by Berger, Foldy, and 
Osborn,’ from which one can see immediately that 


(28) 


U,(0)=exp[ixS/2] 
iw 
-exn|— fv cenou(—r, pa (29) 
2 


To obtain the additional phase factor e** one requires a 
gauge transformation and hence 


U,(6)=exp[10Q ] exp[ixS/2], 


where () is the operator for the total charge: 


(30) 


Q= fvcouenoar. (31) 


Actually it will be more convenient to employ for S and 
Q the charge-symmetric expressions : 


S=3 f TW (,080(—, )—P(r,A)B*y' (—r, 1) Jdr 


= bf CHev(—, )—y(r,)(—r, 1) Jdr, (32) 


0=} f [vy—wwtlir=} f rb—widder. 


3 Berger, Foldy, and Osborn, Phys. Rev. 87, 1061 (1952). 


AND > £L:°4. 


FOLDY 


One can then verify that 


USU7=S, UQU“=-0, QS=SQ. (33) 


We now note that 


UU.OW(r,)U AOU O=ie™Bnt(—r, 1), (34) 


while 
U,0A)U a(r)U CU OO) =ie~*Bnft(—r, 0). (35) 


Thus it appears that U, and U, do not commute unless 
6=mnr, and hence that one could obtain information 
about the phase factor @ from experiment. Thus if one 
had a system such as positronium and found that the 
stationary states of this system were simultaneous 
eigenstates of both charge conjugation parity and space 
parity, one might be tempted to conclude that @ is 
restricted to one of the values mz. 

This apparent paradox is easily resolved. Using our 
explicit forms for U, and U,(@) we can compute their 
commutator as follows: We have 


U“(U.U.(0) ]=U.(0)-—U-U,(6)U. 
_ eFQeirS/2_ U eeit 8/2] as (36) 
Then using (33) and multiplying on the left by U., we 
obtain 


[U.,U.(0) ]=2iU.U,(@) sin(6Q). (37) 


Now the representation space (Hilbert space) can be 
decomposed into subspaces each associated with a given 
eigenvalue of the total charge Q of the system. In the 
subspace in which Q=0, Eq. (37) tells us that U, and 
U,(6) always commute, independently of the value of 0. 
Thus one can learn nothing concerning the value of 6 
from experiments performed on systems such as 
positronium for which the total charge is zero. On the 
other hand, since U, does not commute with the total 
charge it cannot be an observable in any subspace in 
which the total charge is not zero since this would 
violate the superselection principle for charge.‘ Thus 
experiments of the type envisaged above can never 
yield information about the phase factor 6. 
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New Magnetic Anisotropy 
W. H. 


General Electric Research Laboratory, Schenectady, New York 
(Received March 7, 1956) 


MEIKLEJOHN AND C, P. BEAN 


NEW type of magnetic anisotropy has been dis- 

covered which is best described as an exchange 
anisotropy. This anisotropy is the result of an inter- 
action between an antiferromagnetic material and a 
ferromagnetic material. 

A material that exhibits this exchange anisotropy is 
fine particles of cobalt with a cobaltous oxide shell. 
The material is made by electrodeposition of cobalt into 
mercury. The fine particles of cobalt (~200 A) are 
then surface oxidized to form cobaltous oxide. The 
resultant particles have a core of cobalt and a shell of 
cobaltous oxide. 

Above the Néel temperature (paramagnetic state), 
these fine particles of oxide-coated cobalt have magnetic 
properties as expected for pure cobalt particles. Below 
the Néel temperature of the cobaltous oxide, there 
exists an interaction between the spins of the ferro- 
magnetic cobalt and the antiferromagnetic oxide. 

In order to best observe the exchange anisotropy of a 
randomly-oriented compact of fine particles, the ma- 
terial is cooled from the paramagnetic state of the oxide 
to the antiferromagnetic state in a saturating magnetic 
field. Since the Néel temperature of cobaltous oxide is 


4x 10°, 
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TORQUE DYNE-CM/CM® OF FERROMAGNETIC CO 


Fic. 1. Torque curve taken at 77°K on fine oxide-coated particles 
of cobalt, cooled in a saturating magnetic field from 300°K. 
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Fic. 2. Energy of rotation of a disk of fine oxide-coated 
particles of cobalt in a saturating magnetic field. 


293°K, the material was cooled from 300°K to 77°K 
in a magnetic field. 

The exchange anisotropy is a unidirectional an- 
isotropy in that it produces one easy direction of 
magnetization. As a result, the torque curve is pro- 
portional to sin@ and not sin2@ as in materials of uni- 
axial anisotropy such as pure cobalt. A torque curve 
taken on the material is shown in Fig. 1 and the energy 
as a function of angle is shown in Fig. 2. It is apparent 
that the only stable position is at @=0, and therefore, 
the material has unidirectional anisotropy. An an- 
isotropy constant of 510° ergs/cm* has been calcu- 
lated from the torque curves. 
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Fic. 3. Hysteresis loops of fine oxide-coated particles of cobalt 
taken at 77°K. The dashed lines show the hysteresis loop when 
the material is cooled in the absence of a magnetic field. The solid 
lines show the hysteresis loop when the material is cooled in a 
saturating magnetic field. 
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Another manifestation of this unidirectional an- 
isotropy is a displaced hysteresis loop which occurs 
when the specimen is cooled in a magnetic field. An 
example of the displaced hysteresis loop of another 
specimen is shown as the solid curve in Fig. 3, where 
the loop displacement is 1600 oersteds. The dashed 
curve of Fig. 3 shows that the macroscopic hysteresis 
loop is symmetrical when cooled in the absence of a 
magnetic field. It is apparent that both the coercive 
force and the residual flux density become asymmetrical 
along the axis of magnetization. In the case that the 
exchange anisotropy is along the same axis as the ap- 
plied field the material acts as though the effective field 
(H’) is 

H'=H,—K./I,, 


where H, is the applied field and K, is the exchange 
anisotropy constant. The displacement of the hysteresis 
loop was not changed even in fields of 70 000 oersteds. 

Another unusual property of this material is a rota- 
tional hysteresis that is substantially independent of 
the applied field at high fields. The rotational hysteresis 
was measured to be 5.7X10° ergs/cm*, whereas the 
rotational hysteresis of pure cobalt particles at the 
same very high fields was essentially zero. This in- 
teraction between the ferromagnetic cobalt and the 
antiferromagnetic cobaltous oxide allows a measure of 
the lower limit of the anisotropy of an antiferromagnetic 
material. 


Annealing of Germanium Supersaturated 
with Nickel 


P. PENNING 
Philips Research Laboratories, N. V. Philips’ 
Gloeilampenfabrieken, Eindhoven, Netherlands 
(Received April 9, 1956) 


AN DER MAESEN and Brenkman! reported on 
the solid solubility of nickel in germanium as a 
function of temperature, in the range of 700°-920°C. 
The solubility is determined from resistivity measure- 
ments, assuming that each nickel atom gives one ac- 
ceptor level with an activation energy of 0.23 ev above 
the valence band. They find that the solubility shows a 
retrograde character: the solubility being maximum at 
about 900°C and very low at temperatures below 500°C. 
Thus, a sample of germanium, saturated with nickel by 
diffusion at 800°C will be supersaturated at any tem- 
perature below 800°C. In agreement herewith, van der 
Maesen and Brenkman found that prolonged heating 
of such a supersaturated sample at 500°C restores the 
original resistivity. Here we report on experiments 
carried out to determine how the change in density of 
the nickel acceptor levels takes place during the anneal- 
ing of such a supersaturated sample. 
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The sample is prepared as follows: A rectangular bar 
is cut out of a germanium crystal, containing about 
7X10" acceptors per cm*. The bar is covered electro- 
lytically with nickel and heated at 800°C, long enough 
to obtain by diffusion a homogeneous distribution of 
nickel atoms throughout the bulk of the sample. The 


103 
T(°K) 
Fic. 1. Hole density as a function of the reciprocal absolute 


temperature. Curve a: sample saturated with nickel at 800°C. 
Curve 5: after annealing for 6 hours at 430°C. 


cooling to room temperature, after the saturation with 
nickel, is done by a quench, in order to avoid annealing 
during the cooling as much as possible. 

By measuring the Hall effect of such a sample, the 
concentration of free holes in the valence band is deter- 
mined as a function of temperature. The result is given 
in Fig. 1, curve a. The decrease in hole density is due 
to the change in occupation of the 0.23-ev acceptor level. 
In the horizontal part of the curve all these levels are 
empty and the density of the holes which are still 
present is equal to the density of acceptors which are 
still fully ionized at these temperatures. The activation 
energy of these levels will, accordingly, be much smaller 
than 0.23 ev. Curve b is found after annealing the 
sample 6 hours at 430°C. Comparison of this curve with 
curve a, shows in the first place that the hole density at 
room temperature decreased only slightly, correspond- 
ing to a low rate of restoration of the original resistivity. 
Secondly, in spite of this, the density of the 0.23-ev 
levels decreased by at least a factor of two, this decrease 
being compensated by the appearance of new acceptor 
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levels with a much smaller activation energy. This 
effect, that the 0.23-ev acceptor levels disappear on 
annealing and that in their place acceptor levels appear 
with a smaller activation energy, has been found in all 
the samples examined. 

Experiments carried out to determine the density of 
the different levels as a function of the annealing time 
at temperatures of 450°C and below, indicate that the 
density No of the new, low-lying, acceptor levels first 
increases rapidly with increasing annealing time, and 
then reaches a maximum followed by an exponential 
decrease. The total density of acceptor levels first 
remains constant or decreases very slowly. After the 
maximum in Np has been reached, the decrease is more 
rapid and exponential, the exponent being the same as 
in the decrease of No, giving a constant ratio between 
the densities of the low-lying levels and of the 0.23-ev 
level. Curve 6 of the figure refers to an annealing time 
such that Vo is about maximum. 


1F. van der Maesen and J. A. Brenkman, Philips Research 
Repts. 9, 225 (1954). 


Magnetic Hyperfine Structure in Bismuth 
Hydride and Deuteride 


E. HuttHeNn AND H. NEvHAUS 


Physics Department, University of Stockholm, Stockholm, Sweden 
(Received April 4, 1956) 


PPLYING a spectroscopic immersion method, 

described earlier,! we have succeeded in resolving 
the hyperfine structure of the low rotational states 
J=1, 2, and 3 in the red spectral region of BiH and 
BiD corresponding to the transition A '2—'II. The hfs 
exhibited is, as far as we know, the only case of molec- 
ular magnetic hfs known in the optical region”: more- 
over, it furnishes a simple case not encountered in the 
microwave region either. The following report gives a 
brief description and a more detailed discussion will be 
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Fic. 1. Fortrat diagram of the hfs in the Q branches of the BiH 
and BiD spectrum at \=6118 A. The curves are drawn according 
to the magnetic quantum numbers M;; of the Bi nucleus. 
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given later. Figure 1 shows a short region of the Q 
branches of the (0,0) bands in BiH and BiD on a scale 
of J(J+1). This type of Fortrat diagram is useful as 
the Q branches are represented by nearly straight lines, 
as expected from their calculated central positions, not 
including hfs: 


BiH: Q(J)=16 341.628+5.345x 10-/ (J +1) 


— 1.16210 J (J+1) f, 
(1) 


BiD: Q(/J)=16 341.018+ 2.858 10-7 (J +1) 


—(.285X 10-5 J (J+1) P. 


Even at very high resolution (~6X 10°) we found no 
indications of hfs in the lines belonging to the transition 
A '>—X '. In the blue region of the spectrum, 


oo(BiH)= 21 278.39, oo(BiD)=21 276.25. 


This enables us to relate the hfs here discussed to the 
‘TI state. It appears from Fig. 1 that the hfs decreases 
rapidly with increasing J. This behavior may be inter- 
preted according to Hund’s case az,’ denoting a firm 
coupling of the electronic orbitals to the molecular 
axis while the nuclear spin is more strongly coupled to J. 
F and J correspond to the total angular momentum of 
the molecule, F including the nuclear spin of Bi, 
I=9/2. The energy of interaction between the magnetic 
moment of the Bi nucleus and the molecular rotation 
may therefore be given by 


W nage =he 


x A[F(F+1)—J(J+1)—1(I+1) /J (J+), (2) 


where Wmagn/hc is to be added to the expressions 
given in (1). 

The observed hfs in both isotopic molecules is very 
precisely represented by (2) with 


A=0.0540 cm, 


including all permitted components (2/+1) in the 
three lowest states of rotation. For J>J, the hfs is not 
resolved; however, its total width, corresponding to 
F=J+I and F=J—TI, decreases regularly according 
to (2). The hfs in the P and R branches, not shown in 
Fig. 1, agrees closely with the hfs in the Q branches, 
although our observations here are not so complete as 
in the Q branches. It was, however, of interest to con- 
firm this relation as their hfs originates from different 
spectral terms II, and IIg. It may also be noted that 
the observed A doubling y/(J+1) between these states 
fulfils the conditions for a state in pure precession : 
y= 2B J (J+1)/(I—X '3), 

vy=0.0200, BiD: 


BiH: y= 0.00492. 


> Finally, we note from Fig. 1 that the centers of the 
hfs, Wmagn=0, for the first lines (J<6) are “un- 
coupled” from the positions calculated according to (1). 
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A detailed description of the technique applied in 
this investigation will be given later. 


1E. Hulthén and H. Neuhaus, Nature 173, 442 (1954); Arkiv 
Fysik 8, 343 (1954). 

? E. Hulthén, Nature 79, 57 (1932). 

*C. H. Townes and A. L. Schawlow, Microwave Spectroscopy 
(McGraw-Hill Book Company, Inc., New York, 1955). 


Elementary Theory of the Excitations in 
Liquid Helium : New Model for Rotons* 


O. K. RIcE 
Department of Chemistry, University of North Carolina, 
Chapel Hill, North Carolina 
(Received April 6, 1956) 


ONSIDERABLE light is thrown on the properties 
of liquid He* by a pair-rotator model in which it 
is assumed that NV atoms form N/2 pairs.' If these 
pairs have one lowest energy level, three excited levels 
at about 0.8 calorie per pair-mole, and eight at about 
5.4 calories: per pair-mole, it is possible to account 
roughly for the thermodynamic properties at low tem- 
peratures.? These energy levels are about correct for a 
plane rotator moving in a hindering potential of about 
12 calories per pair-mole due to the neighboring atoms.* 
The level at 0.8 is threefold because it is a spin triplet. 
The next level should also be a spin triplet, but pre- 
sumably has a greater multiplicity because of random 
pairing’ of a given atom with any of its neighbors. 
The spin-triplet levels in He*® do not exist in He‘ be- 
cause of the lack of spin and the different statistics. 
The first excited (roton) level in He* would have an 
excitation of about 11 calories per pair-mole if it had 
the same hindering potential.‘ Actually the observed 
specific heat requires that it have an excitation energy 
of about 20, but the hindering potential would be ex- 
pected to be greater than in He* on account of closer 
approach of the atoms. It is difficult to estimate how 
much increase in the zero-point energy of the atoms in 
the pair making the rotation, in the direction cross- 
wise to the direction of rotation, contributes to the 
effective hindering potential. If, however, the difference 
between He‘ and He’ arises from greater penetration of 
the rotating He‘ pairs into the steep part of the poten- 
tial-energy curve, which begins at about 2.9 A, we may 
make an estimate of the difference in the hindering 
potential. If, for example the distance of approach of 
each of the atoms of a rotating pair to its neighbor, at 
the height of the hindering potential, were 2.8 A in He’, 
it would, if proportional to the cube root of the molec- 
ular density, be about 2.55 A in He‘. From the poten- 
tial-energy curve,° this could result in a fivefold increase 
in the hindering potential, giving an excitation energy 
of about 22 calories for a rotating pair in He’. 
The multiplicity of the excited level of He‘ appears to 
be about 18, reckoned on the pair basis. It has already 
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been: pointed out that this might result from the in- 
volvement of more than two atoms in a roton.’ We now 
wish to propose a definite model for He‘, in which two 
pairs rotate cooperatively, somewhat as interlocking 
gears. With this model, the reduced mass u» would be 
doubled and the parameter* g would be doubled for a 
given hindering potential. The value of 16g+4a would, 
however, increase only about 50%, and when allowance 
is made for the changed yu, the actual excitation energy 
would go down from 22 to about 16 calories. However, 
cooperative motion of this sort would require an in- 
crease in the zero-point energy, by the uncertainty 
principle. (This is the reason the levels of He*® which 
involve less excitation are free of this effect.) On the 
other hand, the cooperative action itself might result in 
some lowering of the hindering potential. 

The expected number of pairs of pairs, assuming four 
nearest neighbors in the liquid, would be 3?X4N/2 (the 
number of nearest neighbor pairs is 4/2; each of the 
atoms in such a pair can connect with any one of the 
three remaining neighbors, all spatially different, to 
form a pair of pairs). Dividing by V/2, the number of 
pairs in the cell theory, we obtain an effective multi- 
plicity of 36 per pair. This is twice the observed multi- 
plicity, but it need not be expected that this degeneracy 
would be fully developed. On the whole, this elementary 
and pictorial theory gives a surprisingly good account 
of the experimental results for both He* and He’, both 
as regards energy and multiplicity of the elementary 
excitations. 

The question now arises, how does this picture fit in 
with that recently discussed by Feynman and others,® 
in which the roton is described as a sort of “smoke 
ring” of helium atoms? A cooperating pair of atoms 
certainly does resemble a smoke ring in some respects. 
There is, however, a difference in the method of count- 
ing the energy levels. We have used a cell theory, or 
what might be called a space configuration statistics. 
On account of the large zero-point energy this obviously 
involves an approximation. With heavier atoms than 
helium the approximation would be better, but we 
might expect that even with helium we would at least 
get correct orders of magnitude. In the theory of Feyn- 
man and the earlier theory of Landau, on the other 
hand, the multiplicity of levels is taken care of by con- 
sidering a gas of excitations, and the momentum of these 
excitations is involved. 

* Work supported by the Office of Naval Research. 

1P. J. Price, Phys. Rev. 97, 259 (1955) ; O. K. Rice, Phys. Rev. 
pleas (1955); J. de Boer and E. G. D. Cohen, Physica 21, 79 
BEN. V. Temperley, Proc. Phys. Soc. (London) A68, 1136 
' rox. Rice, Phys. Rev. 98, 847 (1955). 

4 See Fig. 1 of reference 3. (For some of the considerations of this 
note this figure should be extended to larger values of q.) 

5 J. L. Yntema and W. G. Schneider, J. Chem. Phys. 18, 646 
(1950), Eq. (19). 

®R. P. Feynman, Phys. Rev. 94, 262 (1954); R. P. Feynman 


and M. Cohen, Progr. Theoret. Phys. 14, 261 (1955); C. G. Kuper, 
Proc. Roy. Soc. (London) A233, 223 (1955). 
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Observation of Nuclear Magnetic 
Resonance in Superconducting 
Mercury* 


F. REIF 
Institule for the Study of Metals, University of Chicago, 
Chicago, Illinois 
(Received April 10, 1956) 


HE study of the Knight shift and relaxation time 

for nuclear magnetic resonance in metals can 
yield microscopic information about the conduction 
electrons near the Fermi surface.' Such a study in 
superconducting metals could therefore be of consider- 
able interest. The difficulty of the experiment lies in 
the requirement of metallic particles of size small com- 


Fic. 1. Experimental curves of superconducting and normal Hg 
lines at 1.45°K in a magnetic field of 1390 gauss. Top: Low rf 
power level. Bottom: High rf power level causing partial satura- 
tion of the superconducting line. (Note that the experimental 
equipment plots the derivative of the absorption line. The fre- 
quency markers are spaced at 2-kc intervals.) 


pared to the superconducting penetration depth A 
(430 A for Hg)? to insure a reasonably uniform magnetic 
field throughout the metal. A large Knight shift K is 
also desirable to make changes in this quantity more 
readily measurable. 

A preliminary experiment at 77°K on a micron-size 
dispersion of mercury showed that K in this metal has 
the large value of 2.4%.’ A sample of colloidal Hg in 
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albumen, similar to those used in Shoenberg’s experi- 
ments,‘ was then prepared. This colloid contains about 
80% by weight of Hg; electron microscope examination 
reveals that almost all Hg drops have diameters less 
than 1000 A, the most probable diameter being about 
200 A. Experiments on this sample in fields of 6500 
and 3300 gauss show, down to 1.45°K, only the normal 
metallic Hg’ line. At 1500 gauss, though only the 
normal line is observed at 4.2°K, there appears in addi- 
tion at lower temperatures a second rather asymmetric 
line at a lower frequency. We attribute this line to 
nuclei in Hg drops small enough to be superconducting 
in this magnetic field.’ At 1.45°K, this superconducting 
line increases in intensity at the expense of the normal 
line when the field is decreased; at 970 gauss, the 
normal line has disappeared. (See Figs. 1 and 2.) 

The width of the normal Hg™ line at liquid helium 
temperatures appears to be due predominantly to 
asymmetric Knight shift® at high fields and to indirect 
nuclear exchange coupling’ at lower fields. The width 
of the superconducting line is due mainly to the in- 
homogeneity of the magnetic field throughout the super- 
conducting particles. Assuming the validity of London’s 
equations, one can calculate the distribution of the 
magnetic field in a superconducting sphere of radius a 
in an external magnetic field, and thence the resonance 
absorption J(v) at the frequency v due to nuclei in this 
sphere. Let v, be the resonance frequency of a nucleus 
in superconducting metal as A>», ¢=30 (v—»,)v.7, 
and a’=a/\. Then for a’1, one obtains the result 


I~a' f((§+2a”)/3a’”), 


where f(x)=(1—|x!)! for 0</x|<1 and vanishes 
otherwise. Summation of J over all particle radii 
in proportion to their size distribution then gives a 
line shape of the type shown in Fig. 3 and exhibiting 
the kind of asymmetry which is experimentally ob- 
served. The point ¢=0 is distinguished by the fact 
that there all spheres, irrespective of radius, contribute 
to the intensity of the line. In fact, rather general 
arguments seem to indicate that, except for possible 
small effects of microscopic broadening, {= 0 determines 
the point of maximum negative slope on the absorption 
line. Thus the minimum on the experimental derivative 
plot of the line should determine v, and hence the value 


. 


Fic. 2. Experimental derivative plot of the superconducting line at 1.45°K in a field of 970 gauss. The normal line, here missing, 
would occur at 757 kc/sec. (The extra hump at the low-frequency end of the line is presumably due to a group of relatively large 


Hg droplets.) 
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of the Knight shift K, in the superconductor. On the 
basis of this criterion, one estimates that at 1.45°K 
v, is about 0.9% less than the resonance frequency in the 
normal metal, i.e., K,~ 1.5%. 

Saturation effects in the superconducting line should 
cause a decrease in intensity without change of shape.® 
At 1.45°K, partial saturation of the superconducting 
line, though not of the normal one, could indeed be ob- 
served at available power levels (see Fig. 1). This leads 
to an order of magnitude estimate of T7,~0.1 sec for 
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Fic. 3. Solid curve: The result of superposing the nuclear 
resonance absorption curves due to individual superconducting 
spherical particles, using for their size distribution one of our 
poorest (i.e., the actual sample used in the experiments contained 
a somewhat larger proportion of small particles). Microscopic 
broadening effects, such as those responsible for the width of the 
normal line, have not been taken into account in constructing 
the curve and would tend to smear it out a bit. ¢ is related to the 
frequency v by ¢=30(v—v,)v, 1, where v, is the resonance fre- 
quency in a sample with infinite penetration depth. The arrows 
indicate the extrema on the experimentally measured derivative 
curve. Dotted curve: Contribution to the solid curve of particles 
with 0.3<a’<0.4(a’=ratio of radius to penetration depth). 


the nuclear relaxation time in superconducting Hg 
at 1.45°K; from the Korringa relation’ one calculates 
T; <0.01 sec for the normal metal at this temperature. 
At 2.03°K, the superconducting line could not be 
saturated. 

More quantitative experimental work, needed for the 
theoretical interpretation of the results, is in progress. 
We wish to thank the department of meteorology, and 
in particular Miss B. Tufts, for generous help with the 
electron microscope and Miss N. Knudsen for assist- 
ance with the preparation of the samples. Numerous 
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discussions with Professor A. B. Pippard and Dr. G. F. 
Dresselhaus are gratefully acknowledged. 


* This work was supported by a grant from the Alfred P. Sloan 
Foundation. 
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Storage-Ring Synchrotron : Device for 
High-Energy Physics Research* 


Gerarp K. O’NEILL 
Princeton University, Princeton, New Jersey 
(Received April 13, 1956; revised version received April 23, 1956) 


AS accelerators of higher and higher energy are 
built, their usefulness is limited by the fact that 
the energy available for creating new particles is that 
measured in the center-of-mass system of the target 
nucleon and the bombarding particle. In the relativistic 
limit, this energy rises only as the square root of the 
accelerator energy. However, if two particles of equal 
energy traveling in opposite directions could be made to 
collide, the available energy would be twice the whole 
energy of one particle. Kerst, among others, has 
emphasized the advantages to be gained from such an 
arrangement, and in particular of building two fixed- 
field alternating gradient (FFAG) accelerators with 
beams interacting in a common straight section. 

It is the purpose of this note to point out that it 
may be possible to obtain the same advantages with 
any accelerator having a strong, well-focused external 
beam. Techniques for beam extraction have been 
developed by Piccioni and Ridgway for the Cosmotron, 
and by Crewe and LeCouteur for lower energy cyclo- 
trons. 

In the scheme proposed here (see Fig. 1), two 
“storage rings,” focusing magnets containing straight 
sections one of which is common to both rings, are built 
near the accelerator. These magnets are of solid iron 
and simple shape, operating at a high fixed field, and 
so can be much smaller than that of the accelerator at 
which they are used.' The full-energy beam of the 
accelerator is brought out at the peak of each magnet 
cycle, focused, and bent so that beams from alternate 
magnet cycles enter inflector sections on each of the 
storage rings. In order to prevent the beams striking 
the inflectors on subsequent turns, each ring contains 


A: 3 BEV EXPERIMENTAL STRAIGHT SECTIONS 
B; 31 BEV (EQUIVALENT) STRAIGHT SECTION 


STORAGE RING 
18 KGAUSS(CONSTANT) 
AV. DIA. S4FEET 
SYNCHROTRON - 
13.8 KGAUSS MAX. 
AV. DIAMETER 6OFEET 


uy, 


20 CYCLE PULSE RATE 
EJECTED 3 BEV PROTON 
BEAM 


STORAGE RING 


STEERING MAGNET 
10 CYCLE PULSE RATE 


Fic. 1. Plan view of particle orbits in a hypothetical arrangement 
of storage rings at a 3-Bev proton synchrotron. 
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a set of foils, thick at the outer radius but thinning to 
zero about one inch inside the inflector radius. The in- 
jected beam particles lose a few Mev in ionization in the 
foils; so their equilibrium orbit radii shrink enough to 
clear the inflectors after the first turn. After several 
turns, the beam particles have equilibrium orbits at 
radii at or less than the inside edge of the foils. 

The possibility exists of storing a number of beam 
pulses in these storage rings, since space charge and 
gas scattering effects are small at high energies. Pre- 
liminary calculations have been carried out on a hypo- 
thetical set of storage rings for the 3-Bev, 20 cycle per 
second Princeton-Pennsylvania proton synchrotron. 
Since the storage rings would be simple and almost 
entirely passive devices, their cost would be small 
compared with that of the accelerator itself. It was 
estimated that a pair of storage rings operating at 
18 000 gauss with a 2 in.X6 in. good-n region would 
weigh a total of 170 tons. The magnet of the synchrotron 
itself would weigh 350 tons, and would be of much more 
complicated laminated transformer iron. In the event 
that one could obtain an average current of 1 micro- 
ampere from the synchrotron, and an average particle 
lifetime of a few seconds for the storage rings, there 
would be about 1000 strange-particle-producing re- 
actions per second at each of two beam crossover points, 
for an estimated 1.5-millibarn total cross section. The 
center-of-mass energy, 7.8 Bev, would be equivalent 
to that of a 31-Bev conventional accelerator. If storage 
rings could be added to the 25-Bev machines now being 
built at Brookhaven and Geneva, these machines would 
have equivalent energies of 1300 Bev, or 1.3 Tev. 

If only one storage ring were used, tangential to the 
accelerator itself, the interaction rate would be reduced 
by a factor S/D, where S is the average number of 
beam pulses stored in each ring, and D is the fraction of 
time the accelerator beam is at full energy. The inter- 
action rate would be proportional to S? if two storage 
rings were used. 

The advantage of systems involving energy-loss foils 
is that they provide an element of irreversibility; with 
foils, the area in phase space available to a particle 
can be made to decrease with time. This makes it 
possible to insure that particles once injected will never 
subsequently strike the injector, no matter how long 
they may circulate in the storage ring. Preliminary work 
with a stabilized electronic analog computer indicates 
that foils may also allow the stable and irreversible 
capture of roughly half of the circulating particles by a 
fixed-frequency rf system, which in turn may allow the 
storage of a large number of beam pulses in each storage 
ring. It appears that a thin hydrogen jet inside the 
equilibrium orbit of a conventional synchrotron would, 
in some energy ranges, reduce radial betatron oscilla- 
tions even when scattering is taken into account. 

The major difficulties in the use of storage rings with 
foils may result from the amplification of radial betatron 
oscillations by the foils. Quantitative calculations of this 
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effect have been carried out on the analog computer. It 
was found that the effect would be serious unless the 
initial injection to the storage rings could be very pre- 
cise. However, calculations were also made on a system 
involving a second foil placed at the inner limit of the 
good-n region. This foil would move the particle orbits 
inward as soon as betatron oscillation became serious, 
and would then continue reducing the betatron oscilla- 
tion amplitude until the foil itself was rotated out of the 
median plane. During the long interval (about 0.1 sec- 
ond, or 600 000 turns) before the next beam pulse, the 
betatron oscillations would continue to be reduced 
by a thin hydrogen “target” jet also at the radius of the 
second foil. The process of orbit shrinkage would stop 
when the particles were captured in stable synchrotron 
phase by a low-power fixed-frequency rf system; the 
reduction in betatron oscillations due to the hydrogen 
would continue. The rf system would define an equlib- 
rium orbit just outside the radius of the hydrogen jet, 
so that particles whose betatron oscillation amplitudes 
had been reduced to low values would circulate in a 
high-vacuum region, where the mean lifetime for 
nuclear interactions would be long. When the moving 
foil returned to assist in the acceptance of the next 
beam pulse, all particles that had been captured by the 
rf in previous pulses would have small oscillation ampli- 
tudes, and so would miss the foil. In this way particles 
from many beam bursts could be concentrated in a small 
region, with very little deviation in energy or position. 

The author takes pleasure in acknowledging very 
helpful discussions on this subject with Dr. M. G. White 
and Dr. F. C. Shoemaker. The assistance of Dr. I. Pyne 
in setting up problems for the GEDA computer of the 
Princeton engineering school is also very gratefully 
acknowledged. 

* This work was supported by The Higgins Scientific Trust 
Fund. 

1 Between the dates of submitting this letter and its publication, 
it has come to the author’s attention that the basic idea of a 
storage-rung synchrotron has also occurred, at about the same 


time, to W. M. Brobeck of the Berkeley accelerator group, and to 
D. Lichtenberg, R. Newton, and M. Ross of the MURA group. 


Multiple Ionization in Xenon Following 
Internal Conversion 


ARTHUR H. SNELL AND FRANCES PLEASONTON 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received April 5, 1956) 


HERE has perhaps been an insufficient apprecia- 

tion of the damage that can be produced in the 
electron structures of atoms as the result of the crea- 
tion of a vacancy in an inner shell. We have recently 
applied the methods of magnetic analysis! to the stable 
Xe'*! atoms that are produced following the isomeric 
nuclear transition of Xe"! (12-day half-life), and find 
the distribution in charge given in Table I. In a transi- 





TABLE I. The charge states of Xe'*! following the 
isomeric transition of Xe!™,s 











Percent Percent Percent 

Charge intensity Charge intensity Charge intensity 
1 0.62+0.12 11 6.22 +0.10 21 0.012+0.001 
2 0.97+0.03 12 3.01 +0.04 22 0.013+0.001 
3 1.62+0.06 13 1.78 +0.03 23 0.006+0.001 
4 4.26+0.06 14 1.09 +0.01 24 0.010+0.001 
5 5.3640.10 15 0.55 +0.01 25 0.004+0.002 
6 10424013 16 0.24240.004 26 0.004+0.001 
7 15.6940.25 17 0.098+0.002 27 0.002+0.001 
8 20.88+0.19 18 0.03640.001 28 06.007+0.001 
9 15.7440.24 19 0.02340.001 29 0.006+0.002 
10 11.32+0.19 20 0.014+0.001 30 0.00i+0.001 





* Average charge =8.04+-0.04. This may be compared with the value 
8.5+0.3 reported by M. L. Perlman and J. A. Miskel [Phys. Rev. 91, 
899 (1953) }. 
tion of this kind, there is of course no electrostatic 
perturbation arising from a change in nuclear charge, 
and what is observed is the atomic consequence of the 
simple removal of an innershell electron through 
internal conversion. 

The charge 1 state corresponds to the emission of the 
original conversion electron, and its intensity shows 
how rarely the vacancy is filled by purely radiative 
transitions. What usually happens (charge 8) is that the 
whole outer electron shell is depopulated. Charge 27 
corresponds to the removal of half of the normal comple- 
ment of electrons in xenon. We believe that there is real 
intensity in the charge spectrum out to charge 29. 

Note added in proof —Since these measurements were made, an 
experimental effect has been found that throws the figures for 
the higher charges into doubt. The relative intensities up to 
charge 20 are probably approximately correct, but pending re- 
measurement, those above charge 20 must be viewed with caution. 


1 A. H. Snell and F. Pleasanton, Phys. Rev. 100, 1396 (1955). 


Interpretation of K-Meson Decays* 
Smney A. BLUDMAN 


Radiation Laboratory, University of California, Berkeley, California 
(Received February 24, 1956) 


HIS note is concerned with a possible explanation 
of the K-meson lifetimes that may be subject to 
experimental verification. The only previous explana- 
tion' of the near equality of the r and @ lifetimes in- 
volves the assumption of electromagnetic conversion 
of one heavy meson into the other. If + and @ are not 
both spin-zero particles, then Lee and Orear require 
either different strangeness assignments for 7 and @, 
or a finite but exceptionally small mass difference 
(100 kev) between 7 and 6. While this latter possi- 
bility would be very hard to rule out experimentally, 
such an accidental near-coincidence of masses would be 
exceptional. If 7 and @ are 0- and 0* particles, respec- 
tively, a large mass difference (210 Mev) is needed. 
The mass differences, if any, are considerably smaller 
than this.” 
Unless r and @ have rather high spins or a very 
peculiar internal structure, only one can decay into 
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three pions and only the other into two pions. They are 
both, however, capable of decaying in the K,2, Kys, and 
Kg modes. (For simplicity, in what follows, K,3 and 
Kg will be included in the K,2: mode.) The explanation 
of the nearly equal lifetimes to be proposed here is as 
follows: r and @ are two parents that decay into w+ at 
the same rate R,,= Ro, ; for both 7 and @ this is the pre- 
dominant decay mode. Then the r and @ lifetimes are 
bound to be approximately equal, the differences in 
lifetime arising through the remaining K,3 and Ky» 
modes. 

On this hypothesis, K,2: should show a composite 
differential decay curve unless the 7 and @ lifetimes are 
equal. The present data show no significant difference 
in R,=1/r, and Re=1/7», the total transition rates for 
7 and 6. From the fractional abundances N,, No, N3 
of 42, r2, 3, respectively, one finds: 

(a) If, as proposed here, R,,=Ro,=R,, then the 
fraction f of r’s in the K beam at production must be 
small, 

f=N,/(1-N,)=0.18, 
and 


where R= Re= R,. 

(b) Lee and Yang* and Gell-Mann‘ have proposed 
describing the strange particles by a new operator 
®, which is conserved in strong interactions. A pre- 
diction of their theory is that r and @ should be pro- 
duced in equal fractions f=1—f= 3. Then the small 
amount NV; of w3 observed requires that r decay pre- 
dominantly into the 42 mode, 


Ry, /R=1—2N2=0.38, R,,/R=1—2N3=0.87. 


The conjecture of equal 6 and r transition rates into 
ut+v and the ®-degeneracy picture are definitely in- 
compatible. In fact, if one assumes both Ro,=R,, and 
f=}4, the observed ratios V,:N2:NV3 can be obtained® 
only if the 7 lifetime is unreasonably short (~ one- 
third the @ lifetime). 

An attractive feature of possibility (a) is that one 
can assume a universal meson-lepton interaction.® If 
this interaction is vector or axial (which helps explain 
the absence of e+ decays) and if the universal coupling 
constant is fitted to the pion lifetime, one then obtains 
t¢=7,=1/R=1.1X10-* second. This quantity is in 
good agreement with experiment.’ 

The whole question admits of an experimental deter- 
mination. If different transition rates R, and Ry are 
detected, then an analysis of the K,»2 decay rate 


dN ,,/dt= Ruf exp(—R,t)+Ro.(1—f) exp(— Rel), 
and of the abundance overdetermines the quantities /, 
Riz, Ro. It may turn out that neither f=} nor R,, 
= Ry, is tenable ! 
The Ky, lifetime now observed is the mean, 


n= fia, / far, 





LETTERS TO 


If r,~ 79, then 
Tu Tet f (71-70) = e+ (1— f) (79 


independently of R,, and Ry,. At present, the lifetime 
differences are not known accurately enough to deter- 
mine f at all.* Of course, once f is determined, the 
abundance ratios 


Tr), 


Ris Rou 
Ny:N2:N3= f— exp(—R,t) + (1— f)— exp(— Rol) 
R Re 


T 


Ro Ruy R,—Ry 
(1— f)}-———— exp(— Ref) :/-——— exp(— 2,4) 
R R 


6 r 


enables one to find Rr, and Ry,. 

The theoretical reason for conjecturing equal transi- 
tion rates for r—y-+v and 6—-y+y is that, since the 
neutrino is massless, the pseudovector decay of a 
pseudoscalar .meson proceeds at the same rate as the 
vector decay of a scalar meson.° In fact, it is precisely 
the neutrino processes that are unaffected by the 
presence or absence of a ¥5.° If r and @ turn out to have 
equal masses and spins and to differ only in parity, 
it seems reasonable to assume that they have similar 
couplings to the lepton field. The rate and equality of 
the lifetimes of K-meson decay are then directly con- 
nected with the slow pion decay. Only the “minor” K 
decays involving pions then remain strange. 

* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 
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9See C. N. Yang and J. Tiomno, Phys. Rev. 79, 495 (1950), 
on nucleon 6 decay. 


Crossing Symmetry in Meson-Nucleon 
Scattering 
G. FetpMAN, The Institute for Advanced Study, 
Princeton, New Jersey 
AND 
P. T. Mattuews, The University, Birmingham, England 


(Received December 5, 1955; revised manuscript received 
April 16, 1956) 


N recent years, attention has been drawn to the 
“crossing” symmetry! applied to the meson-nucleon 
scattering amplitude. This symmetry, as we shall see, 
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is nothing but an expression of the Bose statistics of 
the mesons. One can find another “crossing” symmetry 
which is deduced from the Fermi statistics of the nu- 
cleons and their behavior under charge conjugation. 
It is shown that the restrictions placed upon the meson- 
nucleon scattering amplitude by these symmetries are 
identical on the energy shell. 

In a charge-independent, relativistically invariant 
field theory, the meson-nucleon propagator may be 
written as 


Tii(0,0'; 9,9) = f {expLi(px—p’x’+qy—q'y') ]} 


X (TW (2)d(2')oi(9)b;(9’)) )dada'dydy’, (1) 


where p’, g’ are the nucleon and meson incoming 
four momenta, respectively, and p, g are the outgoing 
momenta, and (7( )) means the true vacuum expecta- 
tion value of the 7-product of the Heisenberg operators. 
Implied in the definition (1) is invariance under charge 
conjugation, Schwinger space-time reversal, and the 
crossing symmetry. Making use of these invariance 
properties places restrictions on the form of 7;;. For 
example, we shall deduce the restriction of the crossing 
symmetry.” Since ¢;(y), ¢;(y’) are Bose fields, they 
commute inside a 7-product, and since y and y’ are 
dummy variables, the right side of (1) is equal to 


f {exp[i(pa— p’x’—q'y+qy’) ]} 
XK (TW (a)b (x’)b;(v)b(9’)))dadx'dydy’ 
=T;:(p,p'; —4', —9). 


(2) 


We may similarly deduce restrictions placed upon 7;; 
by using charge conjugation*® and the Fermi statistics 
of the nucleons. Another restriction is that of Schwinger 
space-time reversal.* Charge conjugation invariance 
leads to 
Ti;(p,P' 5 09) =CTis'(— 2’, —25q,q)C 

where in the usual representation C=aer2 and / means 
spinor and isotopic spinor transpose. 

Invariance under Schwinger space-time reversal 
leads to® 


Tis(P,P' 319) = 57 is(—p, — 2's —9, — 7) 6 
The crossing symmetry (2) is 


Tij(,0' 9,9) = T ii(p,p' ; —¢q;, — q). 


Since the theory is invariant under Lorentz transforma- 
tions and spatial reflections, 7;; can be considered as a 
function of the quantities yp, etc.; and since ys anti- 
commutes with y,, (4) is just an identity. Thus 
Schwinger space-time reversal puts no restriction on 
Ti. 

We now maintain that the restrictions placed on 
T;; by (3) are identical to those of (5). We prove this 


(3) 


(4) 


(5) 
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by equating the right sides of (3) and (5) and showing 
that this new equality places no restriction on the form 
of 7;;. When we use the facts that C“y,C=—vy,', 
C-'r,C= —7;', this new equality can be written as 


Tii(0,P' 5 9,9) = Tis" (0'40'; 9/49), (6) 


where ¢; means spinor transpose only (not isotopic 
spin). Making use of the fact that we are on the energy 
shell (p+q='+q') and that p’=p”=—M?, g=q"? 
=—p’, yp'u(p’)=iMu(p’), and a(p)yp=iMu(p), where 
u(p’) and #(p) are nucleon spinors (between which 
T;; acts), and writing down the general form of T;;, 
we see that (6) is no restriction on 7;;. Thus we see 
that the symmetry deduced from the Fermi fields (3) 
places the same restrictions on the form of 7; as the 
symmetry deduced from the Bose fields (5). 

In the limit in which the nucleon field is treated 
nonrelativistically the restriction (3) has no meaning, 
since the matrix C has no nonrelativistic limit. How- 
ever, one can obtain a restriction using the product 
transformation Cys which approaches o»2 nonrelativis- 
tically. This restriction is the same as the crossing 
symmetry (5) which is still valid. Since our derivation 
of (5) shows that this is nothing but an expression of 
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the Bose statistics of the 7 mesons, it is clearly im- 
portant that this symmetry property should be pre- 
served in any approximate treatment of the scattering 
problem, which claims to treat the mesons relativis- 
tically. 
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